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Chapter 1

Introduction

1.1 Hadron structure and QCD

One of the main objectives in Physics is to understand the structure and properties of matter. The
dream would be to find the ultimate constituents with which one can build the whole universe. These
ultimate constituents have, by definition, no internal structure and are called fundamental particles. The
properties of any matter should in principle be deduced and/or explained starting from the fundamental
particles and their dynamics.

The question of hadron structure is a rather old one. Fermi-Yang [1] and Sakata models [2] might be
considered as first studies of this question. Both models considered the proton as a fundamental particle.
Later, thanks to Deep Inelastic Scattering (DIS) experiments [3] at SLAC, it was realized that the nucleon
was not a fundamental particle. Indeed, the observation in DIS of scaling phenomenon1 predicted by
Bjørken [5] was the first direct evidence for the existence of point-like constituents in the nucleon. These
point-like constituents were found to be charged spin-1/2 particles and were called partons. A simple
and intuitive picture for explaining the scaling behavior is the parton model proposed by Feynman [6] in
which the electron-nucleon DIS is described as an incoherent sum of elastic electron-parton scattering.
The nature of these partons was however not specified. The uncalculable nucleon structure functions can
then be expressed in terms of Parton Distribution Functions (PDF).

On the spectroscopic side, in view of the huge number of observed hadrons, Gell-mann [7] and Zweig
[8] proposed in 1964 the quark model of hadrons. In this model hadrons can be grouped together in
multiplets of a flavor SU(3) symmetry. The (non-trivial) fundamental representation has dimension 3
and its elements are called quarks. Baryons then appear as systems of three strongly bound quarks and
mesons as systems of a quark strongly bound to an antiquark.

Partons observed in DIS were initially identified with quarks. They have however a qualitative different
behavior. While quarks are strongly bound in hadrons, partons appeared in DIS as almost free particles.
This difference did not hurt much at that time. On the contrary, the phenomenological success of SU(6)

1Electron and muon are ideal probes to study the internal nucleon structure. The virtual photon emitted by the lepton
interacts with the target nucleon. The cross section of the process is related to two unpolarized F1 and F2 and two
longitudinally polarized structure functions g1 and g2. They depend in general on two kinematical variables Q2 = −q2 and
x = Q2/2p.q where q is the virtual photon momentum and p is the nucleon momentum. These structure functions provide
important clues to internal nucleon structure [4]. Bjørken scaling phenomenon refers to the fact that these structure functions
are almost independent of Q2, i.e. independent of the resolution. This indicates that the photon scatters on structureless
objects inside the proton. The cross section is calculated by the lepton scattering on individual quarks with incoherent
impulse approximation which is supposed to be valid at large Q2 in the sense that virtual-photon interaction time with a
quark is fairly small compared with the interaction time among quarks.

9



10 CHAPTER 1. INTRODUCTION

Naive Quark Model (NQM) in explaining hadron properties and the evidence for the existence of partons
inside hadrons motivated the development of a new theory of strong interaction in 1973, namely the
Quantum ChromoDynamics (QCD) [9]. The weakly interacting partons revealed in DIS and the fact that
no free quark has been discovered in all the experiments performed are explained in QCD thanks to the
asymptotic freedom and confinement properties respectively. The weak interacting high energy processes
can be calculated and tested thanks to the asymptotic freedom property and gave a strong support to
establish QCD as the correct theory of strong interaction.

By solving QCD one could thus in principle understand the structure as well as low-energy interactions
and properties of all hadrons in terms of quarks and gluons. Unfortunately they cannot be easily calculated
since the confinement property of QCD forbids an obvious and standard perturbative approach. The
proposed way out is to study QCD numerically on a lattice2. Many results have been obtained but
are not quite reliable because of many numerical uncertainties due to lattice size and spacing, unprecise
extrapolations to physical masses, . . . One of the major problems is of course the required computation
time.

1.2 Models and degrees of freedom

Due to the huge difficulty encountered in solving QCD in the non-perturbative regime many models
have been developed to understand and predict as far as possible hadron properties. For example,
perturbative QCD can predict only the Q2 dependence of PDF whereas it can say nothing about the
PDF at a prescribed energy scale. These PDF are thus expected to be given by a low-energy model
of QCD. The present models are more or less inspired from QCD and differ by the effective degrees of
freedom they emphasize [10, 11]. While QCD plays with quarks and gluons as fundamental degrees of
freedom, they could be inappropriate for a low-energy description.

1.2.1 Constituent quark models

The Naive Quark Model (NQM) is among the most successful models in explaining hadron properties
[12] and hadron interactions [13]. This is also the most popular and intuitive picture of hadron internal
structure. The most striking feature of NQM is that it gives a very simple but quite successful explanation
of the static baryon properties, e.g. baryon spectroscopy and magnetic moments, by means of effective
constituent quarks and nothing else. These constituent quarks are needed in hadron spectroscopy but have
mass much larger than current quarks revealed in DIS experiments. The relation between constituent
and current quarks can be considered as the holy grail of hadron physics. In NQM constituent quarks are
non-relativistic (they are all considered to be in the s state) and the baryon spin-flavor structure is given
by SU(6) symmetry. Many variations of NQM exist and are collectively called Constituent Quark Models
(CQM). All these models, based on the effective degrees of freedom of valence constituent quarks and on
SU(6) spin-flavor symmetry, also contain a long-range linear confining potential and a SU(6)-breaking
term like One-Gluon-Exchange (OGE), Goldstone-Boson-Exchange (GBE) or even Instanton-Induced (II)
interaction.

While they are able to give good results for the static properties of the hadrons (spectrum, magnetic
moments), they all fail to reproduce the dynamic ones, like electromagnetic transition form factors at low
Q2. A systematic lack of strength is observed at low Q2. This seems to be a problem of degrees of freedom.
Indeed, the region of low Q2 corresponds to high distance, in which the creation of quark-antiquark pair
degrees of freedom has a higher probability.

2QCD is in fact studied in its Euclidean version on a lattice, obtained after a Wick rotation of space-time.
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1.2.2 Quark-antiquark pairs and the nucleon sea

DIS experiments have shown a large enhancement of the cross sections at small Bjørken x, the fraction of
nucleon momentum carried by the partons. This is related to the fact that the structure function F2(x)
approaches a constant value as x → 0 [14]. If the proton consists of only three valence quarks or any
finite number of quarks, F2(x) is expected to vanish as x → 0. It was then realized that valence quarks
alone are not sufficient. Bjørken and Pascho [15] therefore assumed that the nucleon consists of three
quarks in a background of an infinite number of quark-antiquark pairs. Kuti and Weisskopf [16] further
included gluons among the constituents of nucleons in order to account for the missing momentum not
carried by the quarks and antiquarks.

Quark-antiquark pairs are very important in the nucleon. This is in sharp contrast with the atomic
system where particle-antiparticle pairs play a relatively minor role. In strong interaction, quark-antiquark
pairs are readily produced as a result of the relatively large magnitude of the strong coupling constant
αS . In CQM they are however not considered as degrees of freedom. Constituent quarks can be viewed
as non-perturbative objects, current quarks dressed by a cloud of quark-antiquark pairs and gluons. This
picture is however not realistic since CQM, which are supposed to model QCD at low energy, completely
forget a very important approximate symmetry of QCD, namely chiral symmetry.

1.2.3 Chiral symmetry of QCD

The six observed quark flavors can be separated into light (u, d, s) and heavy flavors (c, b, t). As the
masses of heavy and light quarks are separated by the same scale (' 1 GeV) as the perturbative and
non-perturbative regime, one may expect different physics associated with those two kinds of quarks. It
appeared that physics of light quarks is governed by chiral symmetry. Since we are interested in this thesis
only in light baryons, we will completely forget about the heavy flavors. Light baryons being composed
of light quarks, chiral symmetry is expected to be crucial in the study of (light) baryon properties.

If the masses of light quarks are put to zero, then QCD Lagrangian becomes invariant under SU(3)R×
SU(3)L, the chiral flavor group. This symmetry implies that left- and right-handed quarks independently
undergo a chiral rotation under the action of the group. According to Noether’s theorem [17] every
continuous symmetry of the Lagrangian is associated to a four-current whose four-divergence vanishes.
This in turn implies a conserved charge as a constant of motion. There are consequently sixteen conserved
charges: eight vector and eight (pseudoscalar) chiral charges Qa

5. One has

[Qa
5,HQCD] = 0 (1.1)

meaning that the chiral charges are conserved and that QCD Hamiltonian HQCD is chirally invariant.
Under parity transformation axial charges change sign Qa

5 → −Qa
5. One expects thus (nearly) degenerate

parity doublets in nature which do not exist empirically. The splitting in mass between particles of
opposite parities is too large to be explained by the small current quark masses which break explicitly
chiral symmetry (mu ' 4 MeV, md ' 7 MeV and ms ' 150 MeV).

The only explanation is that chiral symmetry is spontaneously broken. This means that the QCD
Hamiltonian is invariant under chiral transformations whereas QCD ground state (i.e. the vacuum |Ω〉)
is not chirally invariant Qa

5|Ω〉 6= 0. For this reason, there must exist a non-vanishing vacuum expectation
value (VEV), the chiral or quark condensate

〈ψ̄ψ〉 = 〈ψ̄RψL + ψ̄LψR〉 ' −(250 MeV)3 (1.2)

at the scale of a few hundred MeV. This condensate is not chirally invariant since it mixes left (L) and
right (R) components and therefore serves as an order parameter of the symmetry breaking.
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Goldstone theorem [18] states that to any spontaneously broken symmetry generator is associated a
massless boson with the quantum numbers of this generator. Since we have eight spontaneously broken
chiral generators, we can expect that in massless QCD there should exist an octet of massless pseudoscalar
mesons. In real QCD current quarks have masses and the pseudoscalar mesons are expected to be
also massive but relatively light. These Goldstone bosons are identified to the lightest meson octet
(π0, π±, K0, K̄0,K±, η).

Spontaneous Chiral Symmetry Breaking (SCSB) implies thus that QCD vacuum is non-trivial: it
must contain quark-antiquark pairs with spins and momenta aligned in a way consistent with vacuum
quantum numbers. It also implies that a massless quark develops a non-zero dynamical mass in this
non-trivial vacuum. This mass depends in general on the momentum p. At small momentum it can be
estimated to one half of the ρ meson mass or one third of the nucleon mass M(0) ≈ 350 MeV. Constituent
quarks can then be seen as current quarks dressed by the mechanism of SCSB explaining the origin of
93% of light baryon masses. Let us also emphasize another important consequence of SCSB, the fact
that quarks get a strong coupling with pions gπqq(0) = M(0)/Fπ ' 4 which is roughly one third of the
pion-nucleon coupling constant gπNN ' 13.3.

Let us stress that chiral symmetry has nothing to say about the mechanism of confinement which is
presumably a totally different story. This is reflected in the instanton model of QCD vacuum [19] which
explains many facts of low-energy hadronic physics but is known not to yield confinement. It is therefore
possible that confinement is not particularly relevant for the understanding of hadron structure.

Application of QCD sum rules [20] to nucleons pioneered by B.L. Ioffe [21] provided several important
lessons. One is that the physics of nucleons is heavily dominated by effects of the SCSB. This can be seen
by the fact that all Ioffe’s formulae for nucleon observables, including nucleon mass itself, are expressed
through the SCSB order parameter 〈ψ̄ψ〉. It is therefore hopeless to build a realistic theory of the nucleon
without taking into due account the SCSB.

1.2.4 Importance of pions in models

As we have just seen, pions3 or quark-antiquark pairs are required both experimentally and theoretically.
A more realistic picture of the hadron would be a system of three valence quarks surrounded by a pion
cloud. This pion cloud is in fact also needed from a phenomenological point of view. Here is a short list
of the phenomenological hints supporting the pion cloud:

1. The nucleon strong interactions, particularly the long-range part of the nucleon-nucleon interaction,
have been described by means of meson exchange. The development of a low energy nucleon-nucleon
potential has gone for many years [22] with the long-range part in particular requiring a dominant
role for the pion exchange. There have been attempts to generate this interaction from QCD-
inspired models [23] but without quantitative success [24]. Meson exchanges are thus needed to
account for medium- and long-range parts of the nucleon-nucleon interaction.

2. The requirement that the nucleon axial-vector current to be partially conserved (PCAC) requires
the pion to be an active participant in the nucleon. Employing PCAC one can easily derive the
Goldberger-Treiman relation [25]

g
(3)
A =

Fπ gπNN

Mp
(1.3)

where Fπ is the pion decay constant Fπ = 92.42 ± 0.26 MeV, gπNN is the pion-nucleon coupling
constant and Mp the proton mass. This yields to a value for g

(3)
A that is (3.8± 2.5)% too high, not

3We will often use the term “pions” to refer in fact to the whole lightest pseudoscalar meson octet.
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inconsistent with what is expected from the explicit breaking of chiral symmetry. The value of the
induced pseudoscalar from factor gp is also directly dependent on the pionic field of the nucleon.
The PCAC gives [26] gPCAC

p = 8.44± 0.23 consistent with the measured value gexp
p = 8.7± 2.9.

3. Many properties of light hadrons and especially of nucleon seem to be correctly described only when
the pion cloud is taken into account. Since pions are light they are expected to dominate at long
range, i.e. at low Q2. Among these properties, let us mention the reduction of quark contribution
to baryon spin due to a redistribution of the angular momentum in favor of non-valence degrees of
freedom, the increased value of the magnetic dipole moment and the non-zero electric quadrupole
moment in the γN → ∆ transition. These properties and the effects of the pion cloud will be further
emphasized when discussing the results obtained in the present thesis.

For an overview of the importance of pions in hadrons, see e.g. [27]. In conclusion, pions or quark-
antiquark pairs are genuine participants in the baryon structure and properties. We are however left with
the problem of how this pion cloud should be implemented in a model.

1.3 Baryon properties and experimental surprises

After the question concerning the nature of the baryon constituents and relevant degrees of freedom at
a given scale comes the question of their distribution in the baryon and their individual contributions to
the baryon properties. Without exhausting the set of questions let us mention the following interesting
ones:

• How many quarks and antiquarks of a given flavor f do we have in a given baryon?

• How is the total baryon spin distributed among its constituents?

• Is there any hidden flavor contribution to observables?

• How large are the relativistic effects?

• What is the intrinsic shape of a given baryon?

• Is there any exotic baryon, i.e. that cannot be made up of three quarks only?

• . . .

NQM has simple answers to these questions. However it turned out that all these NQM answers were in
contradiction with the experimental observations.

A large part of these questions amounts to study PDF which give the probability to find a parton, say
a quark, inside the baryon with a given fraction x of the total longitudinal momentum, a given flavor f
and in a given spin/helicity state. PDF are defined in QCD by the light-cone Fourier transform of field-
operator products [28]. At the leading twist, i.e. leading order in Q−1 or O(P+) in the IMF language
(representing the asymptotic freedom domain), only three light-cone quark correlation functions are
required f1, g1, h1 for a complete quark-parton model of the baryon spin structure. f1 is a spin-average
distribution which measures the probability to find a quark in a baryon independent of its spin orientation,
g1 is chiral-even spin distribution which measures the polarization asymmetry in a longitudinally polarized
baryon and h1 is chiral-odd spin distribution which measures the polarization asymmetry in a transversely
polarized baryon. First moments of these distributions correspond to vector, axial and tensor charges
respectively. They encode information on quark distribution, quark polarization and relativistic effects



14 CHAPTER 1. INTRODUCTION

due to quark motion. These charges are easily obtained by computing forward baryon matrix element of
the corresponding quark current. Part of the present thesis has been devoted to compute these charges
for all the lightest baryon multiplets within a fairly realistic and successful model presented in Chapter
3.

Most of the present unsolved questions concerning baryons in the low-energy regime can be related to
one of the following four topics: proton spin crisis, strangeness in nucleon and Dirac sea, shape of baryons
and exotic baryons.

1.3.1 Proton spin crisis

High-energy experiments are best suited to answer the question of spin repartition inside the nucleon
because quarks and gluons behave as (almost) free particles at energy/momentum-scales Q À ΛQCD.
The predominant role in the development of understanding the spin structure of nucleons is played by
the deep inelastic leptoproduction processes (lN → l′X where X is undetected) because of their unique
simplicity. Their significance has been anticipated by Bjørken [29] and others [30].

The nucleon spin can be decomposed as follows [31]

J =
1
2

∆Σ + Lq + ∆G + LG (1.4)

where we have on the lhs the spin J = +1/2 of a polarized nucleon state and on the rhs the decomposition
in terms of the quark spin contribution ∆Σ, gluon spin contribution ∆G and quark and gluon orbital
angular momentum contribution Lq + LG. The quark spin contribution ∆Σ can be further decomposed
into the contributions from the various quark species ∆u + ∆d + ∆s + ∆ū + ∆d̄ + ∆s̄. Unfortunately
the decomposition cannot directly be measured in experiments. Instead various combinations of these
terms appear in experimental observables. In the NQM which uses only one-body axial-vector currents
one obtains a clear answer, namely J = ∆Σ/2 = 1/2, i.e. the nucleon spin is just the sum of the three
constituent quark spins and nothing else. This has to be contrasted with the Skyrme model. This model
describes a nucleon as a soliton of the pion field in the limit of a large number of colors NC → ∞ and
concludes that the nucleon spin is due to orbital momentum ∆Σ = 0 [32].

The EMC experiment [33] challenged NQM since it showed that only one third of the proton spin
is due to the quark spins. One may wonder why this is a problem, given that the nucleon mass is not
carried by the quark masses, why should the nucleon spin be carried by the quark spins? The answer [34]
is in fact that what is surprising is the violation of the OZI rule4: g

(0)
A ¿ √

3g
(8)
A .

Explanations of this phenomenon fall in two broad classes: either the singlet g
(0)
A is special because it

can couple to gluons or the octet g
(8)
A is special because strangeness in the nucleon is much larger than

one might expect. Missing spin of the proton is then understood as due either to the large strangeness
of the sea or to a large gluon contribution. The latter point of view is adopted for example by the valon
model [36] where the sea contribution is small ∆qsea ≈ 0 and the gluon contribution is large ≈ 60%.

The present-day data claim that the first moment of the polarized gluon is likely to be positive
though the gluon spin is nowhere near as large as would be required to explain the spin crisis. The most
recent measurements of inclusive π0 jets at RHIC are best fit with ∆G = 0 [37] and Bianchi reported
∆G/G ∼ 0.08 [38]. On the contrary the total strangeness contribution to nucleon spin is likely to be
negative and quite large. For an experimental status, see the short experimental review [39]. It is now well

4Okubo, Zweig and Iizuka [8, 35] independently suggested in 1960´s that strong interaction processes where the final
states can only be reached through quark-antiquark annihilation are suppressed in order to explain the observation that φ
meson (s̄s) decayed (strongly) into kaons more often than expected.
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accepted that the neglected sea contribution is very important to understand the suppression of the quark
spin contribution and that there is a sizeable amount of strange quarks with polarization antiparallel to
the proton polarization. For a review on nucleon spin structure, see [40].

1.3.2 Strangeness in nucleon and Dirac sea

Quark-antiquark pairs are usually thought to be mainly produced in the perturbative process of gluon
splitting. Since there is no explicit strangeness in the nucleon the study of nucleon strangeness is con-
sidered as a unique approach to study the nucleon sea. Experiments have indicated that strange quarks
play a fundamental role in understanding properties of the nucleon [41]. For example, by combining
parity-violating ~ep forward-scattering elastic asymmetry data with the νp elastic cross section data one
can extract the strangeness contribution to vector and axial nucleon form factors. Traditionally the in-
vestigation on the role of strange quarks played in “non-strange” baryons have taken place in the context
of DIS where we have seen that a sizeable amount of strange quarks contribute to the nucleon spin.

There have also been strong efforts to measure the strange quark contribution to the elastic form
factors of the proton, in particular the vector (electric and magnetic) form factors. These experiments
[42, 43, 44, 45] exploit an interference between the γ- and Z-exchange amplitudes in order to measure
weak elastic form factors GZ,p

E and GZ,p
M which are the weak-interaction analogs of the more traditional

electromagnetic elastic form factors Gγ,p
E and Gγ,p

M . The interference term is observable as a parity-
violating asymmetry in elastic ~ep scattering, with the electron longitudinally polarized. By combining all
these form factors one may separate the u, d and s quark contributions. However, in elastic ~ep scattering,
the axial form factor does not appear as a pure weak-interaction process. There are significant radiative
corrections which carry non-trivial theoretical uncertainties. The result is that, while the measurement
of parity-violating asymmetries in ~ep elastic scattering is well suited to a measurement of Gs

E and Gs
M

these experiments cannot cleanly extract Gs
A(Q2 = 0) = ∆s. Most of QCD-inspired models seem to

favor a negative value of the strange magnetic moment in the range −0.6 ≤ G
(p)s
M ≤ 0.0µN [46]. The

first experimental results from the SAMPLE [42], PVA4 [43], HAPPEX [44] and G0 [45] collaborations
have shown evidence for a non-vanishing strange quark contribution to the structure of the nucleon.
In particular, the strangeness content of the proton magnetic moment was found to be positive [44],
suggesting that strange quarks reduce the proton magnetic moment.

The growing interest in Semi-Inclusive Deep Inelastic Scattering (SIDIS) with longitudinally polarized
beams and target is due to the fact that they provide an additional information on the spin structure
of the nucleon compared to inclusive DIS measurements. They allow one to separate valence and sea
contributions to the nucleon spin. The present experimental results [47, 48, 49] favor an asymmetric
structure of the light nucleon sea ∆ū ' −∆d̄. This is in contradiction with the earliest parton models
which assumed that the nucleon sea was flavor symmetric even though valence quark distributions are
clearly flavor asymmetric. This assumption implies that the sea is independent of the valence quark
composition and thus that the proton sea is the same as the neutron sea. This assumption was however
not based on any known physics and remained to be tested by experiments. From experimental data
for the muon-nucleon DIS, Drell-Yan process (DY) and SIDIS we also know that ū(x,Q2) < d̄(x,Q2),
for reviews see [50]. The analysis of the muon-nucleon DIS data performed by the NMC collaboration
[51] gives IG = 0.235 ± 0.026 at Q2 = 4 GeV2 which is violation of the Gottfried Sum Rule (GSR) [52]
IG = 1/3 at the 4σ level.

Another different experimental indication of the presence of hidden strangeness in the nucleon comes
from the pion-nucleon sigma term σπN [53] which measures the nucleon mass due to current quarks and
thus the explicit breaking of chiral symmetry. Recent data [54] suggest that its value is σπN ' (60-80)
MeV. Such a large value implies a surprisingly large strangeness content of the nucleon in contrast to
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what one would expect on the basis of the OZI rule. Let us also mention a QCD fit to the CCFR and
NuTeV dimuon data which indicates an asymmetry in the strange quark distributions s(x) 6= s̄(x) [55].

In short, independent experiments point out the existence of a significant strangeness in the nucleon.
In order to describe correctly nucleon properties, strange quarks have to be taken into account properly
in models. The amount of these strange quarks cannot be understood by purely perturbative processes.
There is a sizeable non-perturbative amount which has still to be explained. For a lecture on the topic
of strange spin, see [56].

1.3.3 Shape of baryons

The question of hadron shape is a natural one. Hadrons are composite particle and nothing prevents
them to deviate from spherical shape. The attention is then focused on the existence of quadrupolar
deformation. The nucleon being a spin-1/2 particle, no intrinsic quadrupole moment can be directly
measured because angular momentum conservation forbids a non-zero element of a (L = 2) quadrupole
operator between spin-1/2 states. On the contrary, ∆ is a spin-3/2 particle where such a quadrupole
can be in principle measured. That is the reason why the octet-to-decuplet transition magnetic moments
have especially focused attention since 1979.

It is now well confirmed experimentally [57] that non-spherical amplitudes do exist in hadrons and this
has motivated intense experimental and theoretical studies (for reviews see [58]). The electromagnetic
transition γN → ∆ allows one to access to quadrupole moments of both proton and ∆. Only three
multipole contributions to the transition are not forbidden by spin and parity conservation: magnetic
dipole (M1), electric quadrupole (E2) and Coulomb quadrupole (C2).

In NQM where SU(6) spin-flavor symmetry is unbroken, one predicts E2/M1 = 0 [59] and the
dominant multipole M1 is ≈ 30% below experimental values [60, 61]. Non-spherical amplitudes in nucleon
and ∆ are caused by non-central, tensor interaction between quarks [62]. If one adds a d-wave component
in nucleon and/or ∆ wave function E2 and C2 are now non-vanishing [61] but are at least one order of
magnitude too small. Moreover the M1 prediction is worse than in the SU(6) symmetry limit [63]. It
is likely due to the fact that quark models do not respect chiral symmetry, whose spontaneous breaking
leads to strong emission of virtual pions [64]. The latter couple to nucleon as σ ·p where σ is the nucleon
spin and p is the pion momentum. The coupling is strong in p-waves and mixes in non-zero angular
momentum components. As the pion is the lightest hadron, one indeed expects it to dominate the long
distance behavior of hadron wave functions and to yield characteristic signatures in the low-momentum
transfer hadronic form factors. Since ∆(1232) resonance nearly entirely decays into πN , one has another
indication that pions appear to be of particular relevance in the electromagnetic γN → ∆ transition.

Experimental ratios E2/M1 and C2/M1 are small and negative, |E2/M1| smaller than 5%. With
broken SU(6) values range from 0 to −2% [65]. Models such as Skyrme and large NC limit of QCD also
find a small and negative ratio [66]. Since ∆ decays almost entirely into a nucleon and a pion, it is not
surprising that chiral bag models tend to agree well with experimental data [67]. In recent years chiral
effective field theories were quite popular and gave precise results [68]. Lattice calculations predict a ratio
to be around −3% [69]. For a recent review summarizing the various theoretical approaches, see [70].

1.3.4 Exotic baryons

The simple and unrealistic though quite successful in baryon spectroscopy NQM describes all light baryons
as made of three quarks only5. Group theory then tells us that light baryons belong to singlet, octet

5For the sake of simplicity we will use in the present thesis the shorter expression nQ for n quarks (particle and antipar-
ticle). A 5Q state indicates thus that we have four quarks and one antiquark.
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and decuplet representations of the flavor SU(3) group 3 ⊗ 3 ⊗ 3 = 1 ⊕ 8 ⊕ 8 ⊕ 10. Phenomenological
observation tells us that the lightest baryon multiplets are the octet with spin 1/2

(
8, 1

2

+
)

and the

decuplet with spin 3/2
(
10, 3

2

+
)

both with positive parity.
Let us stress however that QCD does not forbid states made of more than 3Q as long as they are

colorless. The next simplest colorless quark structure is QQQQQ̄. States described by such a structure
are called pentaquarks. It was first expected that pentaquarks have wide widths [71] and thus difficult
to observe experimentally. Later, some theorists have suggested that particular quark structures might
exist with a narrow width [72, 75]. The experimental status on the existence of the exotic Θ+ pentaquark
is still unclear. Even though most of the latest experiments suggest that it does not exist, no definitive
answer can be given [73]. There are many experiments in favor (mostly low energy and low statistics) and
against (mostly high energy and high statistics). For reviews on the experimental status of pentaquarks,
see [74]. Concerning the experiments in favor, they all agree that the Θ+ width is small but give only
upper values. It turns out that if it exists, the exotic Θ+ has a width of the order of a few MeV or maybe
even less than 1 MeV, a really curious property since usual resonance widths are of the order of 100 MeV.
In the paper [75] that actually motivated experimentalists to look for a pentaquark, Diakonov, Petrov
and Polyakov have estimated the Θ+ width to be less than 15 MeV and claimed that pentaquarks belong
to an antidecuplet with spin 1/2

(
10, 1

2

+
)
, see Fig. 1.1.
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Figure 1.1: The lightest baryon multiplets: octet 8, decuplet 10 and hypothetic antidecuplet 10.

More recently, Diakonov and Petrov with a technique based on light-cone baryon wave functions used
in the present thesis have estimated more accurately the width and have found that it turns out to be
∼ 4 MeV [76]. However, many approximations have been used such as non-relativistic limit and omission
of some 5Q contributions (exchange diagrams). The authors expected that these have high probability
to reduce further the width.

Exotic members of the antidecuplet can easily be recognized because their quantum numbers cannot
be obtained from 3Q only. The problem is the identification of a nucleon resonance to a non-exotic or
crypto-exotic member of this antidecuplet. It is then interesting to study the electromagnetic transition
between octet and antidecuplet. From simple flavor SU(3) symmetry considerations, the existence of
antidecuplet would imply a sizeable breaking of isospin symmetry in the excitation of an octet nucleon
into an antidecuplet nucleon. The magnetic transition between octet proton and crypto-exotic proton
should be suppressed compared to the neutron case [77].
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Candidates for the nucleon-like members of the antidecuplet have recently been discussed in the
literature. The Partial Wave Analysis (PWA) of pion-nucleon scattering presented two candidates for
N10 with masses 1680 MeV and 1730 MeV [78]. Experimental evidence for a new nucleon resonance with
mass near 1670 MeV has recently been obtained in the η photoproduction on nucleon by the GRAAL
collaboration [79]. A resonance peak is seen in the γn → nη and is absent in the γp → pη process. This
resonance structure has a narrow width ΓN∗→ηN ' 40 MeV. When the Fermi-motion corrections are
taken into account the width may become even narrower ΓN∗→ηN ' 10 MeV [80]. Such a narrow width
naturally reminds pentaquark baryons. Even more recently the Tokohu LNS [81] and CB/TAPS@ELSA
[82] reported η photoproduction from the deuteron target and concluded on the same asymmetry.

The question of pentaquark is a very intriguing and confusing one. The predicted pentaquarks have
very special properties such as unusual small width and large isospin breaking of nucleon photoexcitation.
On the experimental side the situation is far from being clear and simple. While part of the original
positive sightings have been refuted by further more accurate experiments, some striking positive signals
persist and cannot be a priori understood as statistical fluctuations. Further experiments are therefore
needed. Finally, let us emphasize that even if the existence of pentaquark is not confirmed we will have
learned much on the problem of experimental resolution, techniques allowing one to detect a narrow
resonance, validity of many theoretical assumptions, . . . On a more theoretical side, the absence of the
predicted pentaquark will probably and definitely invalidate the rigid rotator quantization scheme for
exotic states. Pentaquarks with narrow width may simply not exist. There can be however pentaquarks
with very large width or with masses in a completely different range. There could also be no 5Q state at
all but this would need some restriction due to QCD not known hitherto.

1.4 Motivations and Plan of the thesis

As we have seen understanding the baryon structure is still an open and challenging problem. The
correct low-energy QCD model should in principle at the same time explain experimental data on baryon
structure and properties, predict the unmeasured ones in a reliable manner, incorporate all relevant
degrees of freedom, relate cleanly constituent and current quarks, be in some sense directly derived from
QCD, . . . No present model fulfills all these requirements. That much is not in fact expected from models.
We hope at least that they deal with the relevant degrees of freedom, reproduce the correct dynamics
leading to the observed baryon structure and properties and of course give reliable predictions.

Many questions both on the experimental and theoretical sides have to be answered. Part of them
have been shortly discussed in the present introduction because they are related to the results of our
studies in the context of this thesis. Later they will be discussed a bit further but without pretending
to be complete and exhaust the topics. For the interested reader many references to papers, reviews and
lectures are given throughout the text.

The Chiral Quark-Soliton Model (χQSM) is among the most successful models in describing low-energy
QCD. Recently it has been formulated on the light cone [76, 83] where the concept of wave function is
well defined. The basic formula have been derived and the general technique developed. Then the axial
decay constant of the nucleon and the pentaquark width have been investigated in the non-relativistic
limit up to the 5Q Fock component.

The aim of the present thesis was to further explore this new approach to the model. One part of
the work has been devoted to the estimation of corrections coming from previously neglected diagrams,
relativity (quark angular momentum) and higher Fock components. The second part has been devoted
to study in details light baryon properties and structure, extract the individual contributions due to each
quark flavor and separate the valence contributions from the sea contributions. Let us stress that in this
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thesis we have performed only ab initio calculations, no fit to experimental data has been made.
This work is very interesting for many reasons. First of all, as mentioned earlier, this is a detailed

study of baryon structure and properties in terms of valence, sea and flavor contributions. The values ob-
tained are compared with the present experimental knowledge and many predictions for the unmeasured
baryon properties are given. Due to the approximations specific to the approach and the model all the
predictions should not be considered as quantitatively reliable but at least give some qualitative informa-
tion. This work is also interesting since we have estimated the impact of many effects on the observables:
quark angular momentum, quark-antiquark pairs, . . . This allows one to emphasize the importance and
role of each degree of freedom.

The approach to χQSM we used is based on light-cone techniques. In Chapter 2 we give a short
introduction to the light-cone approach. We remind why the light cone is appealing when describing
baryons and how they are studied usually in light-cone models.

Then in Chapter 3 we give a short introduction to χQSM. The general baryon wave function is
presented and all quantities needed in this thesis are defined and explicit expressions are given. The
general technique for extracting baryon observables is also presented.

Our whole work has been done in the flavor SU(3) limit. Before presenting the results obtained we
discuss the implication of this symmetry on observables, introduce the parametrization used in the results
and compare with the non-relativistic SU(6) symmetry of the usual CQM in Chapter 4.

In Chapters 5, 6, 7 and 8 we collect our results for normalizations, vector, axial and tensor charges,
and magnetic moments of all lightest baryon multiplets (octet, decuplet and antidecuplet). They are
discussed and compared with the present experimental data. Part of these results have already been
published [84] or submitted on the web [85, 86] waiting for publication. The remaining results (especially
concerning magnetic moments) are collected in other papers in preparation [87].

We conclude this work in Chapter 9. We remind the important points and results of the thesis and
give tracks for further studies.

We join to this work two appendices. The first one contains all the group integrals needed and explains
how they can be obtained. The second one gives general tools for simplifying the problem of contracting
the creation-annihilation operators leading to the identification and weight of the diagrams involved in a
given Fock sector.





Chapter 2

Light-cone approach

2.1 Forms of dynamics

Particle physics needs a synthesis of special relativity and quantum mechanics. A quantum treatment is
obvious since particle physics plays at scales several order of magnitude smaller than in atomic physics.
These scales also require a relativistic formulation. Let us consider for example a typical hadronic scale
of 1 fm which corresponds to momenta of the order p ∼ ~c/1 fm ' 200 MeV. For particles with masses
M . 1 GeV this implies sizable velocities v ' p/M & 0.2 c and thus non-negligible relativistic effects.

A relativistic quantum mechanics requires the state vectors of a system to transform according to a
unitary representation of the Poincaré group. The subgroup of continuous transformations, called the
proper group, has ten generators satisfying a set of commutation relations called the proper Poincaré
algebra.

A state vector |t〉 describes the system at a given “time” t. The evolution in “time” of is driven by
the Hamiltonian H operator of the system. As defined by Dirac [88], the Hamiltonian H is that operator
whose action on the state vector |t〉 of a physical system has the same effect as taking the partial derivative
with respect to time t

H|t〉 = i
∂

∂t
|t〉. (2.1)

Its expectation value 〈t|H|t〉 is a constant of motion and is called “energy” of the system.
Time and space are however not separate issues. In a covariant theory they are only different aspects

of the four-dimensional space-time. These concepts of space and time can be generalized in an operational
sense. One can define “space” as that hypersurface in four-space on which one chooses the initial field
configurations in accord with microcausality, i.e. a light emitted from any point on the hypersurface
must not cross the hypersurface. The remaining fourth coordinate can be thought as being normal to
that hypersurface and understood as “time”. There are many possible parametrizations1 or foliation of
space-time. A change in parametrization x̃(x) implies a change in metric in order to conserve the arc
length ds2. This means that the covariant xµ and contravariant components xµ can be quite different
and can have rather different interpretations.

We have then a certain freedom in describing the dynamics of a system. One should however exclude all
parametrizations accessible by a Lorentz transformation. This limits considerably the freedom. Following
Dirac [89] there are basically three different parametrizations or “forms” of dynamics: instant, front
and point forms. They cannot be mapped on each other by a Lorentz transformation. They differ by
the hypersurface Σ in Minkowski four-space on which the initial conditions of the fields are given. To

1The only condition is the existence of inverse x(x̃).
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characterize the state of the system unambiguously, Σ must intersect every world-line once and only
once. One has then correspondingly different “times”. The instant form is the most familiar one with its
hypersurface Σ given at instant time x0 = t = 0. In the front form the hypersurface Σ is a tangent plane
to the light cone defined at the light-cone time x+ = (t + z)/

√
2 = 0. There seems here to be problems

with microcausality. Note however that a signal carrying information moves with the group velocity
always smaller than phase velocity c = 1. Thus if no information is carried by the signal, points on the
light cone cannot communicate. In the point form the time-like coordinate is identified with the eigentime
of the physical system and the hypersurface has a hyperboloid shape. In principle all these three forms
yield the same physical results since physics should not depend on how we parametrize space-time2. The
choice of the form depends on the amount of work needed to solve the physical problem. Let us note
that in the non-relativistic limit c →∞ only one foliation is possible, the instant form and the absolute
time is Galilean. This is due to the fact that particles can have any velocity and thus any slope of the
hypersurface can be obtained by Lorentz boost.

Among the ten generators of the Poincaré algebra, there are some that map Σ into itself, not affecting
the time evolution. They form the so-called stability subgroup and are referred to as kinematical gen-
erators. The others drive the evolution of the system and contain the entire dynamics. They are called
dynamical generators or Hamiltonians.

The generic four-vector Aµ is written in Cartesian contravariant components as

Aµ = (A0, A1, A2, A3) = (A0,A). (2.2)

Using Kogut and Soper convention, the light-cone components are defined as

Aµ = (A+,A⊥, A−), where A± =
1√
2

(A0 ±A3). (2.3)

The norm of this four-vector is then given by

A2 = (A0)2 −A2 = 2A+A− −A2
⊥ (2.4)

and the scalar product of two four-vectors Aµ and Bµ by

A ·B = A0B0 −A ·B = A+B− + A−B+ −A⊥ ·B⊥. (2.5)

In the usual instant form the Hamiltonian operator P0 is a constant of motion which acts as the displace-
ment operator in instant time x0 ≡ t. In the light-cone approach or front form the Hamiltonian operator
P+ is a constant of motion which acts as the displacement operator in light-cone time x+ ≡ (t + z)/

√
2.

Let emphasize that ∂+ = ∂− is a time-like derivative ∂/∂x+ = ∂/∂x− while ∂− = ∂+ is a space-like deriva-
tive ∂/∂x− = ∂/∂x+. Correspondingly P+ = P− is the Hamiltonian while P− = P+ is the longitudinal
space-like momentum.

2.2 Advantages of the light-cone approach

Representations of the Poincaré group are labeled by eigenvalues of two Casimir operator P 2 and W 2.
Pµ is the energy-momentum operator, Wµ is the Pauli-Lubanski operator [90] constructed from Pµ and
the angular-momentum operator Mµν

Wµ = −1
2

εµνρσMνρPσ. (2.6)

2In actual model calculations differences arise because of approximations. Only a complete and exact treatment would
lead to the same physical results in any parametrization.
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Their eigenvalues are respectively m2 and −m2s(s + 1) with m the mass and s the spin the particle. The
states of a Dirac particle s = 1/2 are eigenvectors of Pµ and polarization operator Π ≡ −W · s/m

Pµ|p, s〉 = pµ|p, s〉, (2.7)

−W · s
m

|p, s〉 = ±1
2
|p, s〉 (2.8)

where sµ is the spin (or polarization) vector of the particle with properties

s2 = −1, s · p = 0. (2.9)

It can be written in general as

sµ =
(

p · n
m

,n +
(p · n)p

m(m + p0)

)
(2.10)

where n is a unit vector identifying a generic space direction.
Since the Lagrangian of a system is frame-independent there must be ten conserved current corre-

sponding to the ten Poincaré generators. Integrating these currents over a three-dimensional hypersurface
of a hypersphere, embedded in the four-dimensional space-time, generates conserved charges. The proper
Poincaré group has then ten conserved charges or constants of motion: the four components of the en-
ergy momentum tensor Pµ and the six components of the boost-angular momentum tensor Mµν . These
ten constants of motion are observables and are thus hermitian operators with real eigenvalues. It is
therefore advantageous to construct representations3 in which these constants of motion are diagonal.
Unfortunately one cannot diagonalize all the ten simultaneously because they do not commute.

In the usual instant form dynamics the initial conditions are set at some instant of time and the
hypersurfaces Σ are flat three-dimensional surfaces only containing directions that lie outside the light
cone. The generators of rotations and space translations leave the instant invariant, i.e. do not affect the
dynamics. There are then six generators constituting the kinematical subgroup in the instant form: three
momentum Pi and three angular momentum generators Ji = 1

2 εijkMjk. The remaining four generators are
dynamical and therefore involve interaction: three boost Ki = Mi0 and one time-translation generators
P0.

In the front form dynamics one considers instead three-dimensional surfaces in space-time formed by
a plane-wave front advancing at the velocity of light, e.g. x+ = 0. In this case seven generators are kine-
matical P1, P2, P−, M12,M+−,M1−, M2−. The three remaining ones P+, M1+,M2+ are then dynamical.
This corresponds in fact to best one can do [89]. One cannot diagonalize simultaneously more than seven
Poincaré generators. Components of the energy-momentum operator are easily interpreted as generators
of space P1, P2, P− and time translations P+. Kogut and Soper [91] have written the components of the
angular momentum operator in terms of boosts and angular momenta. They introduced the transversal
vector B⊥

B1 = M1− =
1√
2

(K1 + J2), B2 = M2− =
1√
2

(K2 − J1). (2.11)

They are kinematical and boost the system in the x and y direction respectively. The other kine-
matical operators M12 = J3 and M+− = K3 rotate the system in the x-y plane and boost it in the
longitudinal direction respectively. The remaining dynamical operators are combined in a transversal
angular-momentum vector S⊥

S1 = M1+ =
1√
2

(K1 − J2), S2 = M2+ =
1√
2

(K2 + J1). (2.12)

3The problem of constructing Poincaré representations is equivalent to the problem of looking for the different forms of
dynamics.
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Light-cone calculations for relativistic CQM are convenient as they allow to boost quark wave functions
independently of the details of the interaction. Unlike the traditional instant form Hamiltonian formalism
where the internal and center-of-mass motion of relativistic interacting particles cannot be separated in
principle, the light-cone Hamiltonian formalism can be formulated without reference to a specific Lorentz
frame. The drawback is however that the construction of states with good total angular momentum
becomes interaction dependent. Except for the free theory, it is very hard to write down states with good
angular momentum as diagonalizing L2 is as difficult as solving the Schrödinger equation. This is the
notorious problem of angular momentum of the light-cone approach4 [93].

The useful concept of wave function borrowed from non-relativistic quantum mechanics is not well
defined in instant form since the particle number of a state is neither bounded nor fixed. Quark-antiquark
pairs are constantly popping in and out the vacuum. This means that even the ground state is complicated.
One of biggest advantages of the front form is that the vacuum structure is much simpler. In many cases
the vacuum state of the free Hamiltonian is also an eigenstate of the full light-cone Hamiltonian. Contrary
to Pz the operator P+ is positive, having only positive eigenvalues. Each Fock state is eigenstate of the
operators P+ and P⊥. The eigenvalues are

P⊥ =
n∑

i=1

p⊥i, P+ =
n∑

i=1

p+
i (2.13)

with p+
i > 0 for massive quanta, n being the number of particles in the Fock state. The vacuum has

eigenvalue 0, i.e. P⊥|0〉 = 0 and P+|0〉 = 0. The restriction p+
i > 0 for massive quanta is the key

difference between light-cone and ordinary equal-time quantization. In the latter the state of a parton
is specified by its ordinary three-momentum p. Since each component of the momentum can be either
positive or negative there exists an infinite number of Fock states with zero total momentum. The physical
vacuum |Ω〉 is thus complicated. In the former particles have non-zero longitudinal momentum and the
vacuum is identified5 to the zero-particle state |Ω〉 = |0〉.

The Fock expansion constructed on this vacuum provides thus a complete relativistic many-particle
basis for the baryon states. This means that all constituents are directly related to the baryon state and
not do disconnected vacuum fluctuations. The concept of wave function is then well defined on the light
cone. The light-cone wave functions are frame independent and can be expressed by means of relative
coordinates only because the boosts are kinematical. For example, Lorentz boost in the third direction
is diagonal. Light-cone time and space do not get mixed but are just rescaled. Since p+

i > 0 and P+ > 0
one can define boost-invariant longitudinal momentum fractions zi = p+

i /P+ with 0 < zi < 1. In the
intrinsic frame P⊥ = 0 we have the constraints

n∑

i=1

zi = 1,
n∑

i=1

p⊥i = 0. (2.14)

These light-cone wave functions are very important and useful objects as they encode hadronic proper-
ties. In the context of QCD their relevance relies on the concept of factorization. Processes with hadrons
at sufficiently high energy/momentum transfer can be divided into two parts: a hard part which can

4A way to formulate covariantly the plane is by defining a light-like four-vector ω and the plane equation by ω · x = 0
which is invariant under any Lorentz transformation of both ω and x. Exact on-shell physical amplitudes should not depend
on the orientation of the light-front plane. However, in practice, this dependence survives due to approximations. Results are
spoiled by unphysical form factors. Poincaré invariance is destroyed as soon as truncation of the Fock space or regularizations
of Fock sectors are implemented [92].

5This simplification works only for massive particles. The restriction p+
i > 0 cannot be applied to massless particles. This

leads to the zero-mode problem of the light-cone vacuum.
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be calculated according to perturbative QCD and a soft part usually encoded in soft functions, parton
distributions, fragmentation functions, . . . This soft part can in principle be expressed in terms of light-
cone wave functions. For example PDF are forward matrix of non-local operator and can be obtained by
squaring the wave function and integrating over some transverse momenta. With electromagnetic probes
one has

f(x) ∝
∫

dλ eiλx〈P |ψ̄(0)γµψ(λ)|P 〉 ∼
∫

dk⊥ ψ†(x,k⊥) ψ(x,k⊥). (2.15)

Form factors (FF) are off-forward matrix elements of local operator and can be obtained from an overlap
of light-cone wave functions

F (Q2) ∝ 〈P ′|ψ̄(0)γµψ(0)|P 〉 ∼
∫ 1

−1
dx

∫
dk⊥ ψ†(x,k⊥ + Q⊥/2) ψ(x,k⊥ −Q⊥/2). (2.16)

Generalized Parton Distributions (GPD) provide a natural interpolation between PDF and FF and are
relevant in processes like Deeply Virtual Compton Scattering (DVCS) and hard meson production [94].
They are off-forward matrix elements of non-local operator and can also be easily presented in terms of
light-cone wave functions [95]

GPD(x, ξ,Q2) ∝
∫

dλ eiλx〈P ′|ψ̄(−λ/2)γµψ(λ/2)|P 〉 ∼
∫

dk⊥ ψ†(x+ξ,k⊥+Q⊥/2)ψ(x−ξ,k⊥−Q⊥/2).

(2.17)
The light-cone calculation of nucleon form factors has been pioneered by Berestetsky and Terentev

[96] and more recently developed by Chung and Coester [97]. Form factors are generally constructed
from hadronic matrix elements of the current 〈P + q|jµ(0)|P 〉. In the interaction picture one can identify
the fully interacting Heisenberg current Jµ with the free current jµ at the space-time point xµ = 0.
The computation of these hadronic matrix elements is greatly simplified in the so-called Drell-Yan-West
(DYW) frame [98], i.e. in the limit q+ = 0 where q is the light-cone longitudinal transfer momentum.
Matrix elements of the + component of the current are diagonal in particle number n′ = n, i.e. the
transitions between Fock states with different particle numbers are vanishing. The current can neither
create nor annihilate quark-antiquark pairs. Such a simplification can be seen using projectors on “good”
and “bad” components of a Dirac four-spinor. The operator P+ = γ−γ+/2 projects the four-component
Dirac spinor ψ onto the two-dimensional subspace of “good” light-cone components which are canonically
independent fields [91]. Likewise P− = γ+γ−/2 projects on the two-dimensional subspace of “bad” light-
cone components which are interaction dependent fields and should not enter at leading twist.

Finally, instant form has also a practical disadvantage. For example, consider the wave function of an
atom with n electrons. An experiment which specifies the initial wave function would require simultaneous
measurement of the position of all the bounded electrons. In contrast, the initial wave function at fixed
light-cone time only requires an experiment which scatters one plane-wave laser beam since the signal
reaches each of the n electrons at the same light-cone time.

2.3 Light cone v.s. Infinite Momentum Frame

Dirac’s legacy has been forgotten and re-invented many times with other names. The Infinite Momentum
Frame (IMF) first appeared in the work of Fubini and Furlan [99] in connection with current algebra
as the limit of a reference frame moving with almost the speed of light. Weinberg [100] considered the
infinite-momentum limit of old-fashioned perturbation diagrams for scalar meson theories and showed
that the vacuum structure of these theories simplified in this limit. Later, Susskind [101] showed that
the infinities which occur among the generators of the Poincaré group when they are boosted in the
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IMF can be scaled or substracted out consistently. The result is essentially a change in variables. With
these new variables he drew the attention to the (two-dimensional) Galilean subgroup of the Poincaré
group. Bardakci and Halpern [102] further analyzed the structure of theories in IMF. They viewed the
infinite-momentum limit as a change of variables from the laboratory time t and space coordinate z to a
new “time” τ = (t + z)/

√
2 and a new “space” ζ = (t− z)/

√
2. Kogut and Soper [91] have examined the

formal foundations of Quantum ElectroDynamics (QED) in the IMF. Finally Drell and others [98, 103]
have recognized that the formalism could serve as kind of natural tool for formulating the quark-parton
model.

Let us consider two particles with three-momenta p1 and p2 and use the variables P = (p1 + p2)/2
and q = p2−p1. The IMF prescription is to take the limit |P| → ∞ and impose the condition P ·q = 0,
i.e. momentum transfer has to be orthogonal to the (very large) mean momentum which guarantees that
the momentum transfer has no time component [104]. This prescription introduces from the outside an
infinite factor in the covariant normalization for the physical states

〈p2|p1〉 = (2π)32E δ(3)(p1 − p2) −→ (2π)32|P| δ(3)(p1 − p2). (2.18)

Thus the “natural” |P| power in an expansion is actually reduced by one unit. Any vector v can be de-
composed into a longitudinal component vL which is along the direction of P and a transverse component
v⊥ which is orthogonal to P. Let us consider in the following that P defines the z direction.

Currents can be decomposed into “good” and “bad” components referring to their behavior in the limit
Pz →∞. The “good” components behave like Pz while “bad” components are of order O(1). The scalar
S, pseudoscalar P , vector Vµ, axial vector Aµ and tensor Tµν operators have the most immediate relevance
in elementary particle physics. “Good” components correspond to free quarks. Creation-annihilation of
quark-antiquark pairs are suppressed. On the contrary, “bad” components correspond to interacting
quarks. Creation-annihilation of quark-antiquark pairs are important. In the IMF the “good” operators
appeared to be V0, V3, A0, A3, T0⊥, T3⊥ and the “bad” ones to be S, P, V⊥, A⊥, T00, T03, T33, T⊥⊥′ . This
means that it is simple to compute the zeroth and third components of the vector and axial vector
current in the IMF. Moreover these zeroth and third components coincide in the leading order in Pz.
On the contrary scalar and pseudoscalar currents as well as transverse components of the vector and
axial-vector currents are difficult because the interaction is involved.

These features naturally remind the light-cone approach in the DYW frame. The light-cone and IMF
approaches are indeed identified in the literature. For example one defines the light-cone wave function
as the instant-form wave function boosted to the IMF [105]. However unboosting the wave function from
IMF is generally impossible. For a qualitative picture, all the physical processes in the IMF become as
slow as possible because of time dilatation in this system of reference. The investigation of the wave
function is equivalent to make a snapshot of as system not spoiled by vacuum fluctuations. Note also
that in the IMF, there is no distinction between the quark helicity and its spin projection Sz. That is
why both these two terms will be used without distinction.

2.4 Standard model approach based on Melosh rotation

As we have just seen, light-cone wave functions are obtained by boosting the rest-frame wave function.
The usual approach is to use a 3Q rest-frame wave function ideally fitted to the baryon spectrum. The
spin S of a particle is not Lorentz invariant. Only the total angular momentum J = L + S is the
meaningful quantity. Its decomposition into spin S and orbital angular momentum L depends on the
reference frame. This means that boosting a particle induces a change in its spin orientation.
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The conventional spin three-vector s of a moving particle with finite mass m and four-momentum
pµ can be defined by transforming its Pauli-Lubanski four-vector Wµ to its rest frame via a rotationless
Lorentz boost L(p) which satisfies L(p)p = (m,0). One has [106]

(0, s) = L(p)W/m. (2.19)

Under an arbitrary Lorentz transformation Λ a particle of spin s and four-momentum pµ will be mapped
onto the state of spin s′ and four-momentum p′µ given by

s′ = RW (Λ, p)s, p′ = Λp (2.20)

where RW (Λ, p) = L(Λp)ΛL−1(p) is a pure rotation known as Wigner rotation.
So when a baryon is boosted via a rotationless Lorentz transformation along its spin direction from

the rest frame to a frame where it is moving, each quark will undergo a Wigner rotation. Specified to the
spin-1/2 case the Wigner rotation reduces to the Melosh rotation [107]

ψi
LC,λ =

[(m + ziM)1 + in · (σ × pi)]λ
′

λ√
(m + ziM)2 + p2

i⊥
ψi

λ′ (2.21)

where n = (0, 0, 1). This transformation assures that the baryon is an eigenfunction of J and Jz in its
rest frame [106]. This rotation transforms rest-frame quark states ψi

λ′ into light-cone quark states ψi
LC,λ,

with i = 1, 2, 3. Here is the explicit expression for the Melosh rotated states

ψi
LC,+ =

(mq + ziM)ψi
↑ + pR

i ψi
↓√

(mq + ziM)2 + p2
i⊥

, (2.22)

ψi
LC,− =

−pL
i ψi

↑ + (mq + ziM)ψi
↓√

(mq + ziM)2 + p2
i⊥

(2.23)

where pR,L
i = px

i ± ipy
i and M is the invariant mass M2 =

∑3
i=1(p

2
i + m2

q)/xi with the constraints∑3
i=1 zi = 0 and

∑3
i=1 pi⊥ = 0. The internal transverse-momentum dependence of the light-cone wave

function also affects its helicity structure [108]. The zero-binding limit ziM → p+
i is not a justified

approximation for QCD bound states. This rotation mixes the helicity states due to a nonzero transverse
momentum pi⊥. The light-cone spinor with helicity + corresponds to total angular momentum projection
Jz = 1/2 and is thus constructed from a spin ↑ state with orbital angular momentum Lz = 0 and a spin ↓
state with orbital angular momentum Lz = +1 expressed by the factor pR. Similarly the light-cone spinor
with helicity − corresponds to total angular momentum projection Jz = −1/2 and is thus constructed
from a spin ↑ state with orbital angular momentum Lz = −1 expressed by the factor pL and a spin ↓
state with orbital angular momentum Lz = 0. Note however that the general form of a light-cone wave
function [109] must contain two functions

ψσ
σ1

= χ†σ1

(
f1 + in · (σ × p)

|p| f2

)
χσ. (2.24)

The additional f2 term represents a separate dynamical contribution to be contrasted with the purely
kinematical contribution of angular momentum from Melosh rotations.

For a review on the light-cone topic, see [110].





Chapter 3

The Chiral Quark-Soliton Model

3.1 Introduction

As mentioned in the thesis introduction we know that a realistic description of the nucleon should incor-
porate the Spontaneous Chiral Symmetry Breaking (SCSB). This idea is one of the basics of the Chiral
Quark-Soliton Model (χQSM) and plays a dominant role in the dynamics of the nucleon bound state.

As in the Skyrme model, χQSM is essentially based on a 1/NC expansion where NC is the number
of colors in QCD. It is a general QCD theorem that at large NC the nucleon is heavy and can be viewed
as a classical soliton [11]. While the dynamical realization given by the Skyrme model [111] is based
on unrealistic effective chiral Lagrangian, a far more realistic one has been proposed later [112]. This
NJL-type Lagrangian has been derived from the instanton model of the QCD vacuum which provides a
natural mechanism of chiral symmetry breaking. Based on this Lagrangian, the χQSM model [113, 114]
has been proposed and describes baryon properties better than the Skyrme model. For a recent status of
this model see the reviews [115, 116]. Let us also mention that Generalized Parton Distributions (GPD)
[117] have also recently been computed in the model at a low normalization point.

A distinguishable feature of χQSM as compared with many other effective models of baryons, like
NQM or MIT bag model, is that it is field theoretical model which takes into account not only three valence
quarks but also the whole Dirac sea as degrees of freedom. It is also almost the only effective model that
can give reliable predictions for the quark and antiquark distribution functions of the nucleon satisfying
the fundamental field theoretical restrictions like positivity of the antiquark distribution [119, 118]. χQSM
is often seen as the interpolation between two drastically different pictures of the nucleon, namely the
NQM where we have only valence quarks and Skyrme model where we have only the pion field.

An important difference between χQSM and the Chiral Quark Model (χQM) is that in the former
a non-trivial topology is introduced which is crucial for stabilizing the soliton whereas in the latter the
χQM fields are treated as a perturbation. χQSM differs also from the linear σ-model [120] in that no
kinetic energy at tree level is associated to the chiral fields. Pions propagate only through quark loops.
Furthermore quark loops induce many-quark interactions, see Fig. 3.1. Consequently the emerging picture
is rather far from a simple one-pion exchange between the constituent quarks: non-linear effects in the
pion field are not at all suppressed. Note also that the chiral fields are effective degrees of freedom, totally
equivalent to the quark-antiquark excitations of the Dirac sea (no problem of double counting) [83].

3.1.1 The effective action of χQSM

χQSM is assumed to mimic low-energy QCD thanks to an effective action describing constituent quarks
with a momentum dependent dynamical mass M(p) interacting with the scalar Σ and pseudoscalar Π

29
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Figure 3.1: Picture of the nucleon arising from models based on non-linear chiral Lagrangians. Quarks (solid lines)
interact via pion fields (dashed lines) which propagate through quark loops inducing many-quark interactions.

fields. The chiral circle condition Σ2 +Π2 = 1 is invoked. Due to its momentum dependence M(p) serves
as a form factor for the constituent quarks and provides also the effective theory with the UV cutoff. At
the same time, it makes the theory non-local as one can see in the action

Seff =
∫

d4p d4p′

(2π)8
ψ̄(p)

[
p/ (2π)4δ(4)(p− p′)−

√
M(p)(Σ(p− p′) + iΠ(p− p′)γ5)

√
M(p′)

]
ψ(p′) (3.1)

where ψ and ψ̄ are quark fields. This action has been originally derived in the instanton model of the
QCD vacuum [112]. After reproducing masses and decay constants in the mesonic sector, the only free
parameter left to be fixed in the baryonic sector is the constituent quark mass. The number of gluons is
suppressed in the instanton vacuum by the parameter (Mρ)2 ¿ 1 where ρ is the instanton size, so gluons
in this model do not participate in the formation of the nucleon wave function. Note that oppositely to
the naive bag picture, this action (3.1) is fully relativistic and supports all general principles and sum
rules for conserved quantities.

The form factors
√

M(p) cut off momenta at some characteristic scale which corresponds in the
instanton picture to the inverse average size of instantons 1/ρ̄ ≈ 600 MeV. One can then consider the
scale of this model to be Q2

0 ≈ 0.36 GeV2. This means that in the range of quark momenta p ¿ 1/ρ̄ one
can neglect the non-locality. We use the standard approach: the constituent quark mass is replaced by a
constant M = M(0) and we mimic the decreasing function M(p) by the UV Pauli-Villars cutoff [118]

Seff =
∫

d4p

(2π)4
ψ̄(p)(p/−MUγ5)ψ(p) (3.2)

with Uγ5 a SU(3) matrix

Uγ5 =
(

U0 0
0 1

)
, U0 = eiπ·τγ5 = eiπγ5 (3.3)

and τa the usual SU(2) Pauli matrices.
In the following we expose the general technique from [76] allowing one to derive the (light-cone)

baryon wave functions.

3.2 Explicit baryon wave function

In χQSM it is easy to define the baryon wave function in the rest frame. Indeed this model represents
quarks in the Hartree approximation in the self-consistent pion field. The baryon is then described as NC
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valence quarks + Dirac sea in that self-consistent external field. It has been shown [83] that the wave
function of the Dirac sea is the coherent exponential of the quark-antiquark pairs

|Ω〉 = exp
(∫

(dp)(dp′) a†(p)W (p,p′)b†(p′)
)
|Ω0〉 (3.4)

where |Ω0〉 is the vacuum of quarks and antiquarks a, b |Ω0〉 = 0, 〈Ω0| a†, b† = 0, (dp) = d3p/(2π)3 and
W (p,p′) is the quark Green function at equal times in the background Σ,Π fields [83, 121] (its explicit
expression is given in Subsection 3.4).

The saddle-point or mean-field approximation is invoked to obtain the stationary pion field corre-
sponding to the nucleon at rest. A mean field approach is usually justified by the large number of
participants. For example, the Thomas-Fermi model of atoms is justified at large Z [122]. For baryons,
the number of colors NC has been used as such parameter [11]. Since NC = 3 in the real world, one
can wonder how accurate is the mean-field approach. The chiral field experiences fluctuations about its
mean-field value of the order of 1/NC . These are loop corrections which are further suppressed by factors
of 1/2π yielding to corrections typically of the order of 10% which are simply ignored. In the mean-field
approximation the chiral field is replaced by the following spherically-symmetric self-consistent field

π(r) = n · τ P (r), n = r/r. (3.5)

We then have on the chiral circle Π(r) = n · τ sinP (r), Σ(r) = Σ(r) = cosP (r) with P (r) being the
profile function of the self-consistent field. The latter is fairly approximated by [113, 114] (see Fig. 3.2)

P (r) = 2 arctan
(

r2
0

r2

)
, r0 ≈ 0.8

M
, M ≈ 345 MeV. (3.6)

Consequently, in this approach, most of low-energy properties of light baryons follow from the shape of
the mean chiral field in the classical baryon.

Such a chiral field creates a bound-state level for quarks, whose wave function ψlev satisfies the static
Dirac equation with eigenenergy Elev in the Kp = 0+ sector with K = T + J [113, 120, 123]

ψlev(r) =
(

εjih(r)
−iεjk(n · σ)i

k j(r)

)
,

{
h′ + hM sinP − j(M cosP + Elev) = 0

j′ + 2j/r − j M sinP − h(M cosP −Elev) = 0
(3.7)

where i = 1, 2 =↑, ↓ and j = 1, 2 are respectively spin and isospin indices. Solving those equations with
the self-consistent field (3.5) one finds that “valence” quarks are tightly bound (Elev = 200 MeV) along
with a lower component j(r) smaller than the upper one h(r) (see Fig. 3.3).

For the valence quark part of the baryon wave function it is sufficient to write the product of NC

quark creation operators that fill in the discrete level [83]

NC∏

color=1

∫
(dp)F (p)a†(p) (3.8)

where F (p) is obtained by expanding and commuting ψlev(p) with the coherent exponential (3.4)

F (p) =
∫

(dp′)

√
M

ε
[ū(p)γ0ψlev(p)(2π)3δ(3)(p− p′)−W (p,p′)v̄(p′)γ0ψlev(−p′)]. (3.9)
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Figure 3.2: Profile of the self-consistent chiral field
P (r) in light baryons. The horizontal axis unit is
r0 = 0.8/M = 0.46 fm.
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Figure 3.3: Upper s-wave component h(r) (solid)
and lower p-wave component j(r) (dashed) of the
bound-state quark level in light baryons. Each of
the three valence quarks has energy Elev = 200 MeV.
Horizontal axis has units of 1/M = 0.57 fm.

One can see from the second term that the distorted Dirac sea contributes to the one-quark wave function.
For the plane-wave Dirac bispinor uσ(p) and vσ(p) we used the standard basis

uσ(p) =




√
ε+M
2M sσ√

ε−M
2M

p·σ
|p| sσ


 , vσ(p) =




√
ε−M
2M

p·σ
|p| sσ√

ε+M
2M sσ


 , ūσ′uσ = δσ′

σ = −v̄σ′vσ (3.10)

where ε = +
√

p2 + M2 and sσ are two 2-component spinors normalized to unity

s1 =
(

1
0

)
, s2 =

(
0
1

)
. (3.11)

The complete baryon wave function is then given by the product of the valence part (3.8) and the coherent
exponential (3.4)

|ΨB〉 =
NC∏

color=1

∫
(dp)F (p)a†(p) exp

(∫
(dp)(dp′) a†(p)W (p,p′)b†(p′)

)
|Ω0〉. (3.12)

We remind that the saddle-point of the self-consistent pion field is degenerate in global translations
and global SU(3) flavor rotations (the SU(3)-breaking strange mass can be treated perturbatively later).
These zero modes must be handled with care. The result is that integrating over translations leads to
momentum conservation which means that the sum of all quarks and antiquarks momenta have to be
equal to the baryon momentum. As first pointed out by Witten [11] and then derived using different
techniques by a number of authors [124], the quantization rule for the rotations of the mean chiral field
in the ordinary and flavor spaces is such that the lowest baryon multiplets are the octet with spin 1/2
and the decuplet with spin 3/2 followed by the exotic antidecuplet with spin 1/2. All of those multiplets
have same parity. The lowest baryons appear just as rotational excitations of the same mean chiral field
(soliton). They are distinguished by their specific rotational wave functions given explicitly in Section
3.3. Let us note that in χQSM Θ+ pentaquark is light because it is not the sum of constituent quark
masses but rather a collective excitation of the mean chiral field inside baryons.
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Since rotations of the chiral field are not slow we integrate exactly over SU(3) rotations R in this
thesis. This has to be contrasted with the usual slowly-rotating approach used in former studies of χQSM
in the instant form. This leads to the projection of the flavor state of all quarks and antiquarks onto
the spin-flavor state B(R) specific to any particular baryon from the

(
8, 1

2

+
)
,

(
10, 3

2

+
)

and
(
10, 1

2

+
)

multiplets.
If we restore color (α = 1, 2, 3), flavor (f = 1, 2, 3), isospin (j = 1, 2) and spin (σ = 1, 2) indices, we

obtain the following quark wave function of a particular baryon B with spin projection k [83, 121]

|Ψk(B)〉 =
∫

dR B∗
k(R)εα1α2α3

3∏

n=1

∫
(dpn)Rfn

jn
F jnσn(pn)a†αnfnσn

(pn)

× exp
(∫

(dp)(dp′)a†αfσ(p)Rf
j W jσ

j′σ′(p,p′)R†j′
f ′ b†αf ′σ′(p′)

)
|Ω0〉. (3.13)

The three a† create three valence quarks with the same wave function F while the rest of a†’s, b†’s create
any number of additional quark-antiquark pairs whose wave function is W . One can notice that the
valence quarks are antisymmetric in color whereas additional quark-antiquark pairs are color singlets.
One can obtain the spin-flavor structure of a particular baryon by projecting a general QQQ+nQQ̄ state
onto the quantum numbers of the baryon under consideration. This projection is an integration over all
spin-flavor rotations R with the rotational wave function B∗

k(R) unique for a given baryon.
Expanding the coherent exponential allows one to get the 3Q, 5Q, 7Q, . . . wave functions of a particular

baryon. Explicit expressions for the baryon rotational wave functions B(R), the QQ̄ pair wave function
in a baryon W jσ

j′σ′(p,p′) and the valence wave function F jσ(p) are given in the next sections.

3.3 Baryon rotational wave functions

Baryon rotational wave functions are in general given by the SU(3) Wigner finite-rotation matrices [125]
and any particular projection can be obtained by a SU(3) Clebsch-Gordan technique. In order to see the
symmetries of the quark wave functions explicitly, we keep the expressions for B(R) and integrate over
the Haar measure

∫
dR in eq. (3.13).

The rotational D-functions for the
(
8, 1

2

+
)
,

(
10, 3

2

+
)

and
(
10, 1

2

+
)

multiplets are listed below in
terms of the product of the R matrices. Since the projection onto a particular baryon in eq. (3.13)
involves the conjugated rotational wave function, we list the latter one only. The unconjugated ones are
easily obtained by hermitian conjugation.

3.3.1 The octet
(
8, 1

2

+
)

From the SU(3) group point of view, the octet transforms as (p, q) = (1, 1), i.e. the rotational wave
function can be composed of a quark (transforming as R) and an antiquark (transforming as R†). Then
the (conjugated) rotational wave function of an octet baryon having spin index k = 1, 2 is

[
D(8, 1

2
)∗(R)

]g

f,k
∼ εklR

†l
f Rg

3. (3.14)
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The flavor part of this octet tensor P g
f represents the particles as follows

P 3
1 = N+

8 , P 3
2 = N0

8 , P 2
1 = Σ+

8 , P 1
2 = Σ−8 ,

P 1
1 = 1√

2
Σ0

8 + 1√
6
Λ0

8, P 2
2 = − 1√

2
Σ0

8 + 1√
6
Λ0

8, (3.15)

P 3
3 = −

√
2
3 Λ0

8, P 2
3 = Ξ0

8, P 1
3 = −Ξ−8 .

For example, the proton (f = 1, g = 3) and neutron (f = 2, g = 3) rotational wave functions are

p+∗
k (R) =

√
8 εklR

†l
1 R3

3, n0∗
k (R) =

√
8 εklR

†l
2 R3

3. (3.16)

3.3.2 The decuplet
(
10, 3

2

+
)

The decuplet transforms as (p, q) = (3, 0), i.e. the rotational wave function can be composed of three
quarks. The rotational wave functions are then labeled by a triple flavor index {f1f2f3} symmetrized in
flavor and by a triple spin index {k1k2k3} symmetrized in spin

[
D(10, 3

2
)∗(R)

]
{f1f2f3}{k1k2k3}

∼ εk′1k1
εk′2k2

εk′3k3
R
†k′1
f1

R
†k′2
f2

R
†k′3
f3

∣∣∣
sym in {f1f2f3}

. (3.17)

The flavor part of this decuplet tensor Df1f2f3 represents the particles as follows

D111 =
√

6 ∆++
10 , D112 =

√
2∆+

10, D122 =
√

2∆0
10, D222 =

√
6 ∆−

10,

D113 =
√

2 Σ+
10, D123 = −Σ0

10, D223 = −√2Σ−10, D133 =
√

2 Ξ0
10,

D233 =
√

2Ξ−10, D333 = −√6Ω−10.

(3.18)

For example, the ∆++ with spin projection 3/2 (f1 = 1, f2 = 1, f3 = 1) and ∆0 with spin projection 1/2
(f1 = 1, f2 = 2, f3 = 2) rotational wave functions are

∆++∗
↑↑↑ (R) =

√
10R†2

1 R†2
1 R†2

1 , ∆0∗
↑ (R) =

√
10 R†2

2 (2R†2
1 R†1

2 + R†2
2 R†1

1 ). (3.19)

3.3.3 The antidecuplet
(
10, 1

2

+
)

The antidecuplet transforms as (p, q) = (0, 3), i.e. the rotational wave function can be composed of three
antiquarks. The rotational wave functions are then labeled by a triple flavor index {f1f2f3} symmetrized
in flavor [

D(10, 1
2
)∗(R)

]{f1f2f3}

k
∼ Rf1

3 Rf2
3 Rf3

k

∣∣∣
sym in {f1f2f3}

. (3.20)

The flavor part of this antidecuplet tensor T f1f2f3 represents the particles as follows

T 111 =
√

6 Ξ−−
10

, T 112 = −√2Ξ−
10

, T 122 =
√

2Ξ0
10

, T 222 = −√6Ξ+
10

,

T 113 =
√

2 Σ−
10

, T 123 = −Σ0
10

, T 223 = −√2 Σ+
10

, T 133 =
√

2N0
10

,

T 233 = −√2N+
10

, T 333 =
√

6Θ+
10

.

(3.21)

For example, the Θ+ (f1 = 3, f2 = 3, f3 = 3) and crypto-exotic neutron (f1 = 1, f2 = 3, f3 = 3) rotational
wave functions are

Θ+∗
k (R) =

√
30 R3

3R
3
3R

3
k, n0∗

10,k
(R) =

√
10R3

3(2R
1
3R

3
k + R3

3R
1
k). (3.22)
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All examples of rotational wave functions above have been normalized in such a way that for any (but
the same) spin projection we have

∫
dR B∗

spin(R)Bspin(R) = 1, (3.23)

the integral being zero for different spin projections. Note that rotational wave functions belonging to
different baryons are also orthogonal. This can be easily checked using the group integrals in Appendix
A. The particle representations (3.16), (3.18) and (3.21) have been found in [126].

3.4 Formulation in the Infinite Momentum Frame

As explained earlier the formulation in the IMF or equivalently on the light cone is very appealing.
Thanks to the particularly simple structure of the vacuum the concept of wave function (borrowed from
quantum mechanics) is well defined. By definition [105] a light-cone wave function is the wave function
in the Infinite Momentum Frame, i.e. in the frame where the particle is travelling with almost the
speed of light. Usually one cannot start with the instant form wave function and boost it to the IMF
because boosts involve interaction. However as the effective chiral Lagrangian is relativistically invariant,
we are guaranteed that there are infinitely many solutions of saddle-point equations of motion which
describe the nucleon moving in some direction with speed V . The IMF is obtained when V → 1. The
corresponding pion field becomes time-dependent and can be obtained from the stationary field by a
Lorentz transformation [83].

3.4.1 QQ̄ pair wave function

In [83, 121] it is explained that the pair wave function W jσ
j′σ′(p,p′) is expressed by means of the finite-time

quark Green function at equal times in the external static chiral field (3.5). The Fourier transforms of
this chiral field will be needed

Π(q)j
j′ =

∫
d3x e−iq·x(n · τ )j

j′ sinP (r), Σ(q)j
j′ =

∫
d3x e−iq·x(cosP (r)− 1)δj

j′ (3.24)

where Π(q) is purely imaginary and odd and Σ(q) is real and even, see Fig. 3.4.
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Figure 3.4: The self-consistent pseudoscalar −|q|Π(q) (solid) and scalar −|q|Σ(q) (dashed) fields in baryons. The
horizontal axis unit is M .

A simplified interpolating approximation for the pair wave function W has also been derived and
becomes exact in three limiting cases:
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1. small pion field P (r),

2. slowly varying P (r) and

3. fast varying P (r).

Since the model is relativistically invariant, this wave function can be translated to the infinite momentum
frame (IMF). In this particular frame, the result is a function of the fractions of the baryon longitudinal
momentum carried by the quark z and antiquark z′ of the pair and their transverse momenta p⊥, p′⊥

W j,σ
j′σ′(z,p⊥; z′,p′⊥) =

MM
2πZ

{
Σj

j′(q)[M(z′ − z)τ3 + Q⊥ · τ⊥]σσ′ − iΠj
j′(q)[−M(z′ + z)1 + iQ⊥ × τ⊥]σσ′

}

(3.25)
where q = ((p + p′)⊥, (z + z′)M) is the three-momentum of the pair as a whole transferred from the
background fields Σ(q) and Π(q), τ1,2,3 are Pauli matrices, M is the baryon mass and M is the constituent
quark mass. In order to simplify the notations we used

Z = M2zz′(z + z′) + z(p′2⊥ + M2) + z′(p2
⊥ + M2), Q⊥ = zp′⊥ − z′p⊥. (3.26)

This pair wave function W is normalized in such a way that the creation-annihilation operators satisfy
the following anticommutation relations

{aα1f1σ1(z1,p1⊥), a†α2f2σ2
(z2,p2⊥)} = δα1

α2
δf1

f2
δσ1
σ2

δ(z1 − z2)(2π)2δ(2)(p1⊥ − p2⊥) (3.27)

and similarly for b, b†, the integrals over momenta being understood as
∫

dz
∫

d2p⊥/(2π)2.
A more compact form for this wave function can be obtained by means of the following two variables

y =
z′

z + z′
, Q⊥ =

zp′⊥ − z′p⊥
z + z′

. (3.28)

The pair wave function then takes the form

W j,σ
j′σ′(y,q,Q⊥) =

MM
2π

Σj
j′(q)[M(2y − 1)τ3 +Q⊥ · τ⊥]σσ′ − iΠj

j′(q)[−M1 + iQ⊥ × τ⊥]σσ′
Q2
⊥ + M2 + y(1− y)q2

. (3.29)

3.4.2 Discrete-level wave function

We see from eq. (3.9) that the discrete-level wave function F jσ(p) = F jσ
lev(p) + F jσ

sea(p) is the sum of two
parts: the one is directly the wave function of the valence level and the other is related to the change
of the number of quarks at the discrete level due to the presence of the Dirac sea. I t is a relativistic
effect and can be ignored in the non-relativistic limit (Elev ≈ M) together with the small L = 1 lower
component j(r). Indeed, in the baryon rest frame F jσ

lev gives

F jσ
lev = εjσ

(√
Elev + M

2Elev
h(p) +

√
Elev −M

2Elev
j(p)

)
(3.30)

where h(p) and j(p) are the Fourier transforms of the valence wave function, see Fig. 3.5

h(p) =
∫

d3x e−ip·xh(r) = 4π
∫ ∞

0
dr r2 sin pr

pr
h(r), (3.31)

ja(p) =
∫

d3x e−ip·x(−ina)j(r) =
pa

|p| j(p), j(p) =
4π

p2

∫ ∞

0
dr (pr cos pr − sin pr)j(r). (3.32)
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Figure 3.5: Fourier transforms of the upper s-wave component h(p) (solid) and lower p-wave component j(p)
(dashed) of the bound-state quark level in light baryons. Horizontal axis has units of M .

In the non-relativistic limit the second term is double-suppressed: first due to the kinematical factor
and second due to the smallness of the L = 1 wave j(r) compared to the L = 0 wave h(r).

Switching to the IMF one obtains [83, 121]

F jσ
lev(z,p⊥) =

√
M
2π

[
εjσh(p) + (pz1 + ip⊥ × τ⊥)σ

σ′ε
jσ′ j(p)

|p|
]

pz=zM−Elev

. (3.33)

As expected for a covariant light-cone wave function two distributions are involved h and j, see eq. (2.24)
The “sea” part of the discrete-level wave function gives in the IMF

F jσ
sea(z,p⊥) = −

√
M
2π

∫
dz′

d2p′⊥
(2π)2

W jσ
j′σ′(z,p⊥; z′,p′⊥) εj′σ′′

[
(τ3)σ′

σ′′h(p′)− (p′ · τ)σ′
σ′′

j(p′)
|p′|

]

pz=zM−Elev

.

(3.34)
This sea part will be ignored in the present thesis. It is difficult to estimate its impact without an explicit
computation.

In the work made by Diakonov and Petrov [76], the relativistic effects in the discrete-level wave
function were neglected. One can then use only the first term in (3.33)

F jσ(z,p⊥) ≈
√
M
2π

εjσh(p)
∣∣
pz=zM−Elev

. (3.35)

In the following the function h(p) and j(p) are understood with the condition pz = zM− Elev.

3.5 Baryon Fock components

In a realistic picture baryons cannot be made of three (valence) quarks only. It has been soon realized
that pions or quark-antiquark pairs are also present but the naive idea was that they can be in some sense
integrated out and their effects encoded in valence quark non-trivial form factors. This idea was supported
by the fact that axial decay constants and especially magnetic moments seem well described with three
quarks only. However more recent experiments revealed the presence of hidden flavor in nucleons. Even
though the number of strange quarks and antiquarks is the same, the strangeness contribution to nucleon
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spin and magnetic moment is non-zero. This indicates that the sea of quark-antiquarks or the pion cloud
has to be somehow implemented explicitly in models.

In the present approach light baryons are explicitly described as an infinite tower of Fock states
thanks to the coherent exponential (3.4). The latter can then be expanded to obtain any baryon nQ Fock
component. In this thesis we have expanded the wave function up to the 7Q component. We will see
that the higher is the Fock state the smaller is its contribution to observables.

3.5.1 3Q component of baryons

We will show in this section how to derive systematically the 3Q component of the octet and decuplet
baryons (antidecuplet baryons have no such component). On the top of that we will also show that they
become in the non-relativistic limit similar to the well-known SU(6) wave functions of the constituent
quark model.

An expansion of the coherent exponential gives access to all Fock components of the baryon wave
function. Since we are interested in the present case only in the 3Q component, this coherent exponential
is just ignored (since it has to be expanded to the zeroth order, i.e. e

R
dp dp′W ∼ 1). One can see from

eq. (3.13) that the three valence quarks are rotated by the SU(3) matrices Rf
j where f = 1, 2, 3 ≡ u, d, s

is the flavor and j = 1, 2 is the isospin index. The projection of the 3Q state onto the quantum numbers
of a specific baryon leads to the following group integral

T (B)f1f2f3

j1j2j3,k ≡
∫

dR B∗
k(R)Rf1

j1
Rf2

j2
Rf3

j3
. (3.36)

The group integrals can be found in Appendix A. This tensor T must be contracted with the three
discrete-level wave functions to obtain the 3Q baryon wave function

F j1σ1(p1)F j2σ2(p2)F j3σ3(p3). (3.37)

The wave function is schematically represented on Fig. 3.6.
Let us consider, for example, the non-relativistic 3Q wave function of the neutron in the coordinate

space

(|n〉k)f1f2f3,σ1σ2σ3(r1, r2, r3) =
√

8
24

εf1f2εσ1σ2δf3
2 δσ3

k h(r1)h(r2)h(r3)

+ cyclic permutations of (1,2,3) (3.38)

times the antisymmetric tensor εα1α2α3 in color. This equation means that in the non-relativistic 3Q
picture the whole neutron spin k is carried by a d quark δf3

2 δσ3 while the ud pair is in the spin- and
isospin-zero combination εf1f2εσ1σ2 . This is similar to the better known non-relativistic SU(6) wave
function of the neutron

|n ↑〉 = 2|d ↑ (r1)〉|d ↑ (r2)〉|u ↓ (r3)〉 − |d ↑ (r1)〉|u ↑ (r2)〉|d ↓ (r3)〉 − |u ↑ (r1)〉|d ↑ (r2)〉|d ↓ (r3)〉
+ cyclic permutations of (1,2,3). (3.39)

There are, of course, many relativistic corrections arising from the exact discrete-level wave function
(3.33)+(3.34) and the additional quark-antiquark pairs, both effects being potentially not small.
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Figure 3.6: Schematic representation of the 3Q
component of baryon wave functions. The dark
gray rectangle stands for the three discrete-level wave
functions F jiσi(pi).
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Figure 3.7: Schematic representation of the 5Q
component of baryon wave functions. The light
gray rectangle stands for the pair wave function
W jiσi

jkσk
(pi,pk) where the reversed arrow represents

the antiquark.

3.5.2 5Q component of baryons

The 5Q component of the baryon wave functions is obtained by expanding the coherent exponential (3.4)
to the first order in the QQ̄ pair. The projection involves now along with the three R’s from the discrete
level two additional matrices R R† that rotate the quark-antiquark pair in the SU(3) space

T (B)f1f2f3f4,j5
j1j2j3j4,f5,k ≡

∫
dR B∗

k(R)Rf1
j1

Rf2
j2

Rf3
j3

(
Rf4

j4
R†j5

f5

)
. (3.40)

Components i = 1, 2, 3 refer then to the valence part, i = 4 to the quark of the sea and i = 5 to the
antiquark. One obtains the following 5Q component of the neutron wave function in the momentum
space

(|n〉k)f1f2f3f4,σ1σ2σ3σ4

f5,σ5
(p1 . . . p5) =

√
8

360
F j1σ1(p1)F j2σ2(p2)F j3σ3(p3)W

j4σ4
j5σ5

(p4, p5)

× εk′k

{
εf1f2εj1j2

[
δf3
2 δf4

f5

(
4δj5

j4
δk′
j3 − δj5

j3
δk′
j4

)
+ δf4

2 δf3

f5

(
4δj5

j3
δk′
j4 − δj5

j4
δk′
j3

)]

+ εf1f4εj1j4

[
δf2
2 δf3

f5

(
4δj5

j3
δk′
j2 − δj5

j2
δk′
j3

)
+ δf3

2 δf2

f5

(
4δj5

j2
δk′
j3 − δj5

j3
δk′
j2

)]

+ cyclic permutations of (1,2,3)
}

. (3.41)

The color degrees of freedom are not explicitly written but the three valence quarks (1,2,3) are still
antisymmetric in color while the quark-antiquark pair (4,5) is a color singlet. The wave function is
schematically represented on Fig. 3.7. Let us concentrate on the flavor part of this wave function. The
quark-antiquark pair introduces explicitly the hidden strange flavor thanks to the terms like δf4

f5
for the

particular component f4 = f5 = 3 ≡ s. Moreover one can notice that strangeness is also allowed to access
to the valence level thanks to terms like δfi

f5
with i = 1, 2, 3. The flavor structure of the neutron at the

5Q level is then

|n〉 = A|udd(uū)〉+ B|udd(dd̄)〉+ C|udd(ss̄)〉+ D|uud(dū)〉+ E|uds(ds̄)〉 (3.42)

where the three first flavors belong to the valence sector and the last two to the quark-antiquark pair.
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Exotic baryons from the
(
10, 1

2

+
)

multiplet, despite the absence of a 3Q component, have such a 5Q

component in their wave function. Here is for example the 5Q wave function for the Θ+ pentaquark

(|Θ+〉k)f1f2f3f4,σ1σ2σ3σ4

f5,σ5
(p1 . . . p5) =

√
30

180
F j1σ1(p1)F j2σ2(p2)F j3σ3(p3)W

j4σ4
j5σ5

(p4, p5)

× {εf1f2εf3f4εj1j2εj3j4δ
3
f5

δj5
k

+ cyclic permutations of (1,2,3)}. (3.43)

The color structure is here very simple: εα1α2α3δα4
α5

. Like in the nucleon we have a ud pair in the spin-
and isospin-zero combination εf1f2εj1j2 .

3.5.3 7Q component of baryons

The 7Q component of the baryon wave functions is obtained by expanding the coherent exponential (3.4)
to the second order in the QQ̄ pair. The projection involves now along with the three R’s from the
discrete level four additional matrices

(
R R†) (

R R†) that rotate the two quark-antiquark pairs in the
SU(3) space

T (B)f1f2f3f4f6,j5j7
j1j2j3j4j6,f5f7,k ≡

∫
dR B∗

k(R)Rf1
j1

Rf2
j2

Rf3
j3

(
Rf4

j4
R†j5

f5

)(
Rf6

j6
R†j7

f7

)
. (3.44)

Components i = 1, 2, 3 refer then to the valence part, i = 4, 6 to the quarks of the sea and i = 5, 7 to the
antiquarks. The 7Q component of the neutron wave function in the momentum space is quite complicated
but the three valence quarks (1,2,3) are still antisymmetric in color while the quark-antiquark pairs (4,5)
and (6,7) are color singlets.

By analogy with the 5Q component of ordinary baryons, the 7Q component of pentaquark modifies
the flavor structure in the valence sector. Let us consider for example Θ+ whose valence structure in the
5Q sector is uud and udd. The 7Q component introduces four new possibilities uuu, ddd, uus and dds
and thus even though Θ+ has strangeness S = +1 it can contain a valence strange quark. The flavor
structure of the valence sector is especially interesting for the tensor charges. Since the tensor operator is
chiral odd only valence quarks can contribute and thus a non-zero strange contribution to nucleon tensor
charge would indicate the presence of strange quarks in the valence sector, which is forbidden in the 3Q
picture. This will be discussed further in the chapter dedicated to tensor charges.

3.5.4 nQ component of baryons

It is easy to generalize to the case nQ with n ≥ 3 and odd. The nQ component of the baryon wave
functions is obtained by expanding the coherent exponential (3.4) to the (n − 3)/2th order in the QQ̄
pair. The projection involves now along with the three R’s from the discrete level (n − 3)/2 additional
pairs of matrices R R† that rotate the (n− 3)/2 quark-antiquark pairs in the SU(3) space

T (B)f1f2f3f4f6...fn−1,j5j7...jn

j1j2j3j4j6...jn−1,f5f7...fn,k ≡
∫

dR B∗
k(R)Rf1

j1
Rf2

j2
Rf3

j3

(
Rf4

j4
R†j5

f5

)(
Rf6

j6
R†j7

f7

)
. . .

(
R

fn−1

jn−1
R†jn

fn

)
. (3.45)

Components i = 1, 2, 3 refer then to the valence part, i = 4, 6, . . . , n − 1 to the quarks of the sea and
i = 5, 7, . . . , n to the antiquarks.
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3.6 Matrix elements, normalization and charges

The normalization of the nQ Fock component of a specific baryon B wave function is obtained by

N (n)(B) = 〈Ψ(n)k(B)|Ψ(n)
k (B)〉 no summation on k! (3.46)

where k is the spin projection on the z direction. One has to drag all annihilation operators in Ψ(n)†k(B)
to the right and the creation operators in Ψ(n)

k (B) to the left so that the vacuum state |Ω0〉 is nulli-
fied. One then gets a non-zero result due to the anticommutation relations (3.27) or equivalently to the
“contractions” of the operators.

Nucleon properties are characterized by its parton distributions in hard processes. At the leading
twist level there have been considerable efforts both theoretically and experimentally to determine the
unpolarized f1(x) and longitudinally polarized (or helicity) g1(x) quark-spin distributions. In fact a third
structure function exists and is called the transversity distribution h1(x) [127]. The functions f1, g1, h1

are respectively spin-average, chiral-even and chiral-odd spin distributions. Only f1 and g1 contribute
to deep-inelastic scattering (DIS) when small quark-mass effects are ignored. The function h1 can be
measured in certain physical processes such as polarized Drell-Yan processes [127] and other exclusive
hard reactions [28, 128, 129]. Let us stress however that h1(x) does not represent the quark transverse
spin distribution. The transverse spin operator does not commute with the free-particle Hamiltonian. In
the light-cone formalism the transverse spin operator is a bad operator and depends on the dynamics.
This would explain why the interest in transversity distributions is rather recent. The interested reader
can find a review of the subject in [130].

Vector, axial and tensor charges, which are first moment of the leading twist distributions, are examples
of typical physical observables that can be obtained by means of the matrix element of some operator
(preferably written in terms of quark annihilation-creation operators a, b, a†, b†) sandwiched between the
initial and final baryon wave functions. In the present thesis we consider four types of charges: vector,
axial, tensor and magnetic. A chapter is dedicated to each charge where it is treated explicitly and
discussed.

The big advantage of the IMF is that the number of QQ̄ pairs is not changed by the current. Hence
there will only be diagonal transitions in the Fock space, i.e. the charges can be decomposed into the
sum of the contributions from all Fock components

Q =
∑

n

Q(n). (3.47)

Note that the matrix elements have to be properly normalized as in the following example

Q(B1 → B2) =
Q(3)(B1 → B2) + Q(5)(B1 → B2) + . . .√

N (3)(B1) +N (5)(B1) + . . .
√
N (3)(B2) +N (5)(B2) + . . .

(3.48)

in order to get the physical values. The current used may change the nature of the particle and so the
initial and final baryons are not necessarily the same.

3.6.1 3Q contribution

To get the normalization of the 3Q sector one has to contract the three creation operators a†1a
†
2a
†
3 of

Ψ(3)(B) with the three annihilation operators a1a2a3 of Ψ(3)†(B). Since the three valence quarks are
equivalent the 3! possible contractions give identical contributions. So only one diagram is needed to
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Figure 3.8: Schematic representation of the 3Q contribution to matrix elements. Each quark line stands for the
color, flavor and spin contractions δαi

α′i
δfi

f ′i
δσi

σ′i

∫
dz′i d2p′i⊥δ(zi− z′i)δ

(2)(pi⊥−p′i⊥) with the primed variables referring

to Ψ(3)†(B) (right rectangle) and the unprimed ones to Ψ(3)(B) (left rectangle). A crossing of these quark lines
corresponds to an anticommutation of two creation or annihilation operators and thus introduces a minus sign.
This sign is however compensated by the one coming from the contraction of ε tensors with color indices. Since
only valence quarks are involved all those diagrams are equivalent to the first one.

represent the 3Q component and we chose the simplest one represented in Fig. 3.8. The contraction in
color gives an additional factor of 3! = εα1α2α3εα1α2α3 .

From eqs. (3.36) and (3.46) one can express the normalization of the 3Q component of baryon wave
functions as

N (3)(B) = 36T (B)f1f2f3

j1j2j3,kT (B)l1l2l3,k
f1f2f3

∫
dz1,2,3

d2p1,2,3⊥
(2π)6

δ(z1 + z2 + z3 − 1)(2π)2δ(2)(p1⊥ + p2⊥ + p3⊥)

× F j1σ1(p1)F j2σ2(p2)F j3σ3(p3)F
†
l1σ1

(p1)F
†
l2σ2

(p2)F
†
l3σ3

(p3) no summation on k! (3.49)

where F jσ(p) ≡ F jσ(z,p⊥) is the discrete-level wave function (3.33)+(3.34).
All charges considered in this thesis are obtained by means of one-quark operators. These charges

are computed by inserting the corresponding operator in each quark line. In the 3Q sector there is no
antiquark which means that the b†b part of the operator does not play. As in the 3Q normalization one
gets the factor 36 from all contractions. Since valence quarks are equivalent the insertion of the operator
in all three quark lines gives three times the same result. Let the third quark line be the one where
the operator is inserted, see Fig. 3.9. If we denote by

∫
(dp1−3) the integrals over momenta with the

δ-functions as in eq. (3.49) one obtains the following expression for matrix element of the charge Q

Q(3)(1 → 2) = 36T (1)f1f2f3

j1j2j3,kT (2)l1l2l3,l
f1f2g3

∫
(dp1−3)

×
[
F j1σ1(p1)F j2σ2(p2)F j3σ3(p3)

] [
F †

l1σ1
(p1)F

†
l2σ2

(p2)F
†
l3τ3

(p3)
] [

3M τ3
σ3

Jg3

f3

]
. (3.50)

where Jg3

f3
is the flavor content of the operator and M τ3

σ3
is the action of the operator on the quark spin.

For example the vector operator is blind concerning the quark spin and thus M τ3
σ3

= δτ3
σ3

. The axial
operator gives different signs to quarks with spin up and spin down and thus M τ3

σ3
= (σ3)τ3

σ3
. We consider

here for simplicity only matrix elements in the limit of zero momentum transfer.

3.6.2 5Q contributions

In the 5Q sector due to the presence of a quark-antiquark pair more diagrams are possible. Using the
fact that valence quarks are equivalent only two types of diagrams survive: the direct and the exchange
ones (see Fig. 3.10). In the former one contracts the a† from the pair wave function with the a in the
conjugate pair and all the valence operators are contracted with each other. As in the 3Q case there
are 6 equivalent possibilities but the contractions in color give now a factor of 6 · 3 = εα1α2α3εα1α2α3δ

α
α



3.6. MATRIX ELEMENTS, NORMALIZATION AND CHARGES 43

Figure 3.9: Schematic representation of the 3Q contribution to a
charge. The black dot stands for the one-quark operator. Since all
three quark lines are equivalent one has three times this specific
contribution.

Figure 3.10: Schematic representation of the 5Q direct (left) and
exchange (right) contributions to matrix elements.

because of the sum over color in the pair, giving then a total factor of 108. In the exchange contribution
one contracts the a† from the pair with one of the three a’s from the conjugate discrete level. Vice versa,
the a from the conjugate pair is contracted with one of the three a†’s from the discrete level. There are
at all 18 equivalent possibilities but the contractions in color give only a factor of 6 = εα1α2αεα1α2α3δ

α3
α

and so one gets also a global factor of 108 for the exchange contribution but with an additional minus
sign because one has to anticommute fermion operators to obtain exchange terms. We thus obtain the
following expression for the 5Q normalization

N (5)(B) =
108
2

T (B)f1f2f3f4,j5
j1j2j3j4,f5,kT (B)l1l2l3l4,f5,k

f1f2g3g4,l5

∫
(dp1−5)

× F j1σ1(p1)F j2σ2(p2)F j3σ3(p3)W
j4σ4
j5σ5

(p4, p5)F
†
l1σ1

(p1)F
†
l2σ2

(p2)

×
[
F †

l3σ3
(p3)W l5σ5

c l4σ4
(p4, p5)δ

g3

f3
δg4

f4
− F †

l3σ4
(p4)W l5σ5

c l4σ3
(p3, p5)δ

g3

f4
δg4

f3

]

no summation on k! (3.51)

where we have denoted
∫

(dp1−5) =
∫

dz1−5 δ(z1 + . . . + z5 − 1)
∫

d2p1−5⊥
(2π)10

(2π)2δ(2)(p1⊥ + . . . + p5⊥). (3.52)

Concerning the charges we have three types of direct contributions (antiquark, sea quark and valence
quarks) and four types of exchange contributions (antiquark, exchange of the sea quark with a valence
quark and other valence quarks). From the schematic representations of these contributions (see Figs.
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Figure 3.11: Schematic representation of the
three types of 5Q direct contributions to the
charges.

Figure 3.12: Schematic representation of the four types of
5Q exchange contributions to the charges.

3.11 and 3.12) it is easy to write the transitions.

Direct diagram:

Q(5)direct(1 → 2) = 108T (1)f1f2f3f4,j5
j1j2j3j4,f5,kT (2)l1l2l3l4,g5,l

f1f2g3g4,l5

∫
(dp1−5)

× F j1σ1(p1)F j2σ2(p2)F j3σ3(p3)W
j4σ4
j5σ5

(p4, p5)F
†
l1σ1

(p1)F
†
l2σ2

(p2)F
†
l3τ3

(p3)W l5τ5
c l4τ4

(p4, p5)

×
[
−δg3

f3
δg4

f4
Jf5

g5
δτ3
σ3

δτ4
σ4

Mσ5
τ5 + δg3

f3
Jg4

f4
δf5
g5

δτ3
σ3

M τ4
σ4

δσ5
τ5 + 3Jg3

f3
δg4

f4
δf5
g5

M τ3
σ3

δτ4
σ4

δσ5
τ5

]
. (3.53)

Exchange diagram:

Q(5)exchange(1 → 2) = −108T (1)f1f2f3f4,j5
j1j2j3j4,f5,kT (2)l1l2l3l4,g5,l

f1g2g3g4,l5

∫
(dp1−5)

× F j1σ1(p1)F j2σ2(p2)F j3σ3(p3)W
j4σ4
j5σ5

(p4, p5)F
†
l1σ1

(p1)F
†
l2τ2

(p2)F
†
l3τ3

(p3)W l5τ5
c l4τ4

(p3, p5)

×
[
−δg2

f2
δg4

f3
δg3

f4
Jf5

g5
δτ2
σ2

δτ4
σ3

δτ3
σ4

Mσ5
τ5 + δg2

f2
δg4

f3
Jg3

f4
δf5
g5

δτ2
σ2

δτ4
σ3

M τ3
σ4

δσ5
τ5

+ δg2

f2
Jg4

f3
δg3

f4
δf5
g5

δτ2
σ2

M τ4
σ3

δτ3
σ4

δσ5
τ5 + 2Jg2

f2
δg4

f3
δg3

f4
δf5
g5

M τ2
σ2

δτ4
σ3

δτ3
σ4

δσ5
τ5

]
. (3.54)

3.6.3 7Q contributions

In the 7Q sector where two quark-antiquark pairs are involved the number of possible diagrams grows.
These two pairs may remain unchanged (see Fig. 3.13) or exchange one of their constituents (see Fig.
3.14). The pairs are in fact also equivalent and can be exchanged without any change in the result.

Figure 3.13: Contractions of two quark-
antiquark pairs leaving them unchanged.

Figure 3.14: Contractions of two quark-
antiquark pairs where one of the constituents
is exchanged.

This means that diagrams in Fig. 3.13 are equivalent, the same for those in Fig. 3.14. Finally after all
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Figure 3.15: Schematic representation of the 7Q contributions to matrix elements.

contractions only five non-equivalent diagrams survive, see Fig. 3.15. The factor associated to each of
these diagrams can easily be obtained since it is just a game of combinatorics. We give in Appendix B some
general tools to find all these diagrams and their respective factor in any nQ Fock sector. The 7Q factors
are treated as explicit examples. With these tools one can obtain systematically all the contributions
with the factor and the sign by means of diagrams only. One avoids thus the tedious work of contracting
all creation-annihilation operators.

The 7Q normalization has the following form

N (7)(B) = 216T (B)f1f2f3f4f6,j5j7
j1j2j3j4j6,f5f7,kT (B)l1l2l3l4l6,g5g7,k

f1g2g3g4g6,l5l7

∫
(dp1−7)

× F j1σ1(p1)F j2σ2(p2)F j3σ3(p3)W
j4σ4
j5σ5

(p4, p5)W
j6σ6
j7σ7

(p6, p7)F
†
l1σ1

(p1)

×
[
3F †

l2σ2
(p2)F

†
l3σ3

(p3)W l5σ5
c l4σ4

(p4, p5)W l7σ7
c l6σ6

(p6, p7)δ
g2

f2
δg3

f3
δg4

f4
δf5
g5

δg6

f6
δf7
g7

− F †
l2σ2

(p2)F
†
l3σ3

(p3)W l5σ7
c l4σ4

(p4, p7)W l7σ5
c l6σ6

(p6, p5)δ
g2

f2
δg3

f3
δg4

f4
δf7
g5

δg6

f6
δf5
g7

− 6F †
l2σ2

(p2)F
†
l3σ4

(p4)W l5σ5
c l4σ3

(p3, p5)W l7σ7
c l6σ6

(p6, p7)δ
g2

f2
δg3

f4
δg4

f3
δf5
g5

δg6

f6
δf7
g7

+ 2F †
l2σ2

(p2)F
†
l3σ4

(p4)W l5σ7
c l4σ3

(p3, p7)W l7σ5
c l6σ6

(p6, p5)δ
g2

f2
δg3

f4
δg4

f3
δf7
g5

δg6

f6
δf5
g7

+ 2F †
l2σ4

(p4)F
†
l3σ6

(p6)W l5σ5
c l4σ2

(p2, p5)W l7σ7
c l6σ3

(p3, p7)δ
g2

f4
δg3

f6
δg4

f2
δf5
g5

δg6

f3
δf7
g7

]

no summation on k! (3.55)

Here is the explicit expression for the contribution to charges represented by the first diagram in Fig.
3.15

Q(7)direct(1 → 2) = 648T (1)f1f2f3f4f6,j5j7
j1j2j3j4j6,f5f7,kT (2)l1l2l3l4l6,f5g7,l

f1f2g3f4g6,l5l7

∫
(dp1−7)

× F j1σ1(p1)F j2σ2(p2)F j3σ3(p3)W
j4σ4
j5σ5

(p4, p5)F
†
l1σ1

(p1)F
†
l2σ2

(p2)F
†
l3τ3

(p3)W l5τ5
c l4τ4

(p4, p5)

×
[
−2δg3

f3
δg6

f6
Jf7

g7
δτ3
σ3

δτ6
σ6

Mσ7
τ7 + 2δg3

f3
Jg6

f6
δf7
g7

δτ3
σ3

M τ6
σ6

δσ7o
τ7 + 3Jg3

f3
δg6

f6
δf7
g7

M τ3
σ3

δτ6
σ6

δσ7
τ7

]
. (3.56)

The factor 2 in front of the first and second terms reflects the fact that the action of the operator on both
quark-antiquark pairs is the same. The contributions of the other diagrams can easily be obtained but
have been neglected in the present thesis. We will discuss this point later.
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3.7 Scalar overlap integrals

The computation of matrix elements has been done in two steps. The first step is the contraction over
all flavor (f, g), isospin (j, l) and spin (σ, τ) indices. All charges are then reduced to linear combinations
of a finite set of scalar integrals over longitudinal z and transverse p⊥ momenta. These integrals are just
overlaps of valence and pair wave functions. The integrals over relative transverse momenta in the quark-
antiquark pair are generally UV divergent. This divergence should be cut by the momentum-dependent
dynamical quark mass M(p), see eq. (3.1). Following the authors of [118] we mimic the fall-off of M(p)
by the Pauli-Villars cutoff at MPV = 556.8 MeV (this value being chosen from the requirement that the
pion decay constant Fπ = 93 MeV is reproduced from M(0) = 345 MeV).

The complexity of these integrals is directly related to the complexity of the diagram. The simplest
ones are the “direct” diagrams where no exchange of quarks is involved. In this case valence quarks and
sea pairs keep their identity. This is reflected by the fact that the integrals can be performed in many
steps and that valence and sea pairs variables almost decouple.

3.7.1 3Q scalar integrals

For convenience we introduce the probability distribution ΦI(z,q⊥) that three valence quarks leave
longitudinal fraction z = qz/M and transverse momentum q⊥ to the quark-antiquark pair(s) with
I = V,A, T, M referring to the vector, axial, tensor or magnetic case

ΦI(z,q⊥) =
∫

dz1,2,3
d2p1,2,3⊥

(2π)6
δ(z+z1+z2+z3−1)(2π)2δ(2)(q⊥+p1⊥+p2⊥+p3⊥)DI(p1, p2, p3). (3.57)

The function DI(p1, p2, p3) is given in terms of the upper and lower valence wave functions h(p) and j(p)
and is constructed from the product of all valence wave functions F and the current operator. Its explicit
form in the vector, axial, tensor or magnetic case can be found in the corresponding chapters.

In the 3Q sector there is no quark-antiquark pair. This means that the whole baryon momentum is
carried by the valence quarks. The 3Q scalar integrals are thus simply ΦI(0, 0).

3.7.2 5Q direct scalar integrals

In the 5Q sector there is one quark-antiquark pair. Thanks to the simplicity of the direct diagram the
corresponding scalar overlap integrals can be written in two parts: purely valence ΦI and sea GJ

KI
J =

M2

2π

∫
d3q

(2π)3
ΦI

( qz

M ,q⊥
)

θ(qz) qz GJ(qz,q⊥) (3.58)

where GJ is a quark-antiquark probability distribution and J = ππ, 33, 332, σσ, 3σ. These distributions
are obtained by contracting two quark-antiquark wave functions W , see eq. (3.29) and regularized by
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means of Pauli-Villars procedure

Gππ(qz,q⊥) = Π2(q)
∫ 1

0
dy

∫
d2Q⊥
(2π)2

Q2
⊥ + M2

(Q2
⊥ + M2 + y(1− y)q2)2

− (M → MPV), (3.59)

G33(qz,q⊥) =
q2
z

q2
Gππ(qz,q⊥), (3.60)

G332(qz,q⊥) =
qz

q2
Gππ(qz,q⊥), (3.61)

Gσσ(qz,q⊥) = Σ2(q)
∫ 1

0
dy

∫
d2Q⊥
(2π)2

Q2
⊥ + M2(2y − 1)2

(Q2
⊥ + M2 + y(1− y)q2)2

− (M → MPV), (3.62)

G3σ(qz,q⊥) =
qz

|q| Π(q)Σ(q)
∫ 1

0
dy

∫
d2Q⊥
(2π)2

Q2
⊥ + M2(2y − 1)

(Q2
⊥ + M2 + y(1− y)q2)2

− (M → MPV) (3.63)

where qz = zM = (z4 + z5)M and q⊥ = p4⊥ + p5⊥. In summary, the upper index I refers to the valence
part and the lower index J to the sea part. Axial integrals may thus have the vector index V since it
refers only the valence structure. Index J refers to the transition experienced by the quark-antiquark
pair.

Index J Transition
ππ, π3, 33 pseudoscalar↔pseudoscalar

σσ scalar↔ scalar
πσ, 3σ pseudoscalar↔ scalar

3.7.3 5Q exchange scalar integrals

The exchange diagram mixes valence and non-valence quarks. Therefore the integrals cannot be de-
composed into a purely valence part and a sea part. However since valence quarks are equivalent a
decomposition is still possible. One part is the distribution of two valence quarks φ and the other part
is the rest, i.e. the third valence quark entangled with the pair. This diagram has been studied in the
non-relativistic limit j = 0 to keep things as simple as possible. The integrals have then the following
structure

KJ =
M2

2π

∫
(dp3,4,5) φ (Z,P⊥)

M2

2πZ ′Z
IJ(z3,4,5,p3,4,5⊥)h(p3)h(p4), (3.64)

where Z = z3 + z4 + z5, P⊥ = (p3 + p4 + p5)⊥, Z is given by eq. (3.26) with z = z4, p⊥ = p4⊥ and
z′ = z5, p′⊥ = p5⊥ while Z ′ is the same but with the replacement 4 → 3. The function IJ(z3,4,5,p3,4,5⊥)
stands for the thirteen integrands

I1 = Σ(q′)Σ(q)
(
Q′
⊥ ·Q⊥ + M2(z5 − z3)(z5 − z4)

)
, (3.65)

I2 = Π(q′)Π(q)
q′ · q
|q′||q|

(
Q′
⊥ ·Q⊥ + M2(z5 + z3)(z5 + z4)

)
, (3.66)

I3 = Π(q′)Π(q)
q′⊥ × q⊥
|q′||q| (Q′

⊥ ×Q⊥), (3.67)

I4 = Π(q′)Π(q)
M(q′⊥qz − q⊥q′z)

|q′||q| · (Q⊥ −Q′
⊥
)
, (3.68)

I5 = Π(q′)Π(q)
q′zqz

|q′||q|
(
Q′
⊥ ·Q⊥ + M2(z5 + z3)(z5 + z4)

)
, (3.69)

I6 = Σ(q′)Π(q)
qz

|q|
(
Q′
⊥ ·Q⊥ + M2(z5 − z3)(z5 + z4)

)
, (3.70)
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I7 = Σ(q′)Π(q)
Mq⊥
|q| · (Q′

⊥(z5 + z4)−Q⊥(z5 − z3)
)
, (3.71)

I8 = Σ(q′)Σ(q)
(
Q′
⊥ ·Q⊥ −M2(z5 − z3)(z5 − z4)

)
, (3.72)

I9 = Π(q′)Π(q)
q′ · q
|q′||q|

(
Q′
⊥ ·Q⊥ −M2(z5 + z3)(z5 + z4)

)
, (3.73)

I10 = Π(q′)Π(q)
M(q′⊥qz + q⊥q′z)

|q′||q| · (Q⊥ + Q′
⊥
)
, (3.74)

I11 = Π(q′)Π(q)
q′zqz

|q′||q|
(
Q′
⊥ ·Q⊥ −M2(z5 + z3)(z5 + z4)

)
, (3.75)

I12 = Σ(q′)Π(q)
qz

|q|
(
Q′
⊥ ·Q⊥ −M2(z5 − z3)(z5 + z4)

)
, (3.76)

I13 = Σ(q′)Π(q)
Mq⊥
|q| · (Q′

⊥(z5 + z4) + Q⊥(z5 − z3)
)

(3.77)

where q = ((p4+p5)⊥, (z4+z5)M) and Q⊥ = z4p5⊥−z5p4⊥. The primed variables stand for the same as
the unprimed ones but with the replacement 4 → 3. The regularization of those integrals is done exactly
in the same way as for the direct contributions.

The function φ(Z,P⊥) stands for the probability that two valence quarks “leave” the longitudinal
fraction Z = z3 +z4 +z5 and the transverse momentum P⊥ = p3⊥+p4⊥+p5⊥ to the rest of the partons.
In the non-relativistic limit we have

φ(Z,P⊥) =
∫

dz1,2
d2p1,2⊥
(2π)4

δ(Z + z1 + z2 − 1)(2π)2δ(2)(P⊥ + p1⊥ + p2⊥)h2(p1)h2(p2). (3.78)

We have kept of course the same non-relativistic normalization of the discrete-level wave function h(p)
as in the direct contributions, i.e. such that ΦNR(0, 0) =

∫
(dp) φ(z,p⊥)h2(p) = 1.

3.7.4 7Q scalar integrals

In the 7Q sector there are two quark-antiquark pairs. Thanks to the simplicity of the direct diagram the
corresponding scalar overlap integrals can be written in two parts: purely valence ΦI and sea GJ

KI
J =

M4

(2π)2

∫
d3q

(2π)3
d3q′

(2π)3
ΦI

(
(qz + q′z)
M ,q⊥ + q′⊥

)
θ(qz) θ(q′z) qz q′z GJ(qz, q

′
z,q⊥,q′⊥). (3.79)

where J = ππππ, ππππ2, ππ33, 3333, π3π3, σσππ, σσ33, σσσσ, ππ3σ, 333σ, π3πσ, σσ3σ. These distribu-
tions are obtained by contracting four quark-antiquark wave functions W , see eq. (3.29) and regularized
by means of Pauli-Villars procedure. They can in fact be expressed in terms of GJ(qz,q⊥) since in direct
diagrams QQ̄ pairs keep their identity. Here are then the distributions in the 7Q sector

Gππππ(qz, q
′
z,q⊥,q′⊥) = Gππ(qz,q⊥) Gππ(q′z,q

′
⊥), (3.80)

Gππππ2(qz, q
′
z,q⊥,q′⊥) =

(q · q′)2
q2q′2

Gππ(qz,q⊥) Gππ(q′z,q
′
⊥), (3.81)

Gππ33(qz, q
′
z,q⊥,q′⊥) = Gππ(qz,q⊥) G33(q′z,q

′
⊥), (3.82)

G3333(qz, q
′
z,q⊥,q′⊥) = G33(qz,q⊥) G33(q′z,q

′
⊥), (3.83)

Gπ3π3(qz, q
′
z,q⊥,q′⊥) =

qzq
′
z(q · q′)
q2q′2

Gππ(qz,q⊥) Gππ(q′z,q
′
⊥), (3.84)

Gσσππ(qz, q
′
z,q⊥,q′⊥) = Gσσ(qz,q⊥)Gππ(q′z,q

′
⊥), (3.85)
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Gσσ33(qz, q
′
z,q⊥,q′⊥) = Gσσ(qz,q⊥) G33(q′z,q

′
⊥), (3.86)

Gσσσσ(qz, q
′
z,q⊥,q′⊥) = Gσσ(qz,q⊥) Gσσ(q′z,q

′
⊥), (3.87)

Gππ3σ(qz, q
′
z,q⊥,q′⊥) = Gππ(qz,q⊥) G3σ(q′z,q

′
⊥), (3.88)

G333σ(qz, q
′
z,q⊥,q′⊥) = G33(qz,q⊥) G3σ(q′z,q

′
⊥), (3.89)

Gπ3πσ(qz, q
′
z,q⊥,q′⊥) =

qz(q · q′)
q′zq2

Gππ(qz,q⊥) G3σ(q′z,q
′
⊥), (3.90)

Gσσ3σ(qz, q
′
z,q⊥,q′⊥) = Gσσ(qz,q⊥) G3σ(q′z,q

′
⊥) (3.91)

where qz = zM = (z4 + z5)M, q′z = zM = (z6 + z7)M, q⊥ = p4⊥ + p5⊥ and q′⊥ = p6⊥ + p7⊥.
Scalar integrals arising from the four exchange diagrams in the 7Q sector have not been computed.

As we will show later, exchange diagrams give only negligible contributions and can therefore be ignored.
Naively one could indeed expect exchange contributions to be smaller than direct ones. Direct diagrams
correspond to the simple case where nothing really happens, all partons keep their role. On the contrary
exchange diagrams describe modifications in the roles played by the partons and implies thus some
correlations among quarks.





Chapter 4

Symmetry relations and parametrization

In this work we have studied baryons properties in flavor SU(3) symmetry. Even though this symmetry
is broken in nature, it gives quite a good estimation. With such an assumption all particles in a given
representation are on the same footing and are related through pure flavor SU(3) transformations. In
other words, we need to concentrate only on, say, proton properties. Properties of the other octet members
can be obtained from the proton one.

The naive non-relativistic quark model is based on a larger group SU(6) that imbeds SU(3)F×SU(2)S .
In this approach, octet and decuplet baryons belong to the same supermultiplet. This yields relations
between different SU(3) multiplets and new ones within multiplets.

As one can see symmetry is very useful and convenient. In the next sections we give the explicit
relations among baryons properties.

4.1 General flavor SU(3) symmetry relations

Let us consider a charge Q, e.g. the vector, axial or tensor charge or even the electric charge and magnetic
form factor. If the contribution of each flavor is known for a member in a given multiplet, then flavor
SU(3) symmetry allows one to find those contributions for all other members of the same multiplet. One
could then use these flavor contributions as parameters for the given multiplet. We chose however to use
another parametrization in order to emphasize some properties. The number of parameters depends on
the multiplet under consideration.

For baryon octet one needs to use three parameters, e.g. α, β and γ while for baryon decuplet and
antidecuplet only two are needed, e.g. α′, β′ and α′′, β′′. Tables 4.1, 4.2 and 4.3 give for each flavor the
parametrization of the contribution to the baryon charges. This specific parametrization shows explicitly
that one cannot access to all electric and magnetic parameters from total electric charges and magnetic
moments alone1 or to all axial content from the isovector or octet charges alone2. It is also clear that the
singlet vector, axial and tensor charges are the same within a multiplet3.

Some parameters can be interpreted if one considers the 3Q sector only. It implies that γ, β′, β′′ = 0
and thus α, β are the contribution of (valence) u, d quarks in the proton and α′ is the contribution of
(valence) u quarks in the ∆++. From the structure in Tables 4.1, 4.2 and 4.3 one could naively think that

1Indeed one has Qtot = (2Qu −Qd −Qs)/3 and thus (2x− x− x)/3 = 0 with x = γ, β′, β′′.
2Indeed one has Q(3) = Qu −Qd,

√
3Q(8) = Qu + Qd − 2Qs and thus x− x = 0, x + x− 2x = 0 with x = γ, β′, β′′.

3Indeed one has Q(0) = Qu + Qd + Qs and thus α + β + 3γ for all octet members, 3(α′ + β′) for all decuplet members
and 3(α′′ + β′′) for all antidecuplet members.

51
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Table 4.1: SU(3) octet relations.

B Q(B)u Q(B)d Q(B)s

p+
8 α + γ β + γ γ

n0
8 β + γ α + γ γ

Λ0
8

1
6(α + 4β) + γ 1

6(α + 4β) + γ 1
3(2α− β) + γ

Σ+
8 α + γ γ β + γ

Σ0
8

1
2α + γ 1

2α + γ β + γ

Σ−8 γ α + γ β + γ

Ξ0
8 β + γ γ α + γ

Ξ−8 γ β + γ α + γ

Table 4.2: SU(3) decuplet relations.

B Q(B)u Q(B)d Q(B)s

∆++
10 3α′ + β′ β′ β′

∆+
10 2α′ + β′ α′ + β′ β′

∆0
10 α′ + β′ 2α′ + β′ β′

∆−
10 β′ 3α′ + β′ β′

Σ+
10 2α′ + β′ β′ α′ + β′

Σ0
10 α′ + β′ α′ + β′ α′ + β′

Σ−10 β′ 2α′ + β′ α′ + β′

Ξ0
10 α′ + β′ β′ 2α′ + β′

Ξ−10 β′ α′ + β′ 2α′ + β′

Ω−10 β′ β′ 3α′ + β′

Table 4.3: SU(3) antidecuplet relations.

B Q(B)u Q(B)d Q(B)s

Θ+
10

2α′′ + β′′ 2α′′ + β′′ −α′′ + β′′

p+
10

2α′′ + β′′ α′′ + β′′ β′′

n0
10

α′′ + β′′ 2α′′ + β′′ β′′

Σ+
10

2α′′ + β′′ β′′ α′′ + β′′

Σ0
10

α′′ + β′′ α′′ + β′′ α′′ + β′′

Σ−
10

β′′ 2α′′ + β′′ α′′ + β′′

Ξ+
10

2α′′ + β′′ −α′′ + β′′ 2α′′ + β′′

Ξ0
10

α′′ + β′′ β′′ 2α′′ + β′′

Ξ−
10

β′′ α′′ + β′′ 2α′′ + β′′

Ξ−−
10

−α′′ + β′′ 2α′′ + β′′ 2α′′ + β′′

γ, β′, β′′ represent the contribution of the SU(3) symmetric sea. In fact these relations hold separately
for valence quarks, sea quarks and antiquarks.

A few octet baryon decay constants are known from experiment. It is then interesting to express
them in terms of our parameters α and β (γ disappears), see Table 4.4. In the literature they are usually
expressed in terms of the Cabibbo parameters F&D [131]. Here is the link between both parametrization

α = 2F, β = F −D. (4.1)



4.2. FLAVOR SU(3) SYMMETRY AND MAGNETIC MOMENTS 53

Table 4.4: SU(3) octet vector and axial transition relations.

Transitions gV,A Transitions gV,A

n0
8→ p+

8 α− β Σ−8→n0
8 −β

Σ−8→Σ0
8 α/

√
2 Ξ−8→Σ0

8 (β − α)/
√

2

Σ−8→Λ0
8 (α− 2β)/

√
6 Ξ−8→Λ0

8 −(α + β)/
√

6

Σ0
8→Σ+

8 −α/
√

2 Σ0
8→ p+

8 −β/
√

2

Λ0
8→Σ+

8 (α− 2β)/
√

6 Λ0
8→ p+

8 (β − 2α)/
√

6

Ξ−8→Ξ0
8 β Ξ0

8→Σ+
8 α− β

4.2 Flavor SU(3) symmetry and magnetic moments

Let us discuss a little bit further flavor SU(3) symmetry in relation with magnetic moments and transition
magnetic moments. We have seen that magnetic form factors within a multiplet are related by the flavor
symmetry and so are the magnetic moments. The total magnetic moments are obtained by the formula

µB = eu G
(B)u
M + ed G

(B)d
M + es G

(B)s
M (4.2)

where eu, ed and es are quark electric charges, i.e. 2/3, -1/3 and -1/3 respectively. If one considers
magnetic transitions between multiplets, flavor symmetry will also impose relations and will even forbid
some transitions. The SU(3) prediction for magnetic moments and transition magnetic moments is greatly
simplified by the use of the concept of U -spin. Let us briefly recall this concept.

4.2.1 Charge and U-spin

Flavor SU(3) multiplets are usually represented in the (I3, Y )-basis, i.e. to each member are associ-
ated two numbers: the third component of its isospin I3 and its hypercharge Y . Unfortunately the
electromagnetic current

Jµ =
2
3
ūγµu− 1

3
d̄γµd− 1

3
s̄γµs (4.3)

contains I = 0 and I = 1 components and then transforms in a complicated way under isospin rotations.
One can instead choose to work in the (U3, YU )-basis [132]

U3 = −1
2
I3 +

3
4
Y, YU = −Q. (4.4)

The multiplets in this basis are represented in Fig. 4.1. In this figure, Σ̃0 = (−Σ0 +
√

3Λ0)/2 and
Λ̃0 = −(

√
3Σ0 + Λ0)/2. Now ūγµu is the U -spin singlet and the sum d̄γµd + s̄γµs is invariant under

U -spin rotations. From the assumption of U -spin conservation4, magnetic moments and electric charges
of all members of the same U -spin multiplet are equal. One can also predicts that transition magnetic
moments between different U -spin multiplets are forbidden. From Fig. 4.1 one can see for example that
the magnetic transition of negatively charged particles between octet and decuplet is forbidden while it
is allowed between octet and antidecuplet. This simple and useful rule is important to understand the
observed isospin asymmetry in the eta photoproduction on nucleon. This point will be discussed later.

4The assumption of U -spin conservation is weaker than flavor SU(3) symmetry (U -spin is embedded in flavor SU(3)
symmetry). That’s the reason why all flavor SU(3) relations are not obtained.
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Figure 4.1: SU(3) multiplets in the (U3, YU )-basis.

4.2.2 More about SU(3) octet magnetic moments

In flavor SU(3) symmetry limit the nine octet quantities (eight baryon magnetic moments and one
transition magnetic moment) are related [133, 134] by U -spin conservation and an auxiliary isospin relation
µΣ0

8
= (µΣ+

8
+ µΣ−8

)/2. One then obtains the seven Coleman-Glashow relations

µΣ+
8

= µp+
8
, (4.5)

2µΛ0
8

= −2µΣ0
8

= − 2√
3
µΣ0

8Λ0
8

= µΞ0
8

= µn0
8
, (4.6)

µΣ−8
= µΞ−8

= −(µp+
8

+ µn0
8
). (4.7)

Baryon octet magnetic moments then depend on two parameters only, say, µp+
8

and µn0
8
. One can find

in the literature (see e.g. in [135]) the F&D parametrization where all magnetic moments are expressed
in terms of µF and µD. The conversion into this set of parameters is obtained by means of the relations

µp+
8

= µF +
1
3

µD, µn0
8

= −2
3

µD. (4.8)

In large NC one uses the a&b parametrization, a being of order N0
C and b of order N−1

C (see e.g.
[136]). It is related to the F&D parametrization as follows

µF =
2
3

a + b, µD = a. (4.9)

Due to flavor SU(3) symmetry one can relate all octet magnetic moments to the proton one only,
provided that each flavor contribution is known. Since there are three light flavors, only two linear
combinations of G

(p)u
M , G

(p)d
M and G

(p)s
M can be extracted from experimental octet magnetic moments. One

then needs to combine this with the nucleon response to the weak neutral vector current in order to extract
the individual flavor contributions [137]. Recent experiments used parity-violating elastic electron-proton
scattering to probe the contribution of the s quark [42].

Table 4.5 gives explicitly the expression for octet magnetic moments in the four parametrizations
mentioned above. We remind that magnetic form factors G

(p)u
M , G

(p)d
M and G

(p)s
M are related to our

parameters αM , βM and γM as indicated in Table 4.1.
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Table 4.5: Parametrizations of octet magnetic moments in the flavor SU(3) symmetry limit.

µp, µn µF , µD a, b G
(p)u
M , G

(p)d
M , G

(p)s
M

µp+
8

µp µF + 1
3 µD a + b 2

3 G
(p)u
M − 1

3 G
(p)d
M − 1

3 G
(p)s
M

µn0
8

µn −2
3 µD −2

3 a −1
3 G

(p)u
M + 2

3 G
(p)d
M − 1

3 G
(p)s
M

µΛ0
8

1
2 µn −1

3 µD −1
3 a −1

6 G
(p)u
M + 1

3 G
(p)d
M − 1

6 G
(p)s
M

µΣ+
8

µp µF + 1
3 µD a + b 2

3 G
(p)u
M − 1

3 G
(p)d
M − 1

3 G
(p)s
M

µΣ0
8

−1
2 µn

1
3 µD

1
3 a 1

6 G
(p)u
M − 1

3 G
(p)d
M + 1

6 G
(p)s
M

µΣ−8
−µp − µn −µF + 1

3 µD −1
3 a− b −1

3 G
(p)u
M − 1

3 G
(p)d
M + 2

3 G
(p)s
M

µΞ0
8

µn −2
3 µD −2

3 a −1
3 G

(p)u
M + 2

3 G
(p)d
M − 1

3 G
(p)s
M

µΞ−8
−µp − µn −µF + 1

3 µD −1
3 a− b −1

3 G
(p)u
M − 1

3 G
(p)d
M + 2

3 G
(p)s
M

µΣ0
8Λ0

8
−
√

3
2 µn

1√
3
µD

1√
3
a 1

2
√

3
G

(p)u
M − 1√

3
G

(p)d
M + 1

2
√

3
G

(p)s
M

4.2.3 More about SU(3) decuplet and antidecuplet magnetic moments

U -spin symmetry tells us that all particles in the same U -spin multiplet have the same magnetic moment.
Flavor SU(3) symmetry imposes a stronger condition. As mentioned earlier, on the one hand decuplet and
antidecuplet total magnetic moments are proportional to a unique parameter α′M and α′′M respectively. On
the other hand decuplet and antidecuplet electric charges are proportional (with the same proportionality
factors as in the magnetic case) to another unique parameter α′E and α′′E respectively. Flavor SU(3)
symmetry then tells us that within the decuplet and antidecuplet, magnetic moments are proportional to
the electric charge of the baryon

µ10 ∝ Q10, µ10 ∝ Q10. (4.10)

Since particles in the same U -spin multiplet have the same charge, the SU(3) relation includes the U -spin
relation as it should be.

4.2.4 More about SU(3) transition magnetic moments

In flavor SU(3) symmetry limit two of the eight octet-to-decuplet transition magnetic moments are
identically zero because of U -spin conservation. The six others are all related to each other as follows

µp+
8 ∆+

10
= −µΣ+

8 Σ+
10

= µn0
8∆0

10
= −2µΣ0

8Σ0
10

= 2√
3
µΛ0

8Σ0
10

= −µΞ0
8Ξ0

10
, (4.11)

µΣ−8 Σ−10
= µΞ−8 Ξ−10

= 0. (4.12)

This means that only one parameter is sufficient to describe all transition magnetic moments, e.g. the
proton-to-Delta transition magnetic moment µp+

8 ∆+
10

. Since decuplet baryons are spin-3/2 particles besides
the magnetic dipole transition, an electric quadrupole transition may be allowed. The relations are exactly
the same as for the magnetic dipole. Table 4.6 gives the contribution of each flavor to the total moments
for all octet-to-decuplet transitions expressed in terms of the parameters α8→10

M,E .
Concerning the octet-to-antidecuplet transitions the situation is similar. In this case the magnetic

transitions p+
8 → p+

10
and Σ+

8 → Σ+
10

are forbidden. This is once more a consequence of U -spin symmetry.
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Table 4.6: SU(3) octet-to-decuplet relations.

Transition G∗u
M,E G∗d

M,E G∗s
M,E

p+
8→∆+

10 α8→10
M,E −α8→10

M,E 0

n0
8→∆0

10 α8→10
M,E −α8→10

M,E 0

Σ+
8→Σ+

10 −α8→10
M,E 0 α8→10

M,E

Λ0
8→Σ0

10

√
3

2 α8→10
M,E

−√3
2 α8→10

M,E 0

Σ0
8→Σ0

10
−1
2 α8→10

M,E
−1
2 α8→10

M,E α8→10
M,E

Σ−8→Σ−10 0 −α8→10
M,E α8→10

M,E

Ξ0
8→Ξ0

10 −α8→10
M,E 0 α8→10

M,E

Ξ−8→Ξ−10 0 −α8→10
M,E α8→10

M,E

Flavor SU(3) symmetry imposes that all six other magnetic transitions are proportional to each other

µn0
8n0

10
= 2 µΣ0

8Σ0
10

= − 2√
3
µΛ0

8Σ0
10

= −µΞ0
8Ξ0

10
= µΣ−8 Σ−

10

= −µΞ−8 Ξ−
10

, (4.13)

µp+
8 p+

10

= µΣ+
8 Σ+

10

= 0. (4.14)

Table 4.7 gives the contribution of each flavor to the total magnetic moments for all octet-to-antidecuplet
transitions expressed in terms of the parameter α8→10

M .

Table 4.7: SU(3) octet-to-antidecuplet relations.

Transition Gu
M Gd

M Gs
M µtot

8→10

p+
8 → p+

10
0 α8→10

M −α8→10
M 0

n0
8→n0

10
α8→10

M 0 −α8→10
M α8→10

M

Σ+
8 →Σ+

10
0 α8→10

M −α8→10
M 0

Σ0
8→Σ0

10
1
2 α8→10

M
1
2 α8→10

M −α8→10
M

1
2 α8→10

M

Λ0
8→Σ0

10
−
√

3
2 α8→10

M

√
3

2 α8→10
M 0 −

√
3

2 α8→10
M

Σ−8 →Σ−
10

α8→10
M 0 −α8→10

M α8→10
M

Ξ0
8→Ξ0

10
−α8→10

M α8→10
M 0 −α8→10

M

Ξ−8 →Ξ−
10

−α8→10
M α8→10

M 0 −α8→10
M

The last magnetic transitions to be discussed are the decuplet-to-antidecuplet ones. U -spin conser-
vation authorizes transitions between electrically neutral particles only. Flavor SU(3) symmetry in fact
forbids any magnetic transition between decuplet and antidecuplet. This is reflected by the fact that
each flavor contribution to the transition magnetic moments is identically zero while it was not the case
for transition from octet, even in the case of vanishing total transition magnetic moments like µΣ−8 Σ−10

,
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µΞ−8 Ξ−10
, µp+

8 p+

10

and µΣ+
8 Σ+

10

. We have then

µ∆+
10p+

10

= µΣ+
10Σ+

10

= µ∆0
10n0

10
= µΣ0

10Σ0
10

= µΞ0
10Ξ0

10
= µΣ−10Σ−

10

= µΞ−10Ξ−
10

= 0. (4.15)

4.3 Specific SU(6) symmetry relations

The imbedding of the flavor SU(3) symmetry into a larger group SU(6) implies stronger symmetry
relations. The naive quark model (NQM) assumes that baryons are made of three non-relativistic valence
quarks, their spin-flavor wave functions being given by SU(6) ⊃ SU(3)F ×SU(2)S symmetry. This simple
picture explains rather well masses and the ratio between proton and neutron magnetic moments.

Within the assumption of SU(6) symmetry octet and decuplet baryons belong to the same supermul-
tiplet. This means that such a symmetry relates octet properties to decuplet ones and thus reduces the
number of parameters needed compared to flavor SU(3) symmetry only. In this section we remind these
SU(6) relations for octet and decuplet 5. Later we will show that they are satisfied by the 3Q Fock sector
but explicitly broken by the higher ones.

The naive SU(6) quark model describes octet and decuplet baryons as a system of three valence
quarks only. This means that all parameters with indices qs (contribution from quarks of the sea) and q̄
(contribution from antiquarks) vanish. It also imposes that only explicit flavors, i.e. flavors that are not
hidden, contribute leading to

γI,qval
= β′I,qval

= 0, I = V, A, T,M. (4.16)

In NQM vector charges just count the number of valence quark of each flavor and is blind concerning
their spins. This means that we have

αV,qval
= 2 βV,qval

= 1 (4.17)

since the proton is seen as a system of two u and one d quarks. For the decuplet we have

α′V,qval
= 1 (4.18)

since ∆++ is seen as a system of three u quarks. The other charges, i.e. axial charges, tensor charges
and magnetic moments, depend on the quark spins through a difference in orientation. SU(6) symmetry
relates the three parameters αqval

, βqval
, α′qval

in the same manner

αI,qval
= −4βI,qval

=
4
3

α′I,qval
, I = A, T, M. (4.19)

As a result, decuplet magnetic moments are proportional to the proton magnetic moment.
NQM is a non-relativistic model where valence quark are in a purely s state. Rotational invariance

implies axial and tensor charges to be equal ∆q = δq

αA,qval
= αT,qval

=
4
3
. (4.20)

On the top of that there cannot be any electric quadrupole transition between octet and decuplet

α8→10
E,qval

= 0. (4.21)
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Table 4.8: SU(3) and SU(6) relations for magnetic and transition magnetic moments [139]. Only the new relations
compared to flavor SU(3) are listed for SU(6).

Multiplets SU(3) SU(6)

Coleman-Glashow relations:
µΣ+

8
= µp+

8

8 2µΛ0
8

= −2µΣ0
8

= − 2√
3
µΣ0

8Λ0
8

= µΞ0
8

= µn0
8

µ
p+
8

µ
n0
8

= −3
2

µΣ−8
= µΞ−8

= −(µp+
8

+ µn8)

10 µ10 ∝ QB µ10 = QB µp+
8

8 → 10 µp+
8 ∆+

10
= −µΣ+

8 Σ+
10

= µn0
8∆0

10
= −2µΣ0

8Σ0
10

= 2√
3
µΛ0

8Σ0
10

= −µΞ0
8Ξ0

10
µp+

8 ∆+
10

= 2
√

2
3 µp+

8

µΣ−8 Σ−10
= µΞ−8 Ξ−10

= 0

Let us now concentrate on octet and decuplet magnetic and transition magnetic moments. We have
collected in Table 4.8 the SU(3) relations and added the new ones imposed by SU(6). One can see that
only one magnetic moment is needed in SU(6), say µp+

8
while in the SU(3) case four are needed.

In conclusion NQM is a very simple model for octet and decuplet baryons and is very predictive
since only a few parameters are left undetermined. One of the best successes of the SU(6) symmetry is
the prediction of the proton-to-neutron magnetic moments ratio. However, as the time passed by, more
and more experiments gave results in contradiction with the NQM predictions. Among the discrepancies
let us mention the overestimation of the nucleon axial charges, the underestimation of the nucleon-to-
Delta transition magnetic moment, the absence of strangeness in the nucleon and of electric quadrupole
transition between nucleon and Delta. This indicates that something is missing in NQM. Nowadays it
is clear that relativity and quark motion have to be taken into account to understand correctly axial
and tensor charges. On the top of that the picture of baryons made of three quarks only is too simple.
A full description would involve an indefinite number of quark-antiquark pairs. These pairs should in
principle be implemented somehow in a realistic model. This is done either explicitly by incorporating
quark-antiquark pairs as a new degree of freedom (∼ pion cloud) or implicitly by considering that the
effect of quark-antiquark pairs can be described in an effective way by means of constituent quark form
factors. A combination of these two approaches is of course also possible.

5Pentaquarks may also be described in a SU(6) scheme but there is no obvious choice concerning the supermultiplet [138]



Chapter 5

Vector charges and normalization

5.1 Introduction

The vector charges of a baryon are defined as forward matrix elements of the vector current

〈B(p)|ψ̄γµλaψ|B(p)〉 = g
(a)
V ū(p)γµu(p) (5.1)

where a = 0, 3, 8 and λ3, λ8 are Gell-Mann matrices, λ0 is just in this context the 3×3 unit matrix. These
vector charges are related to the first moment of the unpolarized quark distributions

g
(3)
V = u− d, g

(8)
V =

1√
3
(u + d− 2s), g

(0)
V = u + d + s (5.2)

where q ≡ ∫ 1
0 dz [q+(z) + q−(z)− q̄+(z)− q̄−(z)] with q = u, d, s and ± referring to the helicity state. We

split the vector charges into valence quark, sea quark and antiquark contributions

q = qval + qsea, qsea = qs − q̄ (5.3)

where index s refers to the quarks in the sea pairs.
The vector charges can be understood as follows. They count the total number of quarks qtot = qval+qs

with qval,s+ + qval,s− minus the total number of antiquarks q̄ = q̄+ + q̄−, irrespective of their spin. The
vector charges q̄γµq then give the net number of quarks of flavor q = u, d, s in the baryon.

Since there could be an infinite number of quark-antiquark pairs in the nucleon the meaningful quantity
is this difference between the number of quarks and antiquarks which is restricted by the baryon number
and charge. In the literature the net number of quarks is identified with the number of valence quarks
qv = qtot − q̄ = q. This identification is due to the NQM picture of the baryon and the fact that
quark-antiquark pairs are commonly thought to be mainly produced in the perturbative process of gluon
splitting leading to qs = q̄, i.e. a vanishing contribution of the sea qsea = 0. We stress that this definition
of valence quarks does not coincide with our definition where valence quarks are quarks filling the discrete
level (3.33). For a given quark flavor f the restriction qs = q̄ does not hold and thus qsea 6= 0 leading
to qval 6= qv. This is due to the fact that starting from the 5Q Fock sector there are components with
a different valence composition than the 3Q sector, e.g. |udd(ud̄)〉 in the proton. Perturbative gluon
splitting is flavor symmetric while non-perturbative processes such as pion emission are not.

Since the quark mass differences are fairly small compared with a typical energy scale in DIS, the
gluon splitting processes are expected to occur almost equally for the three flavor and thus generate a

59
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flavor symmetric sea. The Gottfried Sum Rule (GSR) of charged lepton-nucleon DIS [52]

IG(Q2) =
∫ 1

0

dx

x

[
F lp

2 (x,Q2)− F ln
2 (x,Q2)

]
(5.4)

can provide important information on the possible existence of a light antiquark flavor asymmetry in the
nucleon sea. The sum rule can be expressed in terms of PDF as follows

IG(Q2) =
∫ 1

0
dx

[
1
3

(
uv(x,Q2)− dv(x,Q2)

)
+

2
3

(
ū(x,Q2)− d̄(x,Q2)

)]
. (5.5)

A symmetric sea scenario implies thus that ū(x,Q2) = d̄(x,Q2) leading to IG = 1/3. The analysis
of muon-nucleon DIS data performed by NMC [51] gives IG(Q2 = 4 GeV2) = 0.235 ± 0.026 which is
significantly smaller than symmetric scenario prediction. This deviation indicates the existence of a
non-zero integrated light quark flavor asymmetry

∫ 1

0
dx

[
d̄(x,Q2)− ū(x,Q2)

]
= 0.147± 0.039. (5.6)

Perturbative QCD corrections to GSR are really small and cannot be responsible for the violation of the
flavor-symmetric prediction [140].

The analysis of the Drell-Yan production in proton-proton and proton-deuteron scattering by the E866
collaboration [141] concluded to a similar value at Q2 = 56 GeV2 as well as the HERMES experiment
using Semi-Inclusive Deep-Inelastic Scattering (SIDIS) measurement of charged pions from hydrogen and
deuterium targets [142] at Q2 = 2.3 GeV2. It has then been concluded that the integrated value of the
light quark flavor asymmetry is almost independent of Q2 over a wide range of the momentum transfer.
This demonstrates in part its non-perturbative origin.

From the simple perturbative gluon splitting process one also expects to have a strangeness contri-
bution to the nucleon sea. According to the usual definition of valence quarks nucleon strangeness is
restricted to the sea only. It is then claimed that studying nucleon strangeness would give important
lessons on the nucleon sea. Neutrino-dimuon events of neutrino-nucleon scattering revealed that the
strange sea is roughly half of the u and d sea [143]. The perturbative gluon splitting also implies a
vanishing asymmetry of the strange distribution s(x) − s̄(x) = 0. The possible asymmetry of s(x) and
s̄(x) has however been discussed by Signal and Thomas [144] and further explored by others [145]. While
the analysis of related experimental data seems not conclusive [146], a refreshed interest is due to the
“NuTeV anomaly” [147], a 3σ deviation of the NuTeV measured value of sin2 θW = 0.2277±0.0013±0.0009
[144, 148] from the world average of other measurements sin2 θW = 0.2227±0.0004 with θW the Weinberg
angle of the Standard Model.

5.2 Vector charges on the light cone

On the light-cone vector charges are obtained from the plus component of the vector current operator
ψ̄γ+ψ

q =
1

2P+
〈P,

1
2
|ψ̄LCγ+ψLC |P,

1
2
〉. (5.7)

Using the Melosh rotation of the standard approach one can see that qLC and qNR are related as follows

qLC = 〈MV 〉qNR (5.8)
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where
MV = 1. (5.9)

The relativistic effect introduced by the Melosh rotation affects the quark spins. Since the vector charges
count quarks irrespective of their spin these charges are not affected by the rotation.

In the IMF language one has to use the “good” components µ = 0, 3 of the vector current operator.
This operator does not flip the spin and counts quarks irrespective of their spin. We have then M τ

σ = δτ
σ.

5.3 Scalar overlap integrals and quark distributions

From the expression (3.33) and if we concentrate on the spin part the contraction of two valence wave
functions F gives

F †F ∝ h2(p) + 2h(p)
pz

|p|j(p) + j2(p). (5.10)

The physical interpretation is straightforward. The first term just describes a valence quark staying in
a s state. The second term describes the transition of a valence quark from a s state into a p state and
vice versa. Angular momentum conservation forces the p state to have Jz = 0 which is expressed by the
factor pz. Note that it is still implicitly understood that pz = zM− Elev. The last term describes a
valence quark staying in the same p state. The vector operator is blind concerning the spin. This means
that the spin structure of a valence quark line with or without vector operator acting on it is (5.10).

The vector valence quark distribution is obtained by the multiplication of three factor with this
structure where the momenta are respectively p1, p2 and p3. The expansion gives the following function
D

DV (p1, p2, p3) = h2(p1)h2(p2)h2(p3) + 6h2(p1)h2(p2)
[
h(p3) p3z

|p3|j(p3)
]

+ 3h2(p1)h2(p2)j2(p3)

+12h2(p1)
[
h(p2) p2z

|p2|j(p2)
] [

h(p3) p3z

|p3|j(p3)
]

+ 12h2(p1)
[
h(p2) p2z

|p2|j(p2)
]
j2(p3)

+8
[
h(p1) p1z

|p1|j(p1)
] [

h(p2) p2z

|p2|j(p2)
] [

h(p3) p3z

|p3|j(p3)
]

+ 3h2(p1)j2(p2)j2(p3) (5.11)

+12
[
h(p1) p1z

|p1|j(p1)
] [

h(p2) p2z

|p2|j(p2)
]
j2(p3) + 6

[
h(p1) p1z

|p1|j(p1)
]
j2(p2)j2(p3)

+j2(p1)j2(p2)j2(p3)

that is needed in the expression of the valence quark distribution (3.57). In the non-relativistic limit
j = 0 this function D is reduced to

DV
NR(p1, p2, p3) = h2(p1)h2(p2)h2(p3). (5.12)

The vector valence probability distribution ΦV (z,q⊥) is then obtained by integration over the valence
quark momenta, see eq. (3.57) and are depicted in Fig. 5.1 in the relativistic and non-relativistic cases.
Relativistic corrections (quark angular momentum) clearly shift the bump in the probability distribution
to smaller values of z meaning that it leaves less longitudinal momentum fraction to the quark-antiquark
pair(s). This can be easily understood from the shape of the discrete-level wave function h(p) and j(p), see
Fig. 3.5. While the s-wave h(p) is maximum at p = 0, the p-wave j(p) has a node. The maximum value
of the latter is then obtained for non-vanishing p. Relativistic valence quarks then need more momentum
than non-relativistic ones explaining the fact that less momentum is left for the quark-antiquark pair(s)
in the relativistic case compared to the non-relativistic one.

In the following we give the integrals appearing in each Fock sector and the numerical values obtained
for them. In the evaluation of the scalar overlap integrals we have used the constituent quark mass
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Figure 5.1: Vector probability distribution ΦV (z,q⊥) that three valence quarks leave the fraction z of the baryon
momentum and transverse momentum q⊥ to the quark-antiquark pair(s) in the relativistic (left) and non-relativistic
(right) cases plotted in units of M and normalized to unity for z = q⊥ = 0.

M = 345 MeV, the Pauli-Villars mass MPV = 556.8 MeV for the regularization of (3.59)-(3.63), (3.65)-
(3.77) and of (3.80)-(3.91) and the baryon mass M = 1207 MeV as it follows for the “classical” mass in
the mean field approximation [114].

5.3.1 3Q scalar integral

In the 3Q sector there is no quark-antiquark pair and thus only one integral is involved. It corresponds
to the valence quark distribution without momentum left to the sea ΦV (0, 0). Notice that we have the
freedom to choose the normalization of the discrete-level wave functions h and j. In other words we have
the freedom to choose in particular

ΦV (0, 0) = 1. (5.13)

Since the relativistic and non-relativistic vector valence quark distributions have different expressions
the normalization ΦV (0, 0) = 1 implies different normalizations for h and hNR. Diakonov and Petrov
commented in [76] that the lower component j(p) is “substantially” smaller than the upper one h(p).
More quantitatively it turned out that the j(p) contribution to the normalization of the discrete-level
wave function ψlev(p) is still 20% (result in accordance with [149]). This with the combinatoric factors
in eq. (5.12) shows that taking the lower component j into account can have a non-negligible impact on
the estimations. The nucleon is thus definitely a relativistic system.

5.3.2 5Q scalar integrals

In the 5Q sector there is one quark-antiquark pair. Contractions given by the direct diagram lead to
three different integrals J = ππ, 33, σσ. Only the scalar-to-scalar Σ†Σ and pseudoscalar-to-pseudoscalar
Π†Π transitions are allowed.

In the non-relativistic case we have obtained

KV
ππ,NR = 0.06237, KV

33,NR = 0.02842, KV
σσ,NR = 0.03731 (5.14)

while in the relativistic case we have obtained

KV
ππ = 0.03652, KV

33 = 0.01975, KV
σσ = 0.01401. (5.15)

As one can expect from the comparison of both probability distributions in Fig. 5.1 relativistic corrections
reduce strongly (about one half) the values of the 5Q scalar overlap integrals.
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Contractions given by the exchange diagram lead to seven different integrals J = 1-7 in the non-
relativistic limit

K1 = 0.00560, K2 = 0.00968, K3 = −0.00077, K4 = 0.00470,

K5 = 0.00857, K6 = 0.00423, K7 = 0.00288. (5.16)

Anticipating on the final results, these exchange contributions have only a small impact on the observables
and can be reasonably neglected. That’s the reason why they haven’t been computed with relativistic
corrections.

5.3.3 7Q scalar integrals

In the 7Q sector there are two quark-antiquark pairs. Contractions given by the direct diagram give eight
different integrals J = ππππ, ππππ2, ππ33, 3333, π3π3, σσππ, σσ33, σσσσ. Since the 5Q sector taught us
that relativistic effects are important these integrals have been evaluated with the relativistic valence
probability distribution only

KV
ππππ = 0.00082, KV

ππππ2 = 0.00026, KV
ππ33 = 0.00039, KV

3333 = 0.00019,
KV

π3π3 = 0.00017, KV
σσππ = 0.00027, KV

σσ33 = 0.00012, KV
σσσσ = 0.00009. (5.17)

Even though these values are smaller than the 5Q exchange scalar integrals the contribution of the 7Q
component is larger due to large combinatoric factors, see next section.

By analogy with the 5Q sector, exchange diagrams contributions are neglected and thus have not been
computed.

5.4 Combinatoric results

Normalizations and vector matrix elements are linear combinations of the vector scalar overlap integrals.
These specific combinations are obtained by contracting the baryon rotational wave functions with the
vector operator. In the following we give for each multiplet the combinations obtained.

5.4.1 Octet baryons

Here are the expressions for the octet baryons normalization. They are obtained by contracting the octet
baryon wave functions without any charge acting on the quark lines. The upper indices 3, 5, 7 refer to
the 3Q, 5Q and 7Q Fock sectors.
The contributions to the octet normalization are

N (3)(B8) = 9ΦV (0, 0), (5.18)

N (5)(B8) =
18
5

(
11KV

ππ + 23KV
σσ

)
, (5.19)

N (5)exch(B8) =
−12
5

(9K1 + 4K3 + 4K4 − 17K6 − 17K7) , (5.20)

N (7)(B8) =
144
5

(
15KV

ππππ + 5KV
ππππ2 + 52KV

σσππ + 54KV
σσσσ

)
. (5.21)

In the 3Q sector there is no quark-antiquark pair and thus only valence quarks contribute to the vector
charges

α
(3)
V,qval

= 18 ΦV (0, 0), β
(3)
V,qval

= 9 ΦV (0, 0), γ
(3)
V,qval

= 0. (5.22)
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In the 5Q sector one has for the direct diagram

α
(5)
V,qval

= 18
5

(
15KV

ππ + 43KV
σσ

)
, α

(5)
V,qs

= 132
5

(
KV

ππ + KV
σσ

)
, α

(5)
V,q̄ = 6

5

(
KV

ππ + 13KV
σσ

)
, (5.23)

β
(5)
V,qval

= 72
25

(
12KV

ππ + 25KV
σσ

)
, β

(5)
V,qs

= 24
25

(
13KV

ππ + 22KV
σσ

)
, β

(5)
V,q̄ = 6

25

(
31KV

ππ + 43KV
σσ

)
,(5.24)

γ
(5)
V,qval

= 36
25

(
7KV

ππ + 5KV
σσ

)
, γ

(5)
V,qs

= 6
25

(
KV

ππ + 49KV
σσ

)
, γ

(5)
V,q̄ = 6

25

(
43KV

ππ + 79KV
σσ

)
. (5.25)

Concerning the exchange diagram, since one cannot disentangle valence quarks from sea quarks we can
decompose the parameters into quark qval+s and antiquark q̄ contributions only

α
(5)exch
V,qval+s

=
−24
25

(57K1 + 22K3 + 22K4 − 101K6 − 101K7) , (5.26)

α
(5)exch
V,q̄ =

−48
25

(6K1 + K3 + K4 − 8K6 − 8K7) , (5.27)

β
(5)exch
V,qval+s

=
−4
25

(171K1 + 91K3 + 91K4 − 353K6 − 353K7) , (5.28)

β
(5)exch
V,q̄ =

−4
25

(36K1 + 31K3 + 31K4 − 98K6 − 98K7) , (5.29)

γ
(5)exch
V,qval+s

= γ
(5)exch
V,q̄ =

−4
25

(27K1 + 17K3 + 17K4 − 61K6 − 61K7) . (5.30)

In the 7Q sector the combinations are

α
(7)
V,qval

=
48
5

(
49KV

ππππ + 38KV
ππππ2 + 200KV

σσππ + 285KV
σσσσ

)
, (5.31)

α
(7)
V,qs

=
48
5

(
47KV

ππππ + 2KV
ππππ2 + 144KV

σσππ + 99KV
σσσσ

)
, (5.32)

α
(7)
V,q̄ =

96
5

(
3KV

ππππ + 5KV
ππππ2 + 16KV

σσππ + 30KV
σσσσ

)
, (5.33)

β
(7)
V,qval

=
48
25

(
181KV

ππππ + 41KV
ππππ2 + 626KV

σσππ + 618KV
σσσσ

)
, (5.34)

β
(7)
V,qs

=
96
25

(
61KV

ππππ + 22KV
ππππ2 + 201KV

σσππ + 198KV
σσσσ

)
, (5.35)

β
(7)
V,q̄ =

96
25

(
39KV

ππππ + 5KV
ππππ2 + 124KV

σσππ + 102KV
σσσσ

)
, (5.36)

γ
(7)
V,qval

=
48
25

(
83KV

ππππ − 2KV
ππππ2 + 238KV

σσππ + 129KV
σσσσ

)
, (5.37)

γ
(7)
V,qs

=
48
25

(
31KV

ππππ + 32KV
ππππ2 + 146KV

σσππ + 243KV
σσσσ

)
, (5.38)

γ
(7)
V,q̄ =

288
25

(
19KV

ππππ + 5KV
ππππ2 + 64KV

σσππ + 62KV
σσσσ

)
. (5.39)

One can easily check that the obvious sum rules for the proton
∫

dz [u(z)− ū(z)] = 2,

∫
dz [d(z)− d̄(z)] = 1,

∫
dz [s(z)− s̄(z)] = 0 (5.40)

are satisfied separately in each sector. They are translated in our parametrization as follows

α
(i)
V,qval

+α
(i)
V,qs

−α
(i)
V,q̄ = 2N (i)(B8), β

(i)
V,qval

+β
(i)
V,qs

−β
(i)
V,q̄ = N (i)(B8), γ

(i)
V,qval

+γ
(i)
V,qs

−γ
(i)
V,q̄ = 0 ∀i. (5.41)
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5.4.2 Decuplet baryons

Here are the expressions for the decuplet baryons normalization. They are obtained by contracting the
decuplet baryon wave functions without any charge acting on the quark lines. The upper indices i = 3, 5
refer to the 3Q and 5Q Fock sectors while the lower ones 3/2, 1/2 refer to the z-component of the decuplet
baryon spin. Notice that in the 5Q sector only direct contributions are given. In our study of exchange
diagrams only octet and antidecuplet were considered. Since the conclusion is that exchange contributions
are negligible we did not compute them when we studied the decuplet.
The contributions to the decuplet normalization are

N (3)
3/2(B10) = N (3)

1/2(B10) =
18
5

ΦV (0, 0), (5.42)

N (5)
3/2(B10) =

9
5

(
15KV

ππ − 6KV
33 + 17KV

σσ

)
, (5.43)

N (5)
1/2(B10) =

9
5

(
11KV

ππ + 6KV
33 + 17KV

σσ

)
. (5.44)

In the 3Q sector there is no quark-antiquark pair and thus only valence quarks contribute to the vector
charges

α
′(3)
V,qval,3/2 = α

′(3)
V,qval,1/2 =

18
5

ΦV (0, 0), β
′(3)
V,qval,3/2 = β

′(3)
V,qval,1/2 = 0. (5.45)

In the 5Q sector one has

α
′(5)
V,qval,3/2 = 9

20

(
33KV

ππ − 6KV
33 + 67KV

σσ

)
, α

′(5)
V,qs,3/2 = 3

20

(
57KV

ππ − 30KV
33 + 19KV

σσ

)
,

α
′(5)
V,q̄,3/2 = −6

5

(
3KV

ππ − 3KV
33 − 2KV

σσ

)
, (5.46)

α
′(5)
V,qval,1/2 = 9

20

(
29KV

ππ + 6KV
33 + 67KV

σσ

)
, α

′(5)
V,qs,1/2 = 3

20

(
37KV

ππ + 30KV
33 + 19KV

σσ

)
,

α
′(5)
V,q̄,1/2 = −6

5

(
KV

ππ + 3KV
33 − 2KV

σσ

)
, (5.47)

β
′(5)
V,qval,3/2 = 9

20

(
27KV

ππ − 18KV
33 + KV

σσ

)
, β

′(5)
V,qs,3/2 = 3

20

(
3KV

ππ + 6KV
33 + 49KV

σσ

)
,

β
′(5)
V,q̄,3/2 = 3

5

(
21KV

ππ − 12KV
33 + 13KV

σσ

)
, (5.48)

β
′(5)
V,qval,1/2 = 9

20

(
15KV

ππ + 18KV
33 + KV

σσ

)
, β

′(5)
V,qs,1/2 = 3

20

(
7KV

ππ − 6KV
33 + 49KV

σσ

)
,

β
′(5)
V,q̄,1/2 = 3

5

(
13KV

ππ + 12KV
33 + 13KV

σσ

)
. (5.49)

The 7Q sector of the decuplet has not been computed due to its far bigger complexity.
One can easily check that the obvious sum rules for ∆++

∫
dz [u(z)− ū(z)] = 3,

∫
dz [d(z)− d̄(z)] = 0,

∫
dz [s(z)− s̄(z)] = 0 (5.50)

are satisfied separately in each sector. They are translated in our parametrization as follows

α
′(i)
V,qval,J

+ α
′(i)
V,qs,J

− α
′(i)
V,q̄,J = N (i)

J (B10), β
′(i)
V,qval,J

+ β
′(i)
V,qs,J

− β
′(i)
V,q̄,J = 0 ∀i and J = 3/2, 1/2. (5.51)

Let us emphasize an interesting observation. If the decuplet was made of three quarks only then one
would have the following relation between spin-3/2 and spin-1/2 vector contributions

V3/2 = V1/2. (5.52)
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This picture presents the ∆ as a spherical particle. Things change in the 5Q sector. One notices directly
that the relations are broken by a unique structure (KV

ππ − 3KV
33) in the vector case and normalizations.

Going back to the definition of those integrals this amounts in fact to a structure like (q2 − 3q2
z) coming

from the coupling to pions in p waves. This naturally reminds the expression of a quadrupole

Qij =
∫

d3r ρ(r) (3rirj − r2δij) (5.53)

specified to the component i = j = z. Remarkably the present approach shows explicitly that the pion
field is responsible for the deviation of the ∆ from spherical symmetry. This discussion will be resumed
in the chapter dedicated to magnetic moments, especially concerning the γN∆ transition.

5.4.3 Antidecuplet baryons

Here are the expressions for the antidecuplet baryons normalization. They are obtained by contracting
the antidecuplet baryon wave functions without any charge acting on the quark lines. The upper indices
5, 7 refer to the 5Q and 7Q Fock sectors1.
The contributions to the antidecuplet normalization are

N (5)(B10) =
36
5

(
KV

ππ + KV
σσ

)
, (5.54)

N (5)exch(B10) =
−12
5

(K3 + K4 − 2K6 − 2K7) , (5.55)

N (7)(B10) =
72
5

(
9KV

ππππ + KV
ππππ2 + 26KV

σσππ + 18KV
σσσσ

)
. (5.56)

In the 5Q sector one has for the direct diagram

α
′′(5)
V,qval

= 18
5

(
KV

ππ + KV
σσ

)
, α

′′(5)
V,qs

= 6
5

(
KV

ππ + KV
σσ

)
, α

′′(5)
V,q̄ = −12

5

(
KV

ππ + KV
σσ

)
, (5.57)

β
′′(5)
V,qval

= 18
5

(
KV

ππ + KV
σσ

)
, β

′′(5)
V,qs

= 6
5

(
KV

ππ + KV
σσ

)
, β

′′(5)
V,q̄ = 24

5

(
KV

ππ + KV
σσ

)
. (5.58)

The 5Q exchange diagram gives

α
′′(5)exch
V,qval+s

=
−8
5

(K3 + K4 − 2K6 − 2K7) , (5.59)

α
′′(5)exch
V,q̄ =

4
5

(K3 + K4 − 2K6 − 2K7) , (5.60)

β
′′(5)exch
V,qval+s

= β
′′(5)exch
V,q̄ =

−8
5

(K3 + K4 − 2K6 − 2K7) . (5.61)

Compared to octet and decuplet baryons, antidecuplet baryons have a rather simple 5Q component. This
is of course related to the fact that there is no 3Q component. The minimal content of a baryon is simple
while higher Fock states introduce more complicated structures.

1We remind that there is no 3Q component in pentaquarks.
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In the 7Q sector one has

α
′′(7)
V,qval

=
12
5

(
22KV

ππππ + 5KV
ππππ2 + 68KV

σσππ + 51KV
σσσ

)
, (5.62)

α
′′(7)
V,qs

=
12
5

(
17KV

ππππ + 2KV
ππππ2 + 42KV

σσππ + 27KV
σσσ

)
, (5.63)

α
′′(7)
V,q̄ =

−12
5

(
15KV

ππππ −KV
ππππ2 + 46KV

σσππ + 30KV
σσσ

)
, (5.64)

β
′′(7)
V,qval

=
12
5

(
32KV

ππππ + KV
ππππ2 + 88KV

σσππ + 57KV
σσσ

)
, (5.65)

β
′′(7)
V,qs

=
12
5

(
19KV

ππππ + 2KV
ππππ2 + 62KV

σσππ + 45KV
σσσ

)
, (5.66)

β
′′(7)
V,q̄ =

36
5

(
17KV

ππππ + KV
ππππ2 + 50KV

σσππ + 34KV
σσσ

)
. (5.67)

One can easily check that the obvious sum rules for Θ+

∫
dz [u(z)− ū(z)] = 2,

∫
dz [d(z)− d̄(z)] = 2,

∫
dz [s(z)− s̄(z)] = −1 (5.68)

are satisfied separately in each sector. They are translated in our parametrization as follows

α
′′(i)
V,qval

+ α
′′(i)
V,qs

− α
′′(i)
V,q̄ = N (i)(B10), β

′′(i)
V,qval

+ β
′′(i)
V,qs

− β
′′(i)
V,q̄ = 0 ∀i. (5.69)

5.5 Numerical results and discussion

Let us start the discussion of our results with the normalizations. They allow us to estimate which fraction
of proton is actually made of 3Q, 5Q and 7Q.

In the non-relativistic limit j(p) = 0 we have computed up to 5Q sector the octet composition, see
Table 5.1. In this limit the proton consist of 2/3 state with three quarks and 1/3 state with five quarks.
The exchange diagram does not change significantly these ratios and contribute only up to 1%. Already
at this stage we can expect reasonably that neglecting the exchange diagram would not alter noticeably
the results.

Table 5.1: Non-relativistic octet baryons fractions with and without exchange diagram contribution.

dir 3Q ≡ N (3)(B)

N (3)(B)+N (5)(B)
5Q ≡ N (5)(B)

N (3)(B)+N (5)(B)

B8 65% 35%

dir+exch 3Q ≡ N (3)(B)

N (3)(B)+N (5)(B)+N (5)exch(B)
5Q ≡ N (5)(B)+N (5)exch(B)

N (3)(B)+N (5)(B)+N (5)exch(B)

B8 64% 36%

In Table 5.2 we give the composition of octet and decuplet baryons still up to the 5Q sector but with
the relativistic correction j(p) 6= 0. Let us first compare the relativistic result for the octet with the
non-relativistic one. Quark angular momentum clearly reduces the impact of the 5Q component. The 5Q
scalar overlap integrals being smaller in the relativistic case than in the non-relativistic one the conclusion
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drawn is not surprising. This effect is not negligible since the 5Q weight drops from 1/3 to less than 1/4.
Let us compare now the octet and decuplet fractions. They appear to be quite similar but notice that
the Jz = 1/2 component of the decuplet has a slightly larger 5Q component than the Jz = 3/2 one.

Table 5.2: Comparison of octet and decuplet baryons fractions up to the 5Q sector.

3Q ≡ N (3)(B)

N (3)(B)+N (5)(B)
5Q ≡ N (5)(B)

N (3)(B)+N (5)(B)

B8 77.5% 22.5%

B10,3/2 75% 25%

B10,1/2 72.5% 27.5%

A more precise description of baryons would involve the 7Q sector. By analogy with the 5Q sector
of ordinary baryons, pentaquarks are expected to have a non-negligible 7Q component. In Table 5.3
one observes that the dominant component in pentaquarks is smaller (∼ 60%) than the dominant one
in ordinary baryons (∼ 75%). This would indicate that when considering a pentaquark one should care
more about higher Fock contributions than in ordinary baryons. Concerning these ordinary baryons, it
is interesting to notice that the 7Q component is not that negligible since 7.5% of the proton is a system
with seven quarks. It is however not surprising that the adjunction of the 7Q sector reduces the weight
of the other ones. We now proceed with our results concerning baryon vector content.

Table 5.3: Comparison of octet and antidecuplet baryons fractions up to the 7Q sector.

3Q ≡ N (3)(B)

N (3)(B)+N (5)(B)+N (7)(B)
5Q ≡ N (5)(B)

N (3)(B)+N (5)(B)+N (7)(B)
7Q ≡ N (7)(B)

N (3)(B)+N (5)(B)+N (7)(B)

B8 71.7% 20.8% 7.5%

B10 0% 60.6% 39.4%

5.5.1 Octet content

The first Table 5.4 contains the non-relativistic contributions to proton vector charges while relativistic

Table 5.4: Our non-relativistic vector content of the proton.

Vector u d s

q̄ qs + qval q̄ qs + qval q̄ qs + qval

3Q 0 2 0 1 0 0

3Q + 5Q (dir) 0.123 2.123 0.140 1.140 0.086 0.086

3Q + 5Q (dir+exch) 0.125 2.125 0.143 1.143 0.087 0.087

results can be found in Table 5.5. Since the 5Q component is larger in the non-relativistic it is not
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surprising to find more antiquarks in this limit. Exchange contributions are of order 1-2% and are thus
clearly negligible. A coincidence makes that the non-relativistic proton up to the 5Q picture seems
equivalent to the relativistic proton up to the 7Q picture concerning the vector properties.

Table 5.5: Our vector content of the proton compared with NQM.

Vector u d s

q̄ qs qval q̄ qs qval q̄ qs qval

NQM 0 0 2 0 0 1 0 0 0

3Q 0 0 2 0 0 1 0 0 0

3Q + 5Q 0.078 0.130 1.948 0.091 0.080 1.012 0.055 0.015 0.040

3Q + 5Q + 7Q 0.125 0.202 1.924 0.145 0.128 1.017 0.088 0.028 0.060

Considering Fock states beyond the 3Q sector naturally generates antiquarks with the three flavors. As
discussed previously the sea is not SU(3) symmetric as sometimes assumed in models. SU(3) symmetry
does not force neither q̄ and qs to be equal nor that the u, d and s sea to have the same magnitude.
The population in the sea is affected by the population in the valence sector. They cannot be treated
independently. Another interesting comment is that as also discussed previously, hidden flavor(s) can
access to the valence level. Our computations show the existence of valence strange quarks in the proton.
This simple observation can be used to understand the fact that even if the effective number of strange
quarks s− s̄ is zero the strange quark and antiquark distributions are not necessarily equal s(z)− s̄(z) 6= 0
as revealed by experiments [148].

The corrections due to the 7Q component go in the same direction as the ones due to the 5Q compo-
nent. The former are of course (and fortunately) small but not that negligible. Results are quantitatively
but not qualitatively changed. While the 5Q component is essential in order to produce a sea contribution,
exploratory studies do not need absolutely this 7Q component. Only a fine quantitative estimation would
have to take it into account. The problem is that it is difficult to estimate the theoretical errors of the
actual approach hitherto. Further work is thus needed.

Violation of Gottfried sum rule [52] allows one to study also the vector content of the sea. Experiments
suggest that d̄ is dominant over ū. This can physically be understood by considering some simple Pauli-
blocking effect. Since there are already two valence u quarks and only one valence d quark in the
proton, the presence of d̄d pair will be favored compared to ūu. The E866 collaboration [141] gives
d̄− ū = 0.118± 0.012 while we have obtained d̄− ū = 0.019. We indeed confirm an excess of d̄ over ū but
the magnitude is one order of magnitude too small.

5.5.2 Decuplet content

In Tables 5.6 and 5.7 one can find the ∆++ vector content with respectively Jz = 3/2, 1/2.
To the best of our knowledge there is no experimental results concerning the vector content of decuplet

baryons. Our results can then be considered as just theoretical predictions, at least qualitatively. As
discussed in the previous section, it is clear that eq. (5.52) is not satisfied indicating a deviation from
spherical shape .

Note however that the 3Q sector reproduces all the octet and decuplet vector content predicted by
NQM. Higher Fock sectors change these results by breaking explicitly SU(6) symmetry.
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Table 5.6: Our vector content of the ∆++ with spin projection Jz = 3/2 compared with NQM.

Vector u d s

Jz = 3/2 q̄ qs qval q̄ qs qval q̄ qs qval

NQM 0 0 3 0 0 0 0 0 0

3Q 0 0 3 0 0 0 0 0 0

3Q + 5Q 0.072 0.193 2.879 0.089 0.029 0.060 0.089 0.029 0.060

Table 5.7: Our vector content of the ∆++ with spin projection Jz = 1/2 compared with NQM.

Vector u d s

Jz = 1/2 q̄ qs qval q̄ qs qval q̄ qs qval

NQM 0 0 3 0 0 0 0 0 0

3Q 0 0 3 0 0 0 0 0 0

3Q + 5Q 0.059 0.225 2.834 0.108 0.025 0.083 0.108 0.025 0.083

5.5.3 Antidecuplet content

The study of the 7Q sector has mainly been motivated by the pentaquark. In previous results we have
seen that the 5Q component of usual baryons has non-negligible and interesting effects on the vector
quantities. In the same spirit, since there is no 3Q component in pentaquarks, it would be interesting to
see what happens when considering the 7Q component. In Table 5.8 one can find the Θ+ vector content.

Table 5.8: Our vector content of the Θ+.

Vector u d s

q̄ qs qval q̄ qs qval q̄ qs qval

5Q 0 1/2 3/2 0 1/2 3/2 1 0 0

5Q + 7Q 0.153 0.680 1.474 0.153 0.680 1.474 1.088 0.035 0.053

We did not provide a table with direct and exchange 5Q contributions. The minimal pentaquark
content lies in the 5Q sector. This means that the structure is simple and is the same for both type of
diagrams, emphi.e. the exchange diagram does not change the minimal vector content of pentaquarks.
The sole restriction is that exchange diagram forbids a clear distinction between valence quarks and
quarks from the sea.

The 7Q component introduces ū, d̄ and s in Θ+. In accordance with the normalizations this 7Q
contribution has a stronger impact on pentaquarks than the 5Q contribution on ordinary baryons. A
precise study of pentaquarks needs thus to take 7Q contributions into account.



Chapter 6

Axial charges

6.1 Introduction

The axial charges of a baryon are defined as forward matrix elements of the axial vector current

〈B(p)|ψ̄γµγ5λ
aψ|B(p)〉 = g

(a)
A ū(p)γµγ5u(p) (6.1)

where a = 0, 3, 8 and λ3, λ8 are Gell-Mann matrices, λ0 is just in this context the 3× 3 unit matrix. In
principle we could add in the definition of the axial-vector operator ψ̄γµγ5λ

aψ a factor gAq which is the
quark axial-vector current coupling constant. As commonly assumed we use gAq = 1, i.e. the same as for
the structureless QCD quarks. These axial charges are related to the first moment of the longitudinally
polarized quark distributions

g
(3)
A = ∆u−∆d, g

(8)
A =

1√
3
(∆u + ∆d− 2∆s), g

(0)
A = ∆u + ∆d + ∆s (6.2)

where ∆q ≡ ∫ 1
0 dz [q+(z)− q−(z) + q̄+(z)− q̄−(z)] with q = u, d, s. Isovector g

(3)
A and octet g

(8)
A axial

charges are independent of the renormalization point. On the contrary, the flavor singlet axial charge g
(0)
A

depends on the renormalization scale at which it is measured1. Because of isospin symmetry we expect
g
(3)
A in proton to be equal to the axial charge of the transition p+

8 → π+n0
8. We split the axial charges

into valence quark, sea quark and antiquark contributions

∆q = ∆qval + ∆qsea, ∆qsea = ∆qs + ∆q̄ (6.3)

where index s refers to the quarks in the sea pairs.
The axial charges can be understood as follows. They count the total number of quarks with spin

aligned q+ minus the total number of quarks with spin antialigned q− with the baryon spin, irrespective
of their quark qval,s or antiquark q̄ nature. The axial charges q̄γµγ5q then give the contribution of quarks
spin with flavor q = u, d, s to the total baryon spin.

The proton polarized structure function gp
1(x) has been measured by EMC in 1987 [33]. The value

obtained by the collaboration implies that only a small part of the nucleon spin is carried by quarks
demonstrating that the Ellis-Jaffe Sum Rule (EJSR) [30] based on ∆s = ∆s̄ = 0 did not hold true. This

1The gluon spin contributions ∆g are admixed to the quark spin contributions in leading order perturbation theory because
of the axial gluon anomaly of QCD. Therefore the DIS experiments actually measure ∆q(Q2) = ∆q−αS(Q2)∆g(Q2), where

αS is the running QCD coupling constant. This Q2 dependence is canceled in the combinations g
(3)
A and g

(8)
A but not in g

(0)
A .

The Q2 dependence is very soft in the perturbative regime but its evolution down to the confinement scale is not known

71
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result was not anticipated in conventional quark models and is often referred to as the proton spin crisis
in the literature, see e.g. the review [40]. Subsequent measurements at CERN and SLAC supported the
initial EMC measurements and a global analysis [150] of these data suggested ∆s ≈ −0.15. It carries
however with it an unknown theoretical uncertainty because DIS must be extrapolated to x = 0 and an
assumption of flavor SU(3) symmetry must be invoked.

In DIS one is probing the baryon in IMF where the relativistic many-body problem is suitably de-
scribed. There is consequently a significant change in the vector sum of quark spins, arising from rela-
tivistic effects due to internal quark motions. So ∆q measured in DIS has to be interpreted as the net spin
polarization of quarks in the IMF which is different from the net spin vector sum of quark spins in the
rest frame. The reason for this reduction of spin contribution can be ascribed to a negative spin contri-
bution from the lower component of the Dirac spinor when the quark transversal motions are considered.
A quantitative estimation of this effect can be obtained using the light-cone CQM. The results is that
the correction is significative but not sufficient. The missing spin has thus to be carried by non-valence
degrees of freedom, i.e. quark-antiquark pairs and gluons.

It is very important to study axial charges since a lot of physics is involved. Many ingredients have
to be incorporated in a realistic model: relativistic quark description with orbital motion, non-valence
degrees of freedom, strangeness, . . . We draw the attention to the fact that the values of ∆u and ∆d may
have astrophysical knock-on effects [151]. A precise determination of their value is thus highly desired. Let
us also note that axial charges are affected by the first-order flavor SU(3) symmetry breaking while vector
charges are safe as stated by the Ademollo-Gatto theorem [152]. Longitudinally polarized SIDIS [48] are
subject to a growing interest as they provide an additional information on the spin structure of the nucleon
compared to inclusive DIS measurements. They allow one to separate valence and sea contributions to
the nucleon spin. Recent data suggest an asymmetry between ∆ū(x) and ∆d̄(x) [48, 47, 49]. Flavor
structure and spin structure of the nucleon sea are closely related [153]. All these points explain the
interest in these quantities in both theoretical and experimental sides.

6.2 Axial charges on the light cone

Axial charges are obtained from the plus component of the axial-vector current operator ψ̄γ+γ5ψ

∆q =
1

2P+
〈P,

1
2
|ψ̄LCγ+γ5ψLC |P,

1
2
〉. (6.4)

Using the Melosh rotation one can see that ∆qLC and ∆qNR are related as follows [154]

∆qLC = 〈MA〉∆qNR (6.5)

where

MA =
(mq + z3M)2 − p2

3⊥
(mq + z3M)2 + p2

3⊥
(6.6)

and 〈MA〉 is its expectation value

〈M〉 =
∫

d3pM |Ψ(p)|2 (6.7)

with Ψ(p) a simple normalized momentum wave function. The calculation with two different wave func-
tions (harmonic oscillator and power-law fall off) gave 〈MA〉 = 0.75 [155]. Relativity implies that quarks
may have non-zero orbital angular momentum. The total baryon spin is thus not only due to quark spins
but also to their orbital angular momentum.
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In the IMF language one has to use the “good” components µ = 0, 3 of the axial-vector current
operator. This operator does not flip the spin but treats differently quarks with spin up and quarks with
spin down. We have then M τ

σ = (σ3)τ
σ.

6.3 Scalar overlap integrals and quark distributions

From the expression (3.33) and if we concentrate on the spin part the contraction of two valence wave
functions F with the axial vector operator gives

F †(σ3)F ∝ h2(p) + 2h(p)
pz

|p|j(p) +
2p2

z − p2

p2
j2(p). (6.8)

Like the vector operator the axial-vector operator does not flip quark spin. However it treats differently
quarks with spin up and quarks with spin down. A quark with total angular momentum Jz = +1/2 may
have orbital angular momentum Lz = +1 and has thus spin Sz = −1/2. Only the third term in (6.8) has
components with Lz 6= 0 expressed by a factor p⊥. Since the spin for those components is opposed to
the total angular momentum of the quark the sign in front of p2

z (no orbital angular momentum in the z
direction) is opposed to the one in front of p2

⊥ (non-zero orbital angular momentum in the z direction).
The structure of the third term in the axial sector is thus p2

z − p2
⊥ = 2p2

z − p2 while it was p2
z + p2

⊥ = p2

in the vector sector.
The axial valence quark distribution is obtained by the multiplication of two factors with structure

(5.10) where the momentum is respectively p1 and p2 and a third factor with structure (6.8) and momen-
tum p3. The expansion gives the following function D

DA(p1, p2, p3) = h2(p1)h2(p2)h2(p3) + 6h2(p1)h2(p2)
[
h(p3) p3z

|p3|j(p3)
]

+ h2(p1)h2(p2)
2p2

3z+p2
3

p2
3

j2(p3)

+12h2(p1)
[
h(p2) p2z

|p2|j(p2)
] [

h(p3) p3z

|p3|j(p3)
]

+ 4h2(p1)
[
h(p2) p2z

|p2|j(p2)
]

2p2
3z+p2

3

p2
3

j2(p3)

+8
[
h(p1) p1z

|p1|j(p1)
] [

h(p2) p2z

|p2|j(p2)
] [

h(p3) p3z

|p3|j(p3)
]

+ h2(p1)j2(p2)
4p2

3z−p2
3

p2
3

j2(p3) (6.9)

+4
[
h(p1) p1z

|p1|j(p1)
] [

h(p2) p2z

|p2|j(p2)
]

2p2
3z+p2

3

p2
3

j2(p3) + 2
[
h(p1) p1z

|p1|j(p1)
]
j2(p2)

4p2
3z−p2

3

p2
3

j2(p3)

+j2(p1)j2(p2)
2p2

3z−p2
3

p2
3

j2(p3).

that is needed in the expression of the valence quark distribution (3.57). In the non-relativistic limit
j = 0 this function D is reduced to

DA
NR(p1, p2, p3) = DV

NR(p1, p2, p3) = h2(p1)h2(p2)h2(p3). (6.10)

The valence probability distribution ΦI(z,q⊥) is then obtained by integration over the valence quark
momenta, see eq. (3.57) and is depicted in Fig. 6.1 in vector I = V and axial I = A cases.

While in the non-relativistic limit valence probability distributions are the same, relativistic corrections
(quark angular momentum) are different in vector and axial cases. This is of course due to the difference
in structure between (6.8) and (5.10).

In the following we give the integrals appearing in each Fock sector and the numerical values obtained
for them. In the evaluation of the scalar overlap integrals we have used the constituent quark mass
M = 345 MeV, the Pauli-Villars mass MPV = 556.8 MeV for the regularization of (3.59)-(3.63), (3.65)-
(3.77) and of (3.80)-(3.91) and the baryon mass M = 1207 MeV as it follows for the “classical” mass in
the mean field approximation [114].



74 CHAPTER 6. AXIAL CHARGES

0

0.25

0.5

0.75

1

z

0

0.5

1

1.5

2

q

0

0.5

1

0

0.25

0.5

0.75z

0

0.25

0.5

0.75

1

z

0

0.5

1

1.5

2

q

0

0.5

1

0

0.25

0.5

0.75z

Figure 6.1: Probability distribution ΦI(z,q⊥) that three valence quarks leave the fraction z of the baryon mo-
mentum and transverse momentum q⊥ to the quark-antiquark pair(s) in the vector I = V (left) and axial I = A
(right) cases plotted in units of M and normalized to ΦV (0, 0) = 1.

6.3.1 3Q scalar integral

In the 3Q sector there is no quark-antiquark pair and thus only one integral is involved. It corresponds
to the valence quark distribution without momentum left to the sea ΦA(0, 0). We remind that the
normalization chosen for h(p) and j(p) is such that ΦV (0, 0) = 1. From Figure 6.1 one can see that
ΦA(0, 0) < 1. The precise value is

ΦA(0, 0) = 0.86115. (6.11)

This means that in a simple 3Q picture all NQM axial charges have to be multiplied by this factor.
Not surprisingly this is the same prescription as the one encountered in a standard light-cone approach
based on Melosh rotation. Valence quark motion is a relativistic effect and is responsible for a noticeable
reduction of NQM predictions. The Melosh factor 3/4 is of course smaller than the one we have obtained
because of the function h(p) absent in the Melosh approach but necessary in a fully relativistic treatment.

The NQM is recovered in the 3Q non-relativistic limit only where the three valence quarks have no
angular orbital momentum and thus ΦA

NR(0, 0) = ΦV
NR(0, 0) = 1.

6.3.2 5Q scalar integrals

In the 5Q sector there is one quark-antiquark pair. Contractions given by the direct diagram give four
different integrals J = ππ, 33, σσ, 3σ. If the axial-vector operator acts on valence quarks, the quark-
antiquark pair is not affected and thus the integrals present the vector structure for the sea. If the axial-
vector operator acts on the sea, the valence quarks are not affected and the vector valence probability
distribution has to be used. The integrals present a new structure for the sea which describes the transition
scalar↔pseudoscalar imposed by the “pseudo” feature of the axial-vector operator.

In the non-relativistic case, since ΦA
NR = ΦV

NR only one new integrals has to be computed

KA
ππ,NR = KV

ππ,NR, KA
33,NR = KV

33,NR, KA
σσ,NR = KV

σσ,NR, KV
3σ,NR = 0.03338 (6.12)

while in the relativistic case there are four new integrals

KA
ππ = 0.03003, KA

33 = 0.01628, KA
σσ = 0.01121, KV

3σ = 0.01626. (6.13)

Let us have a look to the ratios KA
J /KV

J with J = ππ, 33, σσ

KA
ππ

KV
ππ

= 0.82228,
KA

33

KV
33

= 0.82458,
KA

σσ

KV
σσ

= 0.80039. (6.14)
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The reduction is of the same order as in the 3Q sector. It is however different from one structure to
another due to the details of the valence probability distributions.

Contractions given by the exchange diagram lead to thirteen different integrals J = 1-13. Since these
integrals are obtained in the non-relativistic limit only six are new J = 8-13

K8 = 0.00431, K9 = 0.00309, K10 = 0.00693,
K11 = 0.00172, K12 = 0.00570, K13 = 0.00230. (6.15)

All exchange integrals are one order of magnitude smaller than the direct ones. This is however not
sufficient to conclude that they can be neglected. Combinatoric factors play an important role as we have
seen in the vector case.

6.3.3 7Q scalar integrals

In the 7Q sector there are two quark-antiquark pairs. Contractions given by the direct diagram give
twelve different integrals J = ππππ, ππππ2, ππ33, 3333, π3π3, σσππ, σσ33, σσσσ, ππ3σ, 333σ, π3πσ, σσ3σ.
Like in the 5Q sector all vector structures of the sea are associated with the axial valence probability
distribution. One then gets eight integrals. The last four structures are the new axial structures of the
sea

KA
ππππ = 0.00066, KA

ππππ2 = 0.00021, KA
ππ33 = 0.00031, KA

3333 = 0.00015, (6.16)
KA

π3π3 = 0.00013, KA
σσππ = 0.00021, KA

σσ33 = 0.00010, KA
σσσσ = 0.00007, (6.17)

KV
ππ3σ = 0.00031, KV

333σ = 0.00014, KV
π3πσ = 0.00011, KV

σσ3σ = 0.00010. (6.18)

By analogy with the 5Q sector exchange diagram contributions are neglected and thus have not been
computed.

6.4 Combinatoric Results

Axial matrix elements are linear combinations of the axial scalar overlap integrals. These specific combi-
nations are obtained by contracting the baryon rotational wave functions with the axial-vector operator.
In the following we give for each multiplet the combinations obtained.

6.4.1 Octet baryons

In the 3Q sector there is no quark-antiquark pair and thus only valence quarks contribute to the charges

α
(3)
A,qval

= 12ΦA(0, 0), β
(3)
A,qval

= −3ΦA(0, 0), γ
(3)
A,qval

= 0. (6.19)

In the 5Q sector one has for the direct diagram

α
(5)
A,qval

= 6
5

(
29KA

ππ + 2KA
33 + 91KA

σσ

)
, α

(5)
A,qs

= −168
5 KV

3σ, α
(5)
A,q̄ = −132

5 KV
3σ, (6.20)

β
(5)
A,qval

= −12
25

(
32KA

ππ − 22KA
33 + 52KA

σσ

)
, β

(5)
A,qs

= 408
25 KV

3σ, β
(5)
A,q̄ = 228

25 KV
3σ, (6.21)

γ
(5)
A,qval

= −12
25

(
11KA

ππ − 16KA
33 + KA

σσ

)
, γ

(5)
A,qs

= 84
25 KV

3σ, γ
(5)
A,q̄ = 84

25 KV
3σ. (6.22)
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The 5Q exchange diagram gives

α
(5)exch
A,qval+s

=
−2
5

(89K1 + K2 + 29K3 + 30K4 − 2K5 − 152K6 − 150K7) , (6.23)

α
(5)exch
A,q̄ =

−2
5

(3K3 + 11K8 − 5K9 + 8K10 + 16K11 − 12K12 − 10K13) , (6.24)

β
(5)exch
A,qval+s

=
4
25

(56K1 − 2K2 + 32K3 + 21K4 + 4K5 − 74K6 − 114K7) , (6.25)

β
(5)exch
A,q̄ =

−2
25

(3K3 − 13K8 + 25K9 − 22K10 − 44K11 − 12K12 + 50K13) , (6.26)

γ
(5)exch
A,qval+s

=
−4
25

(7K1 − 4K2 − 11K3 − 3K4 + 8K5 − 13K6 + 27K7) , (6.27)

γ
(5)exch
A,q̄ =

−2
25

(9K3 + 11K8 + 25K9 − 16K10 − 32K11 − 36K12 + 50K13) . (6.28)

In the 7Q sector the combinations are

α
(7)
A,qval

=
48
5

(
33KA

ππππ + 30KA
ππππ2 − 2KA

ππ33 + 4KA
π3π3 + 134KA

σσππ

+ 10KA
σσ33 + 211KA

σσσσ

)
, (6.29)

α
(7)
A,qs

=
−96
5

(
32KV

ππ3σ −KV
π3πσ + 65KV

σσ3σ

)
, (6.30)

α
(7)
A,q̄ =

−96
5

(
25KV

ππ3σ + KV
π3πσ + 52KV

σσ3σ

)
, (6.31)

β
(7)
A,qval

=
−48
25

(
51KA

ππππ + 45KA
ππππ2 + 38KA

ππ33 − 82KA
π3π3 + 292KA

σσππ

− 214KA
σσ33 + 224KA

σσσσ

)
, (6.32)

β
(7)
A,qs

=
192
25

(
35KV

ππ3σ + 2KV
π3πσ + 77KV

σσ3σ

)
, (6.33)

β
(7)
A,q̄ =

96
25

(
47KV

ππ3σ −KV
π3πσ + 92KV

σσ3σ

)
, (6.34)

γ
(7)
A,qval

=
−48
25

(
13KA

ππππ + 10KA
ππππ2 + 24KA

ππ33 − 56KA
π3π3 + 106KA

σσππ

− 152KA
σσ33 + 7KA

σσσσ

)
, (6.35)

γ
(7)
A,qs

=
96
25

(
25KV

ππ3σ − 8KV
π3πσ + 37KV

σσ3σ

)
, (6.36)

γ
(7)
A,q̄ =

288
25

(
7KV

ππ3σ −KV
π3πσ + 12KV

σσ3σ

)
. (6.37)

6.4.2 Decuplet baryons

In the 3Q sector there is no quark-antiquark pair and thus only valence quarks contribute to the charges

α
′(3)
A,qval,3/2 = 3α

′(3)
A,qval,1/2 =

18
5

ΦA(0, 0), β
′(3)
A,qval,3/2 = 3β

′(3)
A,qval,1/2 = 0. (6.38)
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In the 5Q sector one has

α
′(5)
A,qval,3/2 = 9

20

(
43KA

ππ − 16KA
33 + 67KA

σσ

)
, α

′(5)
A,qs,3/2 = −99

100 KV
3σ, α

′(5)
A,q̄,3/2 = −36

5 KV
3σ, (6.39)

α
′(5)
A,qval,1/2 = 3

20

(
23KA

ππ + 44KA
33 + 67KA

σσ

)
, α

′(5)
A,qs,1/2 = −33

100 KV
3σ, α

′(5)
A,q̄,1/2 = −12

5 KV
3σ, (6.40)

β
′(5)
A,qval,3/2 = −9

20

(
23KA

ππ − 32KA
33 −KA

σσ

)
, β

′(5)
A,qs,3/2 = 63

10 KV
3σ, β

′(5)
A,q̄,3/2 = 18

5 KV
3σ, (6.41)

β
′(5)
A,qval,1/2 = −3

20

(
19KA

ππ − 20KA
33 −KA

σσ

)
, β

′(5)
A,qs,1/2 = 21

10 KV
3σ, β

′(5)
A,q̄,1/2 = 6

5 KV
3σ. (6.42)

The 7Q sector of the decuplet has not been computed due to its far bigger complexity.
If the decuplet was made of three quarks only then one would have the following relations between

spin-3/2 and spin-1/2 axial contributions

A3/2 = 3A1/2. (6.43)

This picture presents the ∆ as a spherical particle. Things change in the 5Q sector. One notices directly
that the relation is broken by a unique structure (KA

ππ − 3KA
33). This structure has exactly the same sea

part as the structure found in the vector case (KV
ππ − 3KV

33). Notice a difference concerning the quark-
antiquark pair contribution in the vector and axial cases. While in the former the quadrupolar structure is
present, it is absent in the latter. Therefore the sea contribution satisfies (6.43) but not (5.52). The axial-
vector operator acting on the sea allows only transitions between scalar and pseudoscalar quark-antiquark
pairs.

6.4.3 Antidecuplet baryons

In the 5Q sector one has for the direct diagram

α
′′(5)
A,qval

= −6
5

(
KA

ππ − 2KA
33 −KA

σσ

)
, α

′′(5)
A,qs

= 12
5 KV

3σ, α
′′(5)
A,q̄ = 24

5 KV
3σ, (6.44)

β
′′(5)
A,qval

= −6
5

(
KA

ππ − 2KA
33 −KA

σσ

)
, β

′′(5)
A,qs

= 12
5 KV

3σ, β
′′(5)
A,q̄ = −48

5 KV
3σ. (6.45)

The 5Q exchange diagram gives

α
′′(5)exch
A,qval+s

= 4
5 (K1 −K2 + 2K5) , α

′′(5)exch
A,q̄ = −4

5 (K8 −K9 + K10 + 2K11 − 2K13) , (6.46)

β
′′(5)exch
A,qval+s

= 4
5 (K1 −K2 + 2K5) , β

′′(5)exch
A,q̄ = 8

5 (K8 −K9 + K10 + 2K11 − 2K13) . (6.47)

In the 7Q sector the combinations are

α
′′(7)
A,qval

=
12
5

(
3KA

ππππ2 − 2KA
ππ33 + 10KA

π3π3 − 10KA
σσππ + 34KA

σσ33 + 19KV
σσσσ

)
, (6.48)

α
′′(7)
A,qs

=
24
5

(
4KV

ππ3σ + KV
π3πσ + 13KV

σσ3σ

)
, (6.49)

α
′′(7)
A,q̄ =

12
5

(
41KV

ππ3σ −KV
π3πσ + 80KV

σσ3σ

)
, (6.50)

β
′′(7)
A,qval

=
12
5

(
2KA

ππππ −KA
ππππ2 − 18KA

ππ33 + 26KA
π3π3 − 22KA

σσππ + 50KA
σσ33 + 17KV

σσσσ

)
, (6.51)

β
′′(7)
A,qs

=
24
5

(
10KV

ππ3σ + KV
π3πσ + 19KV

σσ3σ

)
, (6.52)

β
′′(7)
A,q̄ =

−36
5

(
23KV

ππ3σ + KV
π3πσ + 48KV

σσ3σ

)
. (6.53)
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6.5 Numerical results and discussion

6.5.1 Octet content

We give first the results in the non-relativistic limit. They are collected in Table 6.1. Once more one can

Table 6.1: Non-relativistic axial content of the proton compared.

Axial ∆u ∆d ∆s

q̄ qs + qval q̄ qs + qval q̄ qs + qval

3Q 0 4/3 0 -1/3 0 0

3Q + 5Q (dir) -0.056 1.179 0.030 -0.266 0.008 0.004

3Q + 5Q (dir+exch) -0.056 1.180 0.032 -0.267 0.009 0.003

see than exchange contributions are small and can be neglected in other computations. Comparing these
results with the relativistic ones from Table 6.2, it is also clear that the coincidental similarity observed
in the vector case does not work in the axial sector. Relativistic corrections are important to understand
the proton axial charges. One can see that the sea is not SU(3) symmetric ∆ū = ∆d̄ = ∆s = ∆s̄ as

Table 6.2: Our axial content of the proton compared with NQM.

Axial ∆u ∆d ∆s

q̄ qs qval q̄ qs qval q̄ qs qval

NQM 0 0 4/3 0 0 -1/3 0 0 0

3Q 0 0 1.148 0 0 -0.287 0 0 0

3Q + 5Q -0.032 -0.042 1.086 0.017 0.028 -0.275 0.005 0.005 -0.003

3Q + 5Q + 7Q -0.046 -0.060 1.056 0.026 0.040 -0.273 0.007 0.007 -0.006

naively often assumed. Experimental results from SMC [47], HERMES [48] and COMPASS [49] favor
an asymmetric light sea scenario ∆ū = −∆d̄. Our results show indeed that ∆ū and ∆d̄ have opposite
sign but the contribution of ∆ū is roughly twice the contribution of ∆d̄. Concerning the sum ∆ū + ∆d̄
it is about 2% experimentally and is compatible with zero. The sum we have obtained has the same
order of magnitude but has the opposite sign. The DNS parametrization finds ∆ū > 0 and ∆d̄ < 0 while
the statistical model [156] suggests the opposite signs like us. For the valence contribution experiments
suggest ∆uv +∆dv ≈ 0.40 while we have obtained ≈ 0.78. This would indicate that in our approach we do
not have enough antiquarks and that our valence sector is too large. On the top of that sea contributions
to axial charges appear with a sign opposite to the one suggested by experiments.

In table 6.3 we give the flavor contributions and proton axial charges. We can see that relativistic
effects (quark orbital angular momentum) and additional quark-antiquark pairs both bring the proton
axial charges closer to experimental values. While g

(3)
A and g

(8)
A are fairly well reproduced, we still have a

too large fraction of the proton spin due to quark spins g
(0)
A . It is known in χQSM that g

(0)
A is sensitive to

the ms. This correction due to strange quark mass reduces the fraction of spin carried by quarks [158].
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Table 6.3: Our flavor contributions to the proton spin and axial charges compared with NQM and experimental
data.

∆u ∆d ∆s g
(3)
A g

(8)
A g

(0)
A

NQM 4/3 -1/3 0 5/3 1/
√

3 1

3Q 1.148 -0.287 0 1.435 0.497 0.861

3Q + 5Q 1.011 -0.230 0.006 1.241 0.444 0.787

3Q + 5Q + 7Q 0.949 -0.207 0.009 1.156 0.419 0.751

Exp. value 0.83± 0.03 −0.43± 0.04 −0.10± 0.03 1.257± 0.003 0.34± 0.02 0.31± 0.07

Let us concentrate on the strange contribution now. We have found a non-vanishing contribution
which then naturally breaks the Ellis-Jaffe sum rule. However compared to phenomenological extractions
[150, 157] it has the wrong sign and is one order of magnitude too small. Since our results show that a
negative contribution to ∆s comes from the valence part, one could then suggest that the valence part
should be larger. This however contradicts the previous observation that the sea part is too small. The
other way is to say that the sea contribution has the wrong sign has suggested by ∆ū and ∆d̄. Note
however that the individual flavor contributions are not measured directly but obtained as combinations
of the axial charges. The extraction of these charges relies on various assumptions, e.g. g

(3)
A is based on

isospin SU(2) symmetry while the extraction of g
(8)
A from hyperon semi-leptonic decays is based on flavor

SU(3) symmetry.

Let us mention a puzzling result on the experimental side. The HERMES experiment [48] measured
the helicity distribution of strange quarks ∆s(x) using polarized SIDIS and found ∆s(x) ≈ 0 in the range
0.03 < x < 0.3 and the octet axial charge g

(8)
A is 0.274±0.026(stat.)±0.011(sys.) which is substantially less

than the value inferred from hyperon decay. This seems to disagree with the analysis of the inclusive DIS
data. This disagreement could be due to a failure in one or more of the assumptions made in the analysis
of the inclusive and/or the semi-inclusive data or it could be due to a more exotic physics mechanism
such as “polarized condensate” at x = 0 not observable in DIS [159]. Further results are thus needed for
a definitive conclusion.

In Tables 6.4 and 6.5 one can find our results for octet axial decay constants compared with the
experimental knowledge. There is a global fair agreement. We give also our results in terms of the F&D
parametrization. Compared with SU(3) fit2 to experimental data F is well reproduced while D is too
small.

In summary we have fairly well reproduced the octet axial decay constants, g
(3)
A and g

(8)
A for the

proton. The discrepancy between our value for g
(0)
A and experimental extractions could be in principle

explained by the breaking of flavor SU(3) symmetry. Many indices also indicate that our sea is not large
enough. Nevertheless this work supports the fact that quark orbital angular momentum and additional
pairs are essential ingredients to understand the composition of the proton.

2There have been several attempts to estimate F and D values by taking the SU(3) and SU(2) flavor breaking into
account, see the review [162].
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Table 6.4: Comparison of our octet axial decay constants with NQM predictions and experimental data [160].

NQM 3Q 3Q + 5Q 3Q + 5Q + 7Q Exp. Value

(gA/gV )n0
8→p+

8
5/3 1.435 1.241 1.156 1.2695± 0.0029

(gA/gV )Σ−8→Σ0
8

2/3 0.574 0.503 0.470 -

(gA)Σ−8→Λ0
8

√
2/3 0.703 0.603 0.560 -

(gA/gV )Σ0
8→Σ+

8
2/3 0.574 0.503 0.470 -

(gA)Λ0
8→Σ+

8

√
2/3 0.703 0.603 0.560 -

(gA/gV )Ξ−8→Ξ0
8

-1/3 -0.287 -0.236 -0.215 -

(gA/gV )Σ−8→n0
8

-1/3 -0.287 -0.236 -0.215 −0.340± 0.017

(gA/gV )Ξ−8→Σ0
8

5/3 1.435 1.241 1.156 -

(gA/gV )Ξ−8→Λ0
8

1/3 0.287 0.256 0.242 0.25± 0.05

(gA/gV )Σ0
8→p+

8
-1/3 -0.287 -0.236 -0.215 -

(gA/gV )Λ0
8→p+

8
1 0.861 0.749 0.699 0.718± 0.015

(gA/gV )Ξ0
8→Σ+

8
5/3 1.435 1.241 1.156 1.21± 0.05

Table 6.5: Comparison of our F&D parameters with NQM predictions and SU(3) fits to experimental data [161].

NQM 3Q 3Q + 5Q 3Q + 5Q + 7Q SU(3) fit

F 2/3 0.574 0.503 0.470 0.475± 0.004

D 1 0.861 0.739 0.686 0.793± 0.005

F/D 2/3 2/3 0.680 0.686 0.599± 0.006

3F −D 1 0.861 0.769 0.725 0.632± 0.017

6.5.2 Decuplet content

In Tables 6.6, 6.7, 6.8 and 6.9 one can find the ∆++ axial content with respectively Jz = 3/2, 1/2.

To the best of our knowledge there is no experimental results concerning the axial content of decuplet
baryons. Our results can then be considered as just theoretical predictions, at least qualitatively. Such as
in the proton, quarks spins alone do not add up to the total decuplet baryon spin. The missing spin has
to be attributed to angular momentum of quarks and additional quark-antiquark pairs. It is also clear
that eq. (6.43) are not satisfied indicating a deviation from spherical shape as discussed in the previous
section. One can however observe a different feature compared to the octet case. While in proton the
“hidden” flavor q = s gives ∆q̄ = ∆qs in the ∆++ the “hidden” flavors q = d, s give ∆q̄ 6= ∆qs.
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Table 6.6: Our axial content of the ∆++ with spin projection Jz = 3/2 compared with NQM.

Axial ∆u ∆d ∆s

Jz = 3/2 q̄ qs qval q̄ qs qval q̄ qs qval

NQM 0 0 3 0 0 0 0 0 0

3Q 0 0 2.538 0 0 0 0 0 0

3Q + 5Q -0.061 -0.079 2.423 0.012 0.021 -0.015 0.012 0.021 -0.015

Table 6.7: Our axial content of the ∆++ with spin projection Jz = 1/2 compared with NQM.

Axial ∆u ∆d ∆s

Jz = 1/2 q̄ qs qval q̄ qs qval q̄ qs qval

NQM 0 0 1 0 0 0 0 0 0

3Q 0 0 0.861 0 0 0 0 0 0

3Q + 5Q -0.020 -0.026 0.813 0.004 0.007 -0.007 0.004 0.007 -0.007

Table 6.8: Flavor contributions to the ∆++
Jz=3/2 spin and axial charges compared with NQM.

∆u ∆d ∆s g
(3)
A g

(8)
A g

(0)
A

NQM 3 0 0 3
√

3 3

3Q 2.583 0 0 2.583 1.492 2.583

3Q + 5Q 2.283 0.018 0.018 2.265 1.307 2.319

Table 6.9: Flavor contributions to the ∆++
Jz=1/2 spin and axial charges compared with NQM.

∆u ∆d ∆s g
(3)
A g

(8)
A g

(0)
A

NQM 1 0 0 1 1/
√

3 1

3Q 0.861 0 0 0.861 0.497 0.861

3Q + 5Q 0.767 0.004 0.004 0.763 0.441 0.775

6.5.3 Antidecuplet content

Since the 5Q sector with exchange diagram in the non-relativistic limit does not affect vector charges, it is
important to check that axial charges are not too affected. This exchange contribution is naturally smaller
than the direct one but since there is no 3Q sector this contribution falls directly in the dominant sector
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and the conclusion drawn for ordinary baryon may be wrong for exotic ones. The non-relativistic axial
content of the Θ+ pentaquark is given in Table 6.10. Definitively one can see that exchange contributions

Table 6.10: Non-relativistic axial content of the Θ+.

Axial ∆u ∆d ∆s

q̄ qs + qval q̄ qs + qval q̄ qs + qval

5Q (dir) 0 0.591 0 0.591 0.735 0

5Q (dir+exch) 0 0.616 0 0.616 0.733 0

seem fairly negligible even when the 3Q sector is absent. While for ∆s the correction is less than 1%, it
is roughly 4% for ∆u and ∆d. In further computations one may reasonably forget about such corrections
and concentrate on direct diagrams only. This allows one to spare a lot of time and energy.

The study of the 7Q sector has mainly been motivated by the pentaquark. We have shown that the 5Q
component of usual baryons has non negligible and interesting effects on the vector and axial quantities.
In the same spirit, since there is no 3Q component in pentaquarks, it would be interesting to see what
happens when considering the 7Q component. In Tables 6.11 and 6.12 one can find the Θ+ axial content.

Table 6.11: Our axial content of the Θ+.

Axial ∆u ∆d ∆s

q̄ qs qval q̄ qs qval q̄ qs qval

5Q 0 0.322 0.136 0 0.322 0.136 0.644 0 0

5Q + 7Q -0.020 0.276 0.113 -0.020 0.276 0.113 0.610 0.019 -0.014

Table 6.12: Flavor contributions to the Θ+ spin and axial charges.

∆u ∆d ∆s g
(3)
A g

(8)
A g

(0)
A

5Q 0.458 0.458 0.644 0 -0.215 1.560

5Q + 7Q 0.369 0.369 0.615 0 -0.284 1.353

The first interesting thing here is that contrarily to usual baryons the sum of all quark spins is larger
than the total baryon spin. This means that quark spins are mainly parallel to the baryon spin and that
their angular momentum is opposite in order to compensate and form at the end a baryon with spin 1/2.
The second interesting thing is that this 7Q component does not change qualitatively the results given by
the 5Q sector alone. This means that a rather good estimation of pentaquark properties can be obtained
by means of the dominant sector only.
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6.6 Pentaquark width

A very interesting question about pentaquark is its width. In this model it is predicted to be very small,
a few MeV and can even be < 1 MeV, quite unusual for baryons. In the present approach this can
be understood by the fact that since there is no 3Q in the pentaquark and that in the DYW frame
only diagonal transitions in the Fock space occur, the transition is dominated by the transition from
the pentaquark 5Q sector to the proton 5Q sector, the latter being of course not so large. Since the
pentaquark production mechanism is not known, its width is estimated by means of the axial decay
constant Θ+

10
→ K+n0

8. If we assume the approximate SU(3) chiral symmetry one can obtain the
Θ → KN pseudoscalar coupling from the generalized Goldberger-Treiman relation

gΘKN =
gA(Θ → KN)(MΘ + MN )

2FK
(6.54)

where we use MΘ = 1530 MeV, MN = 940 MeV and FK = 1.2Fπ = 112 MeV. Once this transition
pseudoscalar constant is known one can evaluate the Θ+ width from the general expression for the 1

2

+

hyperon decay [163]

ΓΘ = 2
g2
ΘKN |p|

8π

(MΘ −MN )2 −m2
K

M2
Θ

(6.55)

where |p| =
√

(M2
Θ −M2

N −m2
K)2 − 4M2

Nm2
K/2MΘ = 254 MeV is the kaon momentum in the decay

(mK = 495 MeV) and the factor of 2 stands for the equal probability K+n0
8 and K0p+

8 decays.
Here are the combinations arising for this axial decay constant in the 5Q and 7Q sectors

A(5)(Θ+
10
→ K+n0

8) =
−6
5

√
3
5

(
7KA

ππ − 8KA
33 + 5KA

σσ − 28KV
3σ

)
, (6.56)

A(5)exch(Θ+
10
→ K+n0

8) =
2
5

√
3
5

(7K1 −K2 + 7K3 + 3K4 + 2K5 − 4K6 − 18K7 + 10K8 − 10K9

+10K10 + 20K11 − 20K13) , (6.57)

A(7)(Θ+
10
→ K+n0

8) =
−48
5

√
3
5

(
7KA

ππππ + 7KA
ππππ2 + 6KA

ππ33 − 14KA
π3π3 + 40KA

σσππ − 38KA
σσ38

+22KA
σσσσ − 71KV

ππ3σ + KV
π3πσ − 140KV

σσ3σ

)
. (6.58)

Let us have a look to the numerical values obtained, first in the non-relativistic limit, see Table 6.13.
The width is really small compared to ordinary baryon resonances (≈ 100 MeV) and confirms the order

Table 6.13: Θ+ width estimation in the non-relativistic limit.

gA(Θ → KN) gΘKN ΓΘ (MeV)

5Q (dir) 0.202 2.230 4.427

5Q (dir+exch) 0.203 2.242 4.472

of a few MeV obtained by the other approaches to χQSM. The exchange contribution does not change
much the result even after the manipulations of (6.54) and (6.55).

A relativistic estimation of the Θ+ pentaquark is given in Table 6.14. The first observation is that
valence quark orbital motion reduces the width by one half. This has to be related with the octet
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Table 6.14: Θ+ width estimation.

gA(Θ → KN) gΘKN ΓΘ (MeV)

5Q 0.144 1.592 2.256

5Q + 7Q 0.169 1.864 3.091

normalizations. We have seen that relativistic corrections have increased the fraction of the proton made
of 3Q only. This fraction is not accessible by the pentaquark. Consequently the axial decay constant
becomes smaller and at the end the decay width is reduced.

The 7Q component does not change much the estimation with 5Q only. Note however, as one could
have expected, that the width is slightly increased. Indeed we have just explained that the unusually
small width of pentaquarks can be understood in the present approach by the fact that the pentaquark
cannot decay into the 3Q sector of the nucleon. Since the 7Q component reduces the weight of the 3Q
component in the nucleon (see Tables 5.1 and 5.2) the width is expected to increase. The view of a narrow
pentaquark resonance within the χQSM is safe and appears naturally without any parameter fixing.

It is of course not possible today to give a definite width to the pentaquark. This is due to all
approximations used. We can just afford estimations to give an order of magnitude and try to understand
why it has such a small width. Nevertheless one thing is clear: if the pentaquark exists its width is at
most a few MeV.



Chapter 7

Tensor charges

7.1 Introduction

The tensor charges of a baryon are defined as forward matrix elements of the tensor current

〈B(p)|ψ̄iσµνγ5λ
aψ|B(p)〉 = g

(a)
T ū(p)iσµνγ5u(p) (7.1)

where a = 0, 3, 8 and λ3, λ8 are Gell-Mann matrices, λ0 is just in this context the 3×3 unit matrix. These
tensor charges are related to the first moment of the transversely polarized quark distributions

g
(3)
T = δu− δd, g

(8)
T =

1√
3
(δu + δd− 2δs), g

(0)
T = δu + δd + δs (7.2)

where δq ≡ ∫ 1
0 dz [q↑(z)− q↓(z)− q̄↑(z) + q̄↓(z)] with q = u, d, s and using the transversity basis for a

baryon travelling in the z direction with its polarization in the x direction

| ↑〉 =
1√
2

(|+〉+ |−〉) , | ↓〉 =
1√
2

(|+〉 − |−〉) (7.3)

written in terms of the usual helicity eigenstates |±〉. We split the tensor charges into valence quark, sea
quark and antiquark contributions

δq = δqval + δqsea, δqsea = δqs − δq̄ (7.4)

where index s refers to the quarks in the sea pairs.
A probabilistic interpretation of tensor charges is not possible in the usual helicity basis [127] q± =

(1 ± γ5)q/2 since they correspond to off-diagonal transitions. The probabilistic interpretation is only
possible in the transversity basis [164] q↑,↓ = (q+ ± q−)/

√
2. The tensor charges just count the total

number of quarks with transverse polarization aligned minus total number of quarks with transverse
polarization anti-aligned with baryon polarization.

Tensor charges are of particular interest for several reasons. First one could think that δq = ∆q. In
DIS quarks in the nucleon appear to be free. However rotational invariance has become non-trivial since
high-energy processes select a special direction. In the IMF these rotations involve interactions [89]. The
difference between axial and tensor charges has a dynamical origin. In non-relativistic quark models the
transverse spin operator commutes with a free-quark Hamiltonian and so transversely polarized quarks
are in transverse-spin eigenstates. Then rotational invariance implies δq = ∆q. This can also be seen

85
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from the tensor current ψ̄iσ0iγ5ψ which differs from the axial-vector current ψ̄γiγ5ψ by a factor γ0. This
factor is reduced to 1 in the non-relativistic limit.

Second the corresponding quark bilinear is odd under charge conjugation, only valence quarks con-
tribute [28] following the standard definition. That is the reason why it is often thought that tensor
charges could give informations on the valence part only and considered as more suited for quark models
than axial charges. Moreover since there is no valence strange quark there is a priori no strangeness
contribution to tensor charges.

Finally helicity conservation at the quark-gluon vertex prevents mixing between quark and gluon
transversity distributions under QCD evolution [165, 166]. Gluon transversity distributions only exist
for targets with J ≥ 1 because measurement of gluon transversity distribution requires that the target
change helicity by two units of angular momentum which is not possible for spin-1/2 targets [165]. Under
DGLAP evolution the angular momentum generated by the DGLAP kernels is not shared between the
quark and gluon sectors. This has thus an effect on the evolution of the tensor charge with Q2. The sign
of the anomalous dimensions at both LO and NLO is such that tensor charges fall with increasing Q2.

Soffer [168] has proposed an inequality among the nucleon twist 2 quark distributions f1, g1, h1

f1 + g1 ≥ 2|h1| (7.5)

In contrast to the well-known inequalities and positivity constraints among distribution functions such as
f1 ≥ |g1| which are general properties of lepton-hadron scattering, derived without reference to quarks,
color or QCD, this Soffer inequality needs a parton model to QCD to be derived [169]. Unfortunately it
turned out that it does not constrain the nucleon tensor charge. However this inequality still has to be
satisfied by models that try to estimate quark distributions.

In the IMF language we have to use the “good” components µ = 0, 3 of the tensor operator. Unlike
the vector and axial-vector operators the tensor operator flips quark helicity. We have then M τ

σ = (σR,L)τ
σ

with σR,L = (σ1 ± σ2)/2.

7.2 Tensor charges on the light cone

The tensor charge can be obtained in IMF by means of the plus component of the tensor operator [170]

δq =
1

2P+
〈P,

1
2
|ψ̄LCγ+γRψLC |P,−1

2
〉, (7.6)

where γR = γ1 + iγ2. Using the Melosh rotation one can see that δqLC and δqNR are related as follows
[170]

δqLC = 〈MT 〉δqNR (7.7)

where

MT =
(mq + z3M)2

(mq + z3M)2 + p2
3⊥

(7.8)

and 〈MT 〉 is its expectation value. In the non-relativistic limit p⊥ = 0 and thus MV = MA = MT = 1 as
it should be. Relativistic effects p⊥ 6= 0 reduce the values of both MA and MT . It is also interesting to
notice that one has

MV + MA = 2MT (7.9)

which saturates Soffer’s inequality, see eq. (7.5). Soffer’s inequality is exact in the parton model and valid
for all (explicit) flavors likewise for antiquarks [168]. Since 〈MA〉 = 3/4 one obtains 〈MT 〉 = 7/8 and thus

δu = 7/6, δd = −7/24, δs = 0. (7.10)



7.3. SCALAR OVERLAP INTEGRALS AND QUARK DISTRIBUTIONS 87

From eqs. (6.6) and (7.8) one would indeed expect that

|δq| > |∆q|. (7.11)

7.3 Scalar overlap integrals and quark distributions

From the expression (3.33) and if we concentrate on the spin part the contraction of two valence wave
functions F with the tensor operator gives

F †(σR)F ∝ h2(p) + 2h(p)
pz

|p| j(p) +
p2

z

p2
j2(p). (7.12)

Unlike the vector and axial-vector operators the tensor operator flips quark spin. This quark may not
have orbital angular momentum since total angular momentum is 1/2. For this reason only Lz = 0
components survive in (7.12), i.e. no p⊥ factor. The 3Q sector saturates Soffer’s inequality just like the
Melosh rotation approach does, which is not surprising. However quark-antiquark pairs are susceptible
to change this.

The tensor valence quark distribution is obtained by the multiplication of two factors with struc-
ture (5.10) where the momentum is respectively p1 and p2 and a third factor with structure (7.12) and
momentum p3. The expansion gives the following function D

DT (p1, p2, p3) = h2(p1)h2(p2)h2(p3) + 6h2(p1)h2(p2)
[
h(p3) p3z

|p3|j(p3)
]

+ h2(p1)h2(p2)
p2
3z+2p2

3

p2
3

j2(p3)

+12h2(p1)
[
h(p2) p2z

|p2|j(p2)
] [

h(p3) p3z

|p3|j(p3)
]

+ 4h2(p1)
[
h(p2) p2z

|p2|j(p2)
]

p2
3z+2p2

3

p2
3

j2(p3)

+8
[
h(p1) p1z

|p1|j(p1)
] [

h(p2) p2z

|p2|j(p2)
] [

h(p3) p3z

|p3|j(p3)
]

+ h2(p1)j2(p2)
2p2

3z+rp2
3

p2
3

j2(p3) (7.13)

+4
[
h(p1) p1z

|p1|j(p1)
] [

h(p2) p2z

|p2|j(p2)
]

p2
3z+2p2

3

p2
3

j2(p3) + 2
[
h(p1) p1z

|p1|j(p1)
]
j2(p2)

2p2
3z+p2

3

p2
3

j2(p3)

+j2(p1)j2(p2)
p2
3z

p2
3
j2(p3).

that is needed in the expression of the valence quark distribution (3.57). In the non-relativistic limit
j = 0 this function D is reduced to

DT
NR(p1, p2, p3) = DA

NR(p1, p2, p3) = DV
NR(p1, p2, p3) = h2(p1)h2(p2)h2(p3) (7.14)

as expected from non-relativistic rotational invariance.
The valence probability distribution ΦI(z,q⊥) is then obtained by integration over the valence quark

momenta, see eq. (3.57) and is depicted in Fig. 7.1 in axial I = A and tensor I = T cases.
While in the non-relativistic limit valence probability distributions are the same, relativistic corrections

(quark angular momentum) are different in axial and tensor cases. This is of course due to the difference
in structure between (6.8) and (7.12).

In the following we give the integrals appearing in each Fock sector and the numerical values obtained
for them. In the evaluation of the scalar overlap integrals we have used the constituent quark mass
M = 345 MeV, the Pauli-Villars mass MPV = 556.8 MeV for the regularization of (3.59)-(3.63) and the
baryon mass M = 1207 MeV as it follows for the “classical” mass in the mean field approximation [114].
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Figure 7.1: Probability distribution ΦI(z,q⊥) that three valence quarks leave the fraction z of the baryon mo-
mentum and transverse momentum q⊥ to the quark-antiquark pair(s) in the axial I = A (left) and tensor I = T
(right) cases plotted in units of M and normalized to ΦV (0, 0) = 1.

7.3.1 3Q scalar integral

In the 3Q sector there is no quark-antiquark pair and thus only one integral is involved. It corresponds
to the valence quark distribution without momentum left to the sea ΦT (0, 0). We remind that the
normalization chosen for h(p) and j(p) is such that ΦV (0, 0) = 1. From Figure 7.1 one can see that
ΦA(0, 0) < ΦT (0, 0) < 1. The precise value is

ΦT (0, 0) = 0.93058. (7.15)

This means that in a simple 3Q picture all NQM tensor charges have to be multiplied by this factor.
Not surprisingly this is the same prescription as the one encountered in a standard light-cone approach
based on Melosh rotation. Valence quark motion is a relativistic effect and is responsible for a noticeable
reduction of NQM predictions. The Melosh reduction factor 7/8 is of course smaller than the one we have
obtained because of the function h(p) absent in the Melosh approach but necessary in a fully relativistic
treatment. Since we know analytically that the pure 3Q contribution saturates Soffer’s inequality one
can notice that the numerical accuracy of the distributions is good.

The NQM is recovered in the 3Q non-relativistic limit only, i.e. where the three valence quarks have
no orbital angular momentum and thus ΦT

NR(0, 0) = ΦA
NR(0, 0) = ΦV

NR(0, 0) = 1.

7.3.2 5Q scalar integrals

In the 5Q sector there is one quark-antiquark pair. Contractions given by the direct diagram give three
different integrals J = ππ, 33, σσ. If the tensor operator acts on valence quarks, the quark-antiquark pair
is not affected and thus the integrals present the vector structure for the sea. If the tensor operator acts
on the sea, the valence quarks are not affected and the vector valence probability distribution has to be
used. However no structure for the sea survives in this case. The integrals are identically zero. This is due
to the fact that the tensor operator is chiral odd. Since the tensor operator flips one quark spin it would
transform a quark-antiquark pair with zero total angular momentum into another one with one unit of
angular momentum, which is not allowed in the model. This means that only valence quarks contribute
to tensor charges, in accordance with the usual definition of valence quarks. Note however that the usual
definition of valence quarks forbids strange quark contribution to tensor charge while with our definition
strangeness can access to the valence sector thanks to the 5Q component.

Here are the numerical values obtained for the three new integrals

KT
ππ = 0.03328, KT

33 = 0.01802, KT
σσ = 0.01261. (7.16)
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Let us have a look to the ratios KT
J /KV

J with J = ππ, 33, σσ

KT
ππ

KV
ππ

= 0.91114,
KT

33

KV
33

= 0.91229,
KT

σσ

KV
σσ

= 0.90020. (7.17)

The reduction is of the same order as in the 3Q sector. It is however different from one structure to
another due to the details of the valence probability distributions.

7.4 Combinatoric Results

Tensor matrix elements are linear combinations of the tensor scalar overlap integrals. These specific
combinations are obtained by contracting the baryon rotational wave functions with the tensor operator.
In the following we give for each multiplet the combinations obtained. We remind that for tensor charges
valence quark only contribute.

7.4.1 Octet baryons

In the 3Q sector we have obtained

α
(3)
T,qval

= 12ΦT (0, 0), β
(3)
T,qval

= −3ΦT (0, 0), γ
(3)
T,qval

= 0. (7.18)

These factors are not surprising since in the non-relativistic limit ΦT
NR(0, 0) = ΦA

NR(0, 0) we have to
recover ∆qNR = δqNR.

In the 5Q sector the combinations are

α
(5)
T,qval

= 6
5

(
30KT

ππ −KT
33 + 91KT

σσ

)
, (7.19)

β
(5)
T,qval

= −12
25

(
21KT

ππ + 11KT
33 + 52KT

σσ

)
, (7.20)

γ
(5)
T,qval

= −12
25

(
3KT

ππ + 8KT
33 + KT

σσ

)
. (7.21)

The first observation is that global factors are the same as in the axial case and that the factors in front
of Kσσ correspond. If one looks closer one can notice that the differences are always proportional to
the structure Kππ − 3K33. This means that tensor charges together with axial charges, besides giving
informations on quark spin distribution, valence quarks number and motion, might give also informations
on quadrupolar distortion of the baryon shape.

7.4.2 Decuplet baryons

In the 3Q sector we have obtained

α
′(3)
T,qval,3/2 = 3α

′(3)
T,qval,1/2 =

18
5

ΦT (0, 0), β
′(3)
T,qval,3/2 = 3β

′(3)
T,qval,1/2 = 0. (7.22)

In the 5Q sector the combinations are

α
′(5)
T,qval,3/2 = 9

20

(
40KT

ππ − 7KT
33 + 67KT

σσ

)
, (7.23)

α
′(5)
T,qval,1/2 = 3

20

(
30KT

ππ + 23KT
33 + 67KT

σσ

)
, (7.24)

β
′(5)
T,qval,3/2 = −9

20

(
8KT

ππ + 13KT
33 −KT

σσ

)
, (7.25)

β
′(5)
T,qval,1/2 = −3

20

(
6KT

ππ + 19KT
33 −KT

σσ

)
. (7.26)
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If the decuplet baryon was made of three quarks only then one would have the following relations
between spin-3/2 and 1/2 tensor contributions

T3/2 = 3T1/2. (7.27)

This picture presents the ∆ as a spherical particle. Things change in the 5Q sector. One notices directly
that the relation is broken by a unique structure (KT

ππ − 3KT
33). We can draw the same conclusion as in

the axial and vector cases. The pion field is directly responsible for the deviation of decuplet baryon from
spherical shape. Moreover this structure is the only difference between axial and tensor combinations.
This supports further what we have observed with octet baryons.

7.4.3 Antidecuplet baryons

In the 5Q sector one has

α
′′(5)
T,qval

= β
′′(5)
T,qval

=
−6
5

(
KT

33 −KT
σσ

)
. (7.28)

In the 5Q sector of Θ+ pentaquark the strange flavor appears only as an antiquark as one can see
from its minimal quark content uudds̄. That’s the reason why we have found no strange contribution.
But if at least the 7Q sector was considered we would have obtained a nonzero contribution due to flavor
components like |uus(ds̄)(ds̄)〉, |uds(us̄)(ds̄)〉 and |dds(us̄)(us̄)〉.

Even for exotic baryons the only difference between tensor and axial combinations is proportional to
the quadrupolar structure Kππ − 3K33 of the pion cloud.

7.5 Numerical results and discussion

7.5.1 Octet content

We give in Table 7.1 the values obtained for the proton tensor charges at the model scale Q2
0 = 0.36 GeV2.

Many papers are just concerned with the isovector (3) and isoscalar (0) combinations. They assume that

Table 7.1: Our proton tensor charges computed at the model scale Q2
0 = 0.36 GeV2.

p+ δu δd δs g
(3)
T g

(8)
T g

(0)
T

3Q 1.241 -0.310 0 1.551 0.537 0.931

3Q + 5Q 1.172 -0.315 -0.011 1.487 0.507 0.846

strangeness appears only in the sea or even forget completely about proton strangeness. We have shown
however that the 5Q component introduces strangeness in the valence sector and gives the possibility to
have non-zero strange contribution to tensor charges. This strange contribution is negative while it was
positive in the axial sector. In fact only the valence contributions should be compared. In the axial case
the strange valence contribution is also negative. The sea was positive and larger in magnitude.

Like all other models for the proton δu and δd are not small and have a magnitude similar to ∆u and
∆d. One can also check that Soffer’s inequality (7.5) is satisfied for explicit flavors. However the hidden
flavor, i.e. s in proton, violates the inequality.

Up to now only one experimental extraction of transversity distributions has been achieved [171]. The
authors did not give explicit values for tensor charges. They have however been estimated to δu = 0.46+0.36

−0.28
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and δd = −0.19+0.30
−0.23 in [167] at the scale Q2 = 0.4 GeV2. These values are unexpectedly small compared

to models predictions. Further experimental results are then highly desired to either confirm or infirm the
smallness of tensor charges. If it is confirmed then it will be very difficult to explain this within a quark
model while keeping rather large values for the axial charges. The question is of course very intriguing
and might eventually kill a constituent quark approach.

7.5.2 Decuplet content

We give in Table 7.2 the values obtained for the ∆++ tensor charges at the model scale Q2
0 = 0.36 GeV2.

Like in the proton one can see that hidden flavors, i.e. d and s for ∆++, violate Soffer’s inequality. There

Table 7.2: Our ∆++ tensor charges computed at the model scale Q2
0 = 0.36 GeV2.

∆++
3/2 δu δd δs g

(3)
T g

(8)
T g

(0)
T

3Q 2.792 0 0 2.792 1.612 2.792

3Q + 5Q 2.624 -0.046 -0.046 2.670 1.541 2.532

∆++
1/2 δu δd δs g

(3)
T g

(8)
T g

(0)
T

3Q 0.931 0 0 0.931 0.537 0.931

3Q + 5Q 0.863 -0.016 -0.016 0.879 0.508 0.831

is no experimental data concerning decuplet baryon tensor charges. Our results are then just predictions.

7.5.3 Antidecuplet content

We give in Table 7.3 the values obtained for the Θ+ tensor charges at the model scale Q2
0 = 0.36 GeV2.

The vanishing value of the strange contribution is of course due to the truncation at the 5Q sector. The

Table 7.3: Our Θ+ tensor charges computed at the model scale Q2
0 = 0.36 GeV2.

Θ+ δu δd δs g
(3)
T g

(8)
T g

(0)
T

5Q -0.053 -0.053 0 0 -0.062 -0.107

7Q component is the main cause for the presence of strange quarks in the valence sector and consequently
in Θ+ pentaquark tensor charges.





Chapter 8

Magnetic and transition magnetic
moments

8.1 Introduction

The study of electromagnetic properties of the nucleon is of great importance in understanding the
structure of baryons (see reviews [172]). Indeed, since electrons are point-like particles, any observed
structure in the electron-target collisions directly gives information on the target structure. This infor-
mation is encoded within form factors which have been measured more and more accurately throughout
the last decades. Form factors measurement revealed the role of quark orbital momentum, scale at which
perturbative QCD effects should become evident, strangeness content of the proton and meson-cloud
effects. For more than ten years the contribution of s-quarks to proton electric and magnetic form factors
[42, 43, 44, 45] has focused interests because this contribution is believed to come from the quark-antiquark
sea (meson cloud). There is no more doubt that both valence and sea-quark effects are important in the
description of electromagnetic properties of light hadrons. The only question left now is the amplitude of
this meson-cloud contribution.

We split the contribution to the moments into valence quark, sea quark and antiquark contributions

GM,E,q = GM,E,qval
+ GM,E,qsea , GM,E,qsea = GM,E,qs −GM,E,q̄ (8.1)

where index s refers to the quarks in the sea pairs.
From the NQM picture one could think that magnetic moments could be related to the axial content

of the proton because they are proportional to the longitudinal polarization asymmetry ∆q. Actually
this is not the case because of the antiquark contribution has a different sign: axial charges are in flavor
singlet combination (quarks plus antiquarks) A ∼ ∆q + ∆q̄ and magnetic moments in flavor non-singlet
combination (quarks minus antiquarks) M ∼ ∆q −∆q̄.

8.2 Magnetic and transition magnetic moments on the light cone

We consider in this study the interaction of an electromagnetic field with baryons at the quark level.
Constituent quarks can be considered as quasiparticles. Their coupling with a photon is then modulated
by form factors F q

1 , F q
2 that encode in an effective way the other degrees of freedom, e.g. gluons and

quark-antiquark pairs. In the present approach the gluon field has been integrated out leaving as a by-
product an effective pion mean field that binds quarks together. The model gives a description of the

93
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three valence quark and of the whole Dirac sea. Baryons appear naturally as made of three quarks plus
a certain number of quark-antiquark pairs. Since this degree of freedom is explicitly taken into account,
we consider constituent quarks as point-like particles. This means that the Dirac form factor is just the
quark charge F q

1 = Q and the Pauli form factor is identically zero F q
2 = 0. The whole anomalous baryon

magnetic moments then come from quark orbital moment and quark-antiquark pairs.
Baryon form factors are obtained through computation of some matrix elements of the electromagnetic

current. We have used the following vector current Jµ(0) = q̄Qqγµq where q is a set of three free Dirac
spinor of definite flavor q = u, d, s and Qq is the quark charge matrix diag= (2/3,−1/3,−1/3). Since we
are only concerned so far with magnetic moments, form factors are computed only for Q2 = −q2 = 0 (real
photon) where q = p′ − p is the momentum transfer, p′ and p are respectively the momenta of outgoing
and incoming baryon.

We give below explicit definitions of form factors and recall how to extract them when the system is
described in the IMF.

8.2.1 Octet form factors

Octet baryons are spin-1
2 particles. Their interaction with an electromagnetic field involves two form

factors known as Dirac and Pauli form factors

〈B(p′, s′)|Jµ|B(p, s)〉 = ūB(p′, s′)
[
γµF1(q2) + i

σµνqν

2MB
F2(q2)

]
uB(p, s) (8.2)

where s and s′ are the component of the spin along z axis. At zero momentum transfer F1(0) and F2(0)
correspond respectively to the charge and anomalous magnetic moment of the baryon. In the literature
one also often defines another set of form factors known as Sachs form factors [173] that are combinations
of the previous ones

GE(Q2) = F1(Q2)− Q2

4M2
B

F2(Q2), GM (Q2) = F1(Q2) + F2(Q2) (8.3)

which express the nucleon electric and magnetic form factors. In the Breit frame and in the non-relativistic
limit, their three-dimensional Fourier transforms give electric-charge-density distribution and magnetic-
current-density distribution within the baryon [174]. At zero momentum transfer −q2 = Q2 = 0 one
obtains naturally GE(0) = F1(0) = QB where QB is the baryon charge and GM (0) = GE(0) + κ =
F1(0) + F2(0) = µB where µB is the baryon magnetic moment and κ = F2(0) is the anomalous baryon
magnetic moment expressed in units of e/2MB.

These form factors can be extracted in the IMF from the spin-conserving and spin-flip matrix elements
of the + component of the electromagnetic current

F1(0) = 〈P,
1
2
|J

+(0)
2P+

|P,
1
2
〉, (8.4)

−qLF2(Q2) = 2MB〈P,
1
2
|J

+(0)
2P+

|P,−1
2
〉 (8.5)

with qL = q1 − iq2. It is convenient to work in the DYW frame (q+ = 0 [98, 110]) where the photon
momentum is transverse to incident baryon momentum (chosen to be directed along the z direction)

Pµ =
(

P+,0⊥,
M2

B

P+

)
, qµ =

(
0,q⊥,

2q · P
P+

)
. (8.6)



8.2. MAGNETIC AND TRANSITION MAGNETIC MOMENTS ON THE LIGHT CONE 95

This prevents the quark current J+ from creating pairs or annihilating the vacuum. One also has −qµqµ ≡
Q2 = q2

⊥. The Pauli form factor of nucleons is therefore computed from the overlap of light-cone wave
functions differing by one unit of orbital angular momentum ∆Lz = ±1. The fact that anomalous
magnetic moment of the proton is not zero is an immediate signal for the presence of non-zero angular
momentum in the proton wave function [175].

8.2.2 Decuplet form factors

Decuplet baryons are spin-3/2 particles. Their interaction with an electromagnetic field involves four
multipoles: a coulomb monopole (C0), a magnetic dipole (M1), an electric quadrupole (E2) and a magnetic
octupole (M3). One has

〈B(p′, s′)|Jµ|B(p, s)〉 = ūBα(p′, s′)OαβµuBβ(p, s) (8.7)

where uBβ(p, s) is a Rarita-Schwinger spin vector [176] with the subsidiary conditions γµuµ(p, s) =
pµuµ(p, s) = 0. The tensor has the following Lorentz-covariant form

Oαβµ = gαβ

[
γµF1(q2) + i

σµνqν

2MB
F2(q2)

]
+

qαqβ

(2MB)2

[
γµF3(q2) + i

σµνqν

2MB
F4(q2)

]
. (8.8)

This set of form factors is related to the multipole form factors as follows when q2 = 0

QB = e GC0(0) = eF1(0) (8.9)

µB =
e

2MB
GM1(0) =

e

2MB
[F1(0) + F2(0)] (8.10)

QB =
e

M2
B

GE2(0) =
e

M2
B

[
F1(0)− 1

2
F3(0)

]
(8.11)

OB =
e

2M3
B

GM3(0) =
e

2M3
B

{
F1(0) + F2(0)− 1

2
[F3(0) + F4(0)]

}
. (8.12)

In this paper, we are only interested in F1(0) and F2(0) form factors, i.e. charge and anomalous
magnetic moment respectively. These can be extracted in the IMF from the matrix elements of the +
component of the electromagnetic current [177]

F1(0) = 〈P,
3
2
|J

+(0)
2P+

|P,
3
2
〉, (8.13)

−qLF2(0) = 2
[√

3MB〈P,
3
2
|J

+(0)
2P+

|P,
1
2
〉 − qL〈P,

3
2
|J

+(0)
2P+

|P,
3
2
〉
]

. (8.14)

8.2.3 Octet-to-decuplet form factors

Imposing Lorentz covariance, gauge invariance and parity conservation, the matrix element of the vector
octet-to-decuplet transition can be parametrized in terms of three form factors only [178]

〈B10(p′, s′)|Jµ|B8(p, s)〉 =

√
2
3
ūB10α(p′, s′)Oαµγ5uB8(p, s) (8.15)

where
√

2/3 is the isospin factor and

Oαµ = (qαγµ − gαµq/)G1(q2) + (qαPµ − gαµP · q)G2(q2) + (qαqµ − gαµq2)G3(q2) (8.16)
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with P = (p + p′)/2. Since in our case the photon is real, G3 does not contribute and only the form
factors G1 and G2 are needed. These form factors are related to multipole1 (Jones-Scadron [178]) ones
as follows

G∗
M =

mO
3

[
(3MD + mO)

G1

MD
+ (MD −mO)G2

]
, (8.17)

G∗
E =

mO(MD −mO)
3

[
G1

MD
+ G2

]
(8.18)

where MD is the decuplet and mO the octet baryon mass. In the literature one also defines helicity
amplitudes

AM = −e
1√
2ω
〈B10,M |~j · ~ε|B8, M − 1〉, M =

1
2
,
3
2

(8.19)

where ω = (M2
D − m2

O)/2MD is the energy of the photon in the rest frame of decuplet baryon with
polarization ~ε. These amplitudes can be expressed in terms of magnetic dipole M1 and electric quadrupole
E2 moments

A3/2 = −
√

3
2

(M1− E2), A1/2 = −1
2
(M1 + 3E2) (8.20)

which are related to multipole form factors as follows

M1 =
e

2mO

√
MDω

mO
G∗

M , E2 = − e

2mO

√
MDω

mO
G∗

E . (8.21)

The static transition magnetic moment µB8B10 is obtained from magnetic dipole form factor G∗
M at

Q2 = 0 by

µB8B10 =
√

MD
mO

G∗
M (0) (8.22)

which can be expressed in nuclear magnetons µN ≡ e/2MN if one adds the factor MN/mO to the rhs.
The static transition quadrupole moment QB8B10 is related to the electric quadrupole form factor G∗

E

at Q2 = 0 by

QB8B10 = −6
√

MD
mO

1
mOω

G∗
E(0) (8.23)

There is a special interest in the multipole ratio which directly indicates a deviation from spherical
symmetry

REM ≡ E2
M1

= −G∗
E

G∗
M

=
A1/2 −A3/2/

√
3

A1/2 +
√

3A3/2

. (8.24)

The electromagnetic width is given by the formula

ΓB10B8 =
ω2

2π

mO
MD

{|A3/2|2 + |A1/2|2
}

=
ω2

2π

mO
MD

{|M1|2 + 3|E2|2} =
ω3α

2m2
O

{
G∗2

M + 3G∗2
E

}
(8.25)

where α = e2/4π = 1/137.
In the IMF, one can extract G1(0) and G2(0) from the following matrix elements [179]

I 3
2
, 1
2
≡ 〈P,

3
2
|J

+(0)
2P+

|P,
1
2
〉 =

qL√
3

[
G1 +

MD −mO
2

G2

]
, (8.26)

I 1
2
,− 1

2
≡ 〈P,

1
2
|J

+(0)
2P+

|P,−1
2
〉 = −qL

3

[
−mO

MD
G1 +

MD −mO
2

G2

]
. (8.27)

1In the literature there are quite a few conventions for the electromagnetic form factors of ∆(1232). We choose to use
the Jones-Scadron ones since they are free of kinematical singularities and are dimensionless.
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8.3 Scalar overlap integrals and quark distributions

From the expression (3.33) and if we concentrate on the spin part the contraction of two valence wave
functions F gives when the baryon helicity is flipped

F †F ∝ h(p)
1
|p|j(p) +

pz

p2
j2(p). (8.28)

The physical interpretation is straightforward. The magnetic operator conserves the struck quark helicity
but the total baryon spin is flipped. The quark absorbs one unit of angular momentum and thus jumps
from a Lz = 0 state to a Lz 6= 0 state. This unit of angular momentum comes from the photon.

The magnetic valence quark distribution is obtained by the multiplication of two factors with struc-
ture (5.10) where the momentum is respectively p1 and p2 and a third factor with structure (8.28) and
momentum p3. The expansion gives the following function D

DM (p1, p2, p3) = h2(p1)h2(p2)
[
h(p3) 1

|p3|j(p3)
]

+ h2(p1)h2(p2)p3z

p2
3
j2(p3)

+4h2(p1)
[
h(p2) p2z

|p2|j(p2)
] [

h(p3) 1
|p3|j(p3)

]
+ 2h2(p1)j2(p2)

[
h(p3) 1

|p3|j(p3)
]

+4h2(p1)
[
h(p2) p2z

|p2|j(p2)
]

p3z

p2
3
j2(p3) + 4

[
h(p1) p1z

|p1|j(p1)
] [

h(p2) p2z

|p2|j(p2)
] [

h(p3) 1
|p3|j(p3)

]
(8.29)

+2h2(p1)j2(p2)p3z

p2
3
j2(p3) + 4

[
h(p1) p1z

|p1|j(p1)
]
j2(p2)

[
h(p3) 1

|p3|j(p3)
]

+4
[
h(p1) p1z

|p1|j(p1)
] [

h(p2) p2z

|p2|j(p2)
]

p3z

p2
3
j2(p3) + j2(p1)j2(p2)

[
h(p3) 1

|p3|j(p3)
]

+4
[
h(p1) p1z

|p1|j(p1)
]
j2(p2)p3z

p2
3
j2(p3) + j2(p1)j2(p2)p3z

p2
3
j2(p3).

that is needed in the expression of the valence quark distribution (3.57). In the non-relativistic limit j = 0
this function D is identically zero. Magnetic moment is a purely relativistic property on the light cone.
Relativistic corrections (quark angular momentum) are clearly essential to compute baryon magnetic and
transition magnetic moments.

The magnetic valence probability distribution ΦM (z,q⊥) is then obtained by integration over the
valence quark momenta, see eq. (3.57) and is depicted in Fig. 8.1 in vector I = V and magnetic I = M
cases.
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Figure 8.1: Probability distribution ΦI(z,q⊥) that three valence quarks leave the fraction z of the baryon momen-
tum and transverse momentum q⊥ to the quark-antiquark pair(s) in the vector I = V (left) and magnetic I = M
(right) cases plotted in units of M and normalized to ΦV (0, 0) = 1.
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In the following we give the integrals appearing in each Fock sector and the numerical values obtained
for them. In the evaluation of the scalar overlap integrals we have used the constituent quark mass
M = 345 MeV, the Pauli-Villars mass MPV = 556.8 MeV for the regularization of (3.59)-(3.63) and the
baryon mass M = 1207 MeV as it follows for the “classical” mass in the mean field approximation [114].

8.3.1 3Q scalar integral

In the 3Q sector there is no quark-antiquark pair and thus only one integral is involved. It corresponds
to the valence quark distribution without momentum left to the sea ΦM (0, 0). Its precise value is

ΦM (0, 0) = 0.36210. (8.30)

In the non-relativistic limit j = 0 it is zero. The extraction of magnetic moment from spin-flip matrix
elements is essentially a relativistic procedure since it implies quarks to have orbital angular momentum.
In the usual light-cone approach this quark orbital motion is introduced by the Melosh rotation.

8.3.2 5Q scalar integrals

In the 5Q sector there is one quark-antiquark pair. Contractions given by the direct diagram give four
different integrals J = ππ, 33, σσ, 332. If the magnetic operator acts on valence quarks, the quark-
antiquark pair is not affected and thus the integrals present the vector structure for the sea. If the
magnetic operator acts on the sea, the valence quark are not affected and the vector valence probability
distribution has to be used. The integrals present a new structure for the sea. Here the quark-antiquark
pair cannot use the unit of orbital angularmomentum in its internal motion but can use it in its orbital
motion.

Here are the numerical values obtained for the four new integrals

KM
ππ = 0.01445, KM

33 = 0.00799, KM
σσ = 0.00566, KV

332 = 0.03542. (8.31)

Let us have a look to the ratios KM
J /KV

J with J = ππ, 33, σσ

KM
ππ

KV
ππ

= 0.39559,
KM

33

KV
33

= 0.40482,
KM

σσ

KV
σσ

= 0.40420. (8.32)

The reduction is of the same order as in the 3Q sector. It is however different from one structure to
another due to the details of the valence probability distributions. Note also that contrarily to axial and
tensor cases, the reduction factor is larger in the 5Q sector than in the 3Q sector.

8.4 Combinatoric Results

8.4.1 Octet baryons

In the 3Q sector there is no quark-antiquark pair and thus only valence quarks contribute to magnetic
moments

α
(3)
M,qval

= 12 ΦM (0, 0) 2M, β
(3)
M,qval

= −3 ΦM (0, 0) 2M, γ
(3)
M,qval

= 0. (8.33)

as it is expected from NQM. In the 5Q sector one has

α
(5)
M,qval

= 6
5

(
30KM

ππ −KM
33 + 91KM

σσ

)
2M, α

(5)
M,qs

= −96
5 KV

332 2M, α
(5)
M,q̄ = −6KV

332 2M, (8.34)

β
(5)
M,qval

= −12
25

(
21KM

ππ + 11KM
33 + 52KM

σσ

)
2M, β

(5)
M,qs

= −48
25 KV

332 2M, β
(5)
M,q̄ = 6KV

332 2M, (8.35)

γ
(5)
M,qval

= −12
25

(
3KM

ππ + 8KM
33 + KM

σσ

)
2M, γ

(5)
M,qs

= 6
25 KV

332 2M, γ
(5)
M,q̄ = 6 KV

332 2M. (8.36)
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Notice that the valence combinations are exactly the same as the tensor ones. This is not a coincidence.
In both cases one has to compute spin-flip matrix elements. In the tensor case the operator directly flips
one valence quark spin while in the magnetic case the valence quark jumps to another orbital state. At
the end the result is the same: the total baryon spin has been reversed. The combinations are thus the
same and the details concerning the spin-flip are encoded in the integrals.

8.4.2 Decuplet baryons

In the 3Q sector there is no quark-antiquark pair and thus only valence quarks contribute to the charges

α
′(3)
M,qval

=
18
5

ΦM (0, 0) 2M, β
′(3)
M,qval

= 0. (8.37)

In the 5Q sector one has

α
′(5)
M,qval

= 9
20

(
40KM

ππ − 7KM
33 + 67KM

σσ

)
2M, α

′(5)
M,qs

= 171
20 KM

332 2M, α
′(5)
M,q̄ = −18

5 KM
332 2M, (8.38)

β
′(5)
M,qval

= −9
20

(
8KM

ππ + 13KM
33 −KM

σσ

)
2M, β

′(5)
M,qs

= 9
20 KM

332 2M, β
′(5)
M,q̄ = 63

5 KM
332 2M. (8.39)

8.4.3 Antidecuplet baryons

In the 5Q sector one has

α
′′(5)
M,qval

= −6
5

(
KM

33 −KM
σσ

)
2M, α

′′(5)
M,qs

= 6
5 KM

332 2M, α
′′(5)
M,q̄ = −12

5 KM
332 2M, (8.40)

β
′′(5)
M,qval

= −6
5

(
KM

33 −KM
σσ

)
2M, β

′′(5)
M,qs

= 6
5 KM

332 2M, β
′′(5)
M,q̄ = 24

5 KM
332 2M. (8.41)

8.5 Numerical results and discussion

8.5.1 Octet content

We present in Table 8.1 the results we have obtained for the proton magnetic form factors. The 5Q

Table 8.1: Our magnetic content of the proton.

Magnetic FF Gu
M Gd

M Gs
M

q̄ qs qval q̄ qs qval q̄ qs qval

3Q 0 0 3.378 0 0 -0.845 0 0 0

3Q + 5Q 0 0.415 3.267 0.256 -0.036 -0.886 0.128 0.005 -0.033

component naturally introduces a strange contribution to magnetic moments. In this computation it
appears that most of strange magnetic moment is due to the strange antiquark. One can see that the
5Q component contributes significantly to magnetic moments. Note that we have obtained a negative
strange magnetic form factor Gs

M (0) = −0.156µN while SAMPLE experiment [42] by measuring the
parity-violating asymmetry at backward angles indicated a positive value G

(p)s
M (0.1(GeV/c)2) = 0.37 ±

0.20± 0.26± 0.07 µN . This can probably be attributed to the fact that we did not consider flavor SU(3)
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symmetry breaking 2. Another possible explanation of our bad strange magnetic moment is the violation
of Lorentz covariance due to the impulse approximation (only one-body current and not many-body
current is considered) and the truncation of the Fock space [181]. It would not be the case if one includes
the complete Fock space [182]. This introduces unphysical form factors which may have a strong impact
on the evaluation of the strange magnetic moment and even change its sign [183].

Octet magnetic moments are rather well known. In Table 8.2 we compare our results with experimental
values given by the Particle Data Group. At the 3Q level, all relations specific to SU(6) NQM are

Table 8.2: Our octet magnetic moments compared with experimental data [160].

3Q 3Q + 5Q

B G
(B)u
M G

(B)d
M G

(B)s
M µB G

(B)u
M G

(B)d
M G

(B)s
M µB Exp.

p+
8 3.378 -0.845 0 2.534 3.683 -1.178 -0.156 2.900 2.793

n0
8 -0.845 3.378 0 -1.689 -1.178 3.683 -0.156 -1.961 -1.913

Λ0
8 0 0 2.534 -0.845 -0.198 -0.198 2.744 -0.981 -0.613± 0.004

Σ+
8 3.378 0 -0.845 2.534 3.683 -0.156 -1.178 2.900 2.458± 0.010

Σ0
8 1.689 1.689 -0.845 0.845 1.763 1.763 -1.178 0.981 -

Σ−8 0 3.378 -0.845 -0.845 -0.156 3.683 -1.178 -0.939 -1.160± 0.025

Ξ0
8 -0.845 0 3.378 -1.689 -1.178 -0.156 3.683 -1.961 -1.250± 0.014

Ξ−8 0 -0.845 3.378 -0.845 -0.156 -1.178 3.683 -0.939 -0.651± 0.003

Σ0
8 → Λ0

8 4.388 -4.388 0 1.463 5.095 -5.095 0 1.698 1.61± 0.08

reproduced. One can notice that the 5Q component improves the agreement between theoretical and
experimental ratios3

µp+
8

µn0
8

= −1.4786 (Exp.: − 1.4599, NQM: − 1.5). (8.42)

One can also see that the 5Q component is essential in order to reproduce fairly well proton and neutron
magnetic moments. The agreement with other particles is less good. Note that the other particles
contain explicitly strange quarks and that we have computed only in the flavor SU(3) symmetry limit
where µp+

8
= µΣ+

8
.

8.5.2 Decuplet content

We present in Table 8.3 the results we have obtained for the ∆++ magnetic form factors. The 5Q
component naturally introduces a contribution from down and strange quarks to magnetic moments. In
this computation it appears that most of these hidden flavor magnetic moments is due to the down and
strange antiquarks.

2This supposition is motivated by the fact that a previous estimation in the χQSM with the standard approach had given
a positive value [180].

3Since in our approach flavor SU(3) symmetry is not broken, we concentrate our attention on particles with no explicit
strange quark, i.e. nucleons and ∆.
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Table 8.3: Our magnetic content of the ∆++.

Magnetic FF Gu
M Gd

M Gs
M

q̄ qs qval q̄ qs qval q̄ qs qval

3Q 0 0 7.601 0 0 0 0 0 0

3Q + 5Q 0.093 1.347 7.332 0.650 0.023 -0.140 0.650 0.023 -0.140

Decuplet magnetic moments are not well known. Experiments on ∆ are notoriously difficult due
to its short mean life time of only about 6 × 10−34s. However decuplet magnetic moments have been
theoretically investigated in several models such as quenched lattice QCD theory [184], quark models
[185], chiral bag model [186], χPT [187], QCD sum rules [188] and χQM [189]. In Table 8.4 we compare
our results with experimental values given by the Particle Data Group. As suggested by the approximate

Table 8.4: Our decuplet magnetic moments compared with experimental data [160].

3Q 3Q + 5Q

B G
(B)u
M G

(B)d
M G

(B)s
M µB G

(B)u
M G

(B)d
M G

(B)s
M µB Exp.

∆++
10 7.601 0 0 5.067 8.443 -0.755 -0.755 6.132 3.7 to 7.5

∆+
10 5.067 2.534 0 2.534 5.377 2.311 -0.755 3.066 2.7+1.0

−1.3 ± 1.5± 3

∆0
10 2.534 5.067 0 0 2.311 5.377 -0.755 0 -

∆−
10 0 7.601 0 -2.534 -0.755 8.443 -0.755 -3.066 -

Σ+
10 5.067 0 2.534 2.534 5.377 -0.755 2.311 3.066 -

Σ0
10 2.534 2.534 2.534 0 2.311 2.311 2.311 0 -

Σ−10 0 5.067 2.534 -2.534 -0.755 5.377 2.311 -3.066 -

Ξ0
10 2.534 0 0 5.067 2.311 -0.755 5.377 0 -

Ξ−10 0 2.534 5.067 -2.534 -0.755 2.311 5.377 -3.066 -

Ω−10 0 0 7.601 -2.534 -0.755 -0.755 8.443 -3.066 -2.02± 0.05

SU(6) symmetry we have obtained µ∆+
10
≈ µp+

8
. Our computation indicates that µ∆+

10
is a bit larger than

µp+
8

while the present experimental value suggests a smaller value. Experimental error bars are still large
and do not exclude at all µ∆+

10
> µp+

8
.

8.5.3 Antidecuplet content

We present in Table 8.5 the results we have obtained for the Θ+ magnetic form factors. Contrarily to
ordinary baryons most of pentaquark magnetic moment is due to the sea and not valence quarks.

Antidecuplet magnetic moments are of course not known. In Table 8.6 we give our predictions for
pentaquark magnetic moments. We have obtained for the positively charged pentaquarks a magnetic
moment a bit smaller than the proton one. Such a large value is intriguing if we compare with other
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Table 8.5: Our magnetic content of the Θ+.

Magnetic FF Gu
M Gd

M Gs
M

q̄ qs qval q̄ qs qval q̄ qs qval

5Q 0 2.452 -0.161 0 2.245 -0.161 4.905 0 0

Table 8.6: Our antidecuplet magnetic moments.

5Q

B G
(B)u
M G

(B)d
M G

(B)s
M µB

Θ+
10

2.291 2.291 4.905 2.398

p+
10

2.291 3.162 4.033 2.398

n0
10

3.162 2.291 4.033 0

Σ+
10

2.291 4.033 3.162 2.398

Σ0
10

3.162 3.162 3.162 0

Σ−
10

4.033 2.291 3.162 -2.398

Ξ+
10

2.291 4.905 2.291 2.398

Ξ0
10

3.162 4.033 2.291 0

Ξ−
10

4.033 3.162 2.291 -2.398

Ξ−−
10

4.905 2.291 2.291 -4.797

studies where the pentaquark magnetic moment is either small or negative [190]. Since there is an explicit
strange antiquark, flavor SU(3) symmetry breaking may have a non negligible impact on the results.
Nevertheless it would be quite surprising that at the end the magnetic moment becomes very small or
even changes its sign. A naive estimation of the pentaquark magnetic moment µΘ+

10

≈ µp+

10

≈ µ∆+
10
≈ µp+

8

would in fact support our result: a large positive Θ+ magnetic moment.

8.6 Octet-to-decuplet transition moments

Beside magnetic moments, octet-to-decuplet transition magnetic moments have especially focused atten-
tion since 1979. The proton being a spin-1/2 particle, no intrinsic quadrupole moment can be directly
measured because angular momentum conservation forbids a non-zero element of a (L = 2) quadrupole
operator between spin 1/2 states. On the contrary, ∆ is a spin-3/2 particle where such quadrupole can be
in principle measured. For collective rotation of the deformed intrinsic state [191], the relation between
the spectroscopic quadrupole moment Q measured in the laboratory frame and the intrinsic moment Q0
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in the body-fixed intrinsic frame is given by

Q =
3K2 − J(J + 1)
(J + 1)(2J + 3)

Q0. (8.43)

where J is the total angular momentum of the system in the laboratory frame, K is the projection of
J onto the z-axis of the body-fixed intrinsic frame and the sub-state with azimuthal quantum number
M = J has been considered. The ratio between Q0 and Q represents the averaging of the non-spherical
distribution due to the rotational motion as seen in the laboratory frame. For spin-1/2 particle one has
indeed Q = 0 even for Q0 6= 0 [192].

The electromagnetic transition γ∗N → ∆ allows one to access to quadrupole moments of both proton
and ∆. Spin and parity conservation permit only 3 multipoles to contribute to the transition: magnetic
dipole (M1), electric quadrupole (E2) and Coulomb quadrupole (C2).

As we have seen, only one magnetic α8→10
M and one electric α8→10

E parameters are needed to describe
in the flavor SU(3) limit all magnetic dipole and electric quadrupole form factors of the octet-to-decuplet
transitions. Here are the combinations obtained

α
(3)8→10
M =

12√
5

ΦM (0, 0) 2M, (8.44)

α
(3)8→10
E = 0, (8.45)

α
(5)8→10
M =

18
5
√

5
(13KM

ππ + 5KM
33 + 8KM

332 + 28KM
σσm) 2M, (8.46)

α
(5)8→10
E =

−18
5
√

5
(KM

ππ − 3KM
33 ) 2M. (8.47)

The 3Q sector, being similar to NQM, does not provide us with a non-zero electric quadrupole. A non-
zero contribution comes from the 5Q sector. We have already discussed the quadrupolar deformation
of decuplet baryons in the vector, axial and tensor cases. All was connected to a unique quadrupolar
structure of sea Kππ−3K33. One can see that the quadrupole electric transition parameter is proportional
to this pion quadrupolar structure. There is no direct contribution from the sea since no term in KM

332 is
present. The deformation of the system is explicitly due to the pion quadrupole moment in our approach.
Concerning the magnetic transition moment one can easily check that in the 3Q sector we reproduce the
SU(6) prediction µp+

8 ∆+
10

= 2
√

2
3 µp+

8
.

Let us have a look to the numerical values obtained and collected in Table 8.7. For the nucleon-to-∆
transition the Particle Data Group gives values for helicity amplitudes instead of Jones and Scadron
multipole form factors G∗

M and G∗
E . Table 8.8 gives the comparison with our computed observables. The

5Q sector is once more essential to reproduce experimental data, i.e. magnitude of G∗
M , correct sign

for G∗
E and an electromagnetic decay width in fair agreement with experiments. Even the ratio between

µp+
8 ∆+

10
and µp+

8
is improved

µp+
8 ∆+

10

µp+
8

= 0.9727 (Exp.: 1.0017, NQM: 0.9428) (8.48)

compared to the SU(6) prediction. We have obtained quite good results from an ab initio computation and
showed the importance and the direct link between the baryon non-spherical shape and the quadrupole
structure of the pion cloud. The importance of the pion cloud contribution is supported by lattice QCD
[193], chiral perturbation theory [194] and phenomenological approaches [195]. Restricted to the 3Q
sector only, our calculations reproduce all SU(6) results: µp/µn = −3/2, µ∆+ = µp, µN∆/µp = 2

√
2/3

and E2/M1 = 0. Adding a quark-antiquark pair improves the agreement with experimental ratios.
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Table 8.7: Our octet-to-decuplet moments.

3Q G∗u
M G∗d

M G∗s
M G∗

M G∗u
E G∗d

E G∗s
E G∗

E

p+
8→∆+

10 2.389 -2.389 0 2.389 0 0 0 0

n0
8→∆0

10 2.389 -2.389 0 2.389 0 0 0 0

Σ+
8→Σ+

10 -2.389 0 2.389 -2.389 0 0 0 0

Λ0
8→Σ0

10 2.069 -2.069 0 2.069 0 0 0 0

Σ0
8→Σ0

10 -1.194 -1.194 2.389 -1.194 0 0 0 0

Σ−8→Σ−10 0 -2.389 2.389 0 0 0 0 0

Ξ0
8→Ξ0

10 -2.389 0 2.389 -2.389 0 0 0 0

Ξ−8→Ξ−10 0 -2.389 2.389 0 0 0 0 0

3Q + 5Q G∗u
M G∗d

M G∗s
M G∗

M G∗u
E G∗d

E G∗s
E G∗

E

p+
8→∆+

10 2.820 -2.820 0 2.820 0.026 -0.026 0 0.026

n0
8→∆0

10 2.820 -2.820 0 2.820 0.026 -0.026 0 0.026

Σ+
8→Σ+

10 -2.820 0 2.820 -2.820 -0.026 0 0.026 -0.026

Λ0
8→Σ0

10 2.443 -2.443 0 2.443 0.022 -0.022 0 0.022

Σ0
8→Σ0

10 -1.410 -1.410 2.820 -1.410 -0.013 -0.013 0.026 -0.013

Σ−8→Σ−10 0 -2.820 2.820 0 0 -0.026 0.026 0

Ξ0
8→Ξ0

10 -2.820 0 2.820 -2.820 -0.026 0 0.026 -0.026

Ξ−8→Ξ−10 0 -2.820 2.820 0 0 -0.026 0.026 0

Table 8.8: Comparison between theoretical and experimental transition observables [160].

p+
8 → ∆+

10 A3/2 (GeV−1/2) A1/2 (GeV−1/2) G∗
M (µN ) G∗

E (µN ) REM Γp∆ (MeV)

3Q -0.296 -0.171 2.389 0 0 0.411

3Q + 5Q -0.232 -0.129 2.820 0.026 -0.9% 0.573

Exp. -0.250± 0.008 -0.135± 0.006 2.798 0.046 -1.6% 0.564

8.7 Octet-to-antidecuplet transition moments

Exotic members of the antidecuplet can easily be recognized because their quantum numbers cannot be
obtained from three quarks only. We are concerned with the problem of the identification of a nucleon
resonance to a non-exotic member of this antidecuplet. It is then interesting to study the electromagnetic
transitions between octet and antidecuplet4.

There is nowadays a lot of interest in the eta photoproduction on nucleon. A resonance structure is
4We remind that we will not discuss decuplet-to-antidecuplet transition since they are forbidden by flavor SU(3) symmetry.
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seen in the photoproduction on the neutron while it is absent on proton. Moreover if this corresponds to
a new resonance it seems to have a rather small width. The questions to solve are first to check that it is
indeed a new resonance and second check if it could be a non-exotic partner of Θ+

10
[196]. Flavor SU(3)

symmetry and antidecuplet naturally explains the suppression on proton but this is of course not enough
to prove that it is a non-exotic pentaquark. This interpretation is however very appealing because of its
elegant simplicity.

Like in the octet-to-decuplet case, only one parameter α8→10
M is needed to describe all octet-to-

antidecuplet magnetic dipole form factors

α
(5)8→10
M =

−2
5

√
3
5

(3Kππ + 4K33 + 9K332 + 5Kσσ) (8.49)

Let us have a look to the numerical values obtained collected in Table 8.9.

Table 8.9: Our octet-to-antidecuplet transition magnetic moments.

5Q Gu
M Gd

M Gs
M GM

p+
8→ p+

10
0 -0.45 0.45 0

n0
8→n0

10
-0.45 0 0.45 -0.45

Σ+
8→Σ+

10
0 -0.45 0.45 0

Λ0
8→Σ0

10
-0.22 -0.22 0.45 -0.22

Σ0
8→Σ0

10
0.39 -0.39 0 0.39

Σ−8→Σ−
10

-0.45 0 0.45 -0.45

Ξ0
8→Ξ0

10
0.45 -0.45 0 0.45

Ξ−8→Ξ−
10

0.45 -0.45 0 0.45

The value obtained for |µn0
10
→n0

8
| = 0.45 µN is consistent with previous expectation (0.10− 0.56) µN

[197] but is larger than the estimate (0.13 − 0.37) µN [198]. The smallness of the numerical value (for
comparison µ∆→N ≈ 3 µN ) could be explained in the same way as for the smallness of the Θ+ width.
Since axial and vector (and thus magnetic) currents connect only Fock states with the same number of
particles, the dominant 5Q component of pentaquarks are connected to the subleading 5Q component
of octet baryons. In the non-relativistic octet baryons are composed of only three quarks and then the
transition magnetic moments vanish.





Chapter 9

Conclusion and Outlook

Throughout the present thesis we managed to study light baryon properties by means of one of the
most successful baryon models on the market, namely Chiral Quark-Soliton Model (χQSM). This model
has given quite a good description of the nucleon and other light baryons when studied in the usual
instant form of dynamics. χQSM is based on the Spontaneous Chiral Symmetry Breaking (SCSB) of
QCD and on a large NC logic, where NC is the number of colors in QCD, allowing one to study baryons
in a relativistic mean field approximation. While quantum fluctuations around the mean pion field can
reasonably be neglected, rotations in spin-flavor space are not strongly suppressed. However the usual
instant time approach of χQSM is based on an expansion in angular velocity which is considered as being
small. While this is reasonable for ordinary baryons, i.e. baryons made of three quarks, this assumption
is questionable for exotic baryons, i.e. baryons made of more than three quarks such as pentaquarks.

Recently, Diakonov, Petrov and Polyakov have formulated χQSM in the Infinite Momentum Frame
(IMF) or equivalently on the light cone. This new approach offers many advantages. Thanks to the sim-
ple structure of the light-cone vacuum the concept of wave function borrowed from Quantum Mechanics
is well defined. Any baryon can thus be described by its light-cone wave function. This wave function
encodes a huge amount of information, e.g. one can in principle obtain Parton Distribution Functions
(PDF), Form Factors (FF) or even Generalized Parton Distributions (GPD) from an overlap of these
wave functions. A general expression for all light baryon light-cone wave functions has been obtained
by Diakonov, Petrov and Polyakov. Moreover rotations of the mean pion field are treated exactly by
integrating over the SU(3) Haar measure.

What we did
We have used this formulation of χQSM in the IMF to study light baryon charges in the limit of flavor

SU(3) symmetry. Thanks to the light-cone wave functions and a Fock expansion in multi-quark states we
have computed the accessible baryon charges at leading twist, namely vector, axial, tensor charges and
magnetic moments. These charges can be obtained on the light cone by means of matrix elements of the
“good” component, i.e. not spoiled by dynamics, of the corresponding quark bilinears.

The charges have been computed for all the three lightest baryon multiplets, namely octet, decuplet
and exotic antidecuplet. We have investigated the 3Q and 5Q Fock sector for all these charges. Fur-
thermore concerning vector and axial charges of octet and antidecuplet baryons, the leading part of the
7Q Fock sector has also been explored. This expansion in Fock space allows one to study the effect of
additional (non-perturbative) quark-antiquark pairs in a given baryon or with other words its pion cloud.
Pions being the lightest hadrons and being required by SCSB, they are expected to have a non-negligible
role in explaining low-energy properties of baryons.

107
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Contrarily to the Naive Quark Model (NQM), χQSM provides a fully relativistic description of the
baryons, i.e. quark orbital angular momentum is a natural part of the wave function. We have compared
the non-relativistic limit of χQSM with the exact relativistic description to estimate the magnitude of
relativistic corrections. Quarks having a sizeable velocity inside a hadron are expected to receive important
contributions from relativistic corrections.

All computed charges have been split into flavor contributions. Moreover since the model makes a clear
distinction between valence quarks and sea quarks it has been possible to extract individual contribution of
valence and sea quark as well as antiquarks. The results obtained can then be compared with our present
poor knowledge of the baryon sea and give maybe not quantitative but at least qualitative predictions
for lots of unobserved charges and contributions, especially for the decuplet and antidecuplet baryons.

We have also considered some axial and magnetic intra- and inter - multiplet transitions. This allowed
us to give an estimation of the lightest pentaquark Θ+ width. Electromagnetic transitions also allowed us
to investigate a possible deformation of the N∆ system due to a quadrupolar moment of the pion cloud.

Diagrams in each Fock sector can be separated into two classes. The direct class is the leading contri-
bution and corresponds to no specific change in the baryon content. The exchange class is the subleading
contribution and corresponds to an exchange of roles played by the quarks inside baryon. In Appendix
B we have given general and useful tools to find all non-equivalent diagrams in a given Fock sector and
the corresponding overall factors and signs.

What we have obtained
χQSM is often thought as an interpolation between NQM and Skyrme model. If we restrict ourselves

to the non-relativistic 3Q sector all NQM predictions for vector, axial, tensor charges, magnetic moments
and transitions are recovered. Moreover octet and decuplet 3Q spin-flavor wave functions are similar
to the well-known SU(6) ones. Allowing quark orbital angular momentum only change charges by a
common factor, in accordance with the usual light-cone approach based on Melosh rotation. This rotation
guarantees that the baryon has definite J and Jz in its rest frame. This contribution is purely kinematical.
However a covariant light-cone wave function needs also some dynamical contribution which is naturally
present in the approach we used. The result is that the factors we have obtained are smaller than the
ones from Melosh rotation only. This means that quark orbital angular momentum has a smaller impact
than estimated with Melosh rotation but is still essential.

We have also computed the effect of the pion cloud. First the 5Q contribution has been evaluated
followed by the 7Q component. The normalization of baryon states allowed us to estimates the actual
fraction of octet, decuplet and antidecuplet baryons made of 3Q, 5Q and even 7Q (but not for the decuplet
because of the far greater complexity of its 7Q wave function). It turned out that roughly 3/4 of ordinary
baryons are made of 3Q, 1/5 made of 5Q and 1/20 made of 7Q. On the contrary exotic pentaquark
appeared as 3/5 made of 5Q and 2/5 made of 7Q. This means that exotic baryons are more sensitive to
the subleading Fock component.

The effect of exchange diagrams in the non-relativistic 5Q sector has been computed. It turned out
that exchange diagrams have a small impact ∼ 1% contrarily to what was naively expected before. This
can be in some sense understood physically by the fact that exchange diagrams imply a redistribution of
roles played by the quarks. The transition implies some correlation among these quarks and thus reduces
the phase space.

The definition of valence quark we used (quark filling the discrete level) does not coincide with the
usual definition of the literature (total number of quarks minus total number of antiquarks, i.e. the
net number of quarks). This comes from the fact that quark-antiquark pairs are commonly thought
as produced by the perturbative process of gluon splitting. Experiments however suggest that there is
also a non-perturbative amount of quark-antiquark pair. This non-perturbative amount corresponds to
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our pion cloud. Consequently the emission of a pion by a valence quark can change the composition of
the valence sector. This means that even if there is no net strange quark in the nucleon, these strange
quarks may access to the valence sector leading naturally to an asymmetry in the strangeness distribution
s(z)− s̄(z) 6= 0 but

∫
d z (s(z)− s̄(z)) = 0 effectively suggested by the recently observed NuTeV anomaly.

Another consequence is that since tensor charges measure only valence quark transversity, the pion cloud
can generate a non-vanishing contribution of strange quarks to these tensor charges.

Flavor SU(3) symmetry does not impose a flavor symmetric sea. As suggested by experiments we
have obtained an excess of d̄ over ū in the proton but the difference is one order of magnitude smaller than
what is suggested by the violation of the Gottfried sum rule. Experiments also suggest that ∆ū ' −∆d̄.
We have indeed obtained this difference in sign between up and down antiquark longitudinally polarized
distributions but the absolute sign obtained is opposite to what present data favor. Let us also note
the positive sign of ∆s in the nucleon in accord with most of models but opposite to phenomenological
extractions. Moreover the magnitude obtained is one order too small. Let us however mention the recent
HERMES results in which the strange contribution to proton spin is obtained by means of a different
technique than usual. This experiment suggests positive and small ∆s like our results. This is quite
puzzling and so further experimental extractions from different methods are necessary. We have fairly
well reproduced the proton isovector and octet axial charges while the singlet one is too large. This can
probably be due to the fact that flavor SU(3) symmetry is not broken in our computations.

To estimate Θ+ pentaquark width we have computed the axial decay constant. Thanks to a generalized
Goldberger-Treiman relation and a common hyperon decay formula the width has been evaluated to a
few MeV. While relativistic effects reduce the width to about one half, the 7Q component increases it
roughly by a factor 3/2. Such a small width is very unusual compared to ordinary resonance decay
widths (∼ 100 MeV) and makes it hard to be seen in experiments. The reason of this small width is
obscure since the mechanism is not known. However the present approach of the model explains it by
the fact that in the IMF Θ+ cannot decay into the 3Q component of the nucleon. Quark orbital angular
momentum increases the 3Q component while higher Fock components reduce it. This explains why the
width is reduced by relativistic effects and increased due to additional quark-antiquark pairs. There is
also another distinguishable feature of exotic baryons. While the net contribution of quark spin is smaller
than the hosting ordinary baryon angular momentum, in pentaquark this net contribution is larger. Since
the status about the existence of pentaquark is still unclear this prediction will probably takes a lot of
time before being confirmed experimentally (of course if the pentaquark does exist).

Tensor charges are very poorly known experimentally since they are not observable in the usual Deep
Inelastic Scattering experiments. However from a theoretical point of view, they are as important as the
vector and axial charges. They have been computed in several models and they agree on the fact that
tensor charges are similar to axial charges but a bit larger. Soffer’s inequality provides us with some bound
for the tensor charges but not restrictive enough to say something starting from vector and axial charges.
One of our results concerns this inequality. While explicit flavors do satisfy this inequality, we have found
that hidden flavors, e.g. strangeness in nucleon, violate it. We agree with other models on the fact that
tensor charges are similar to axial ones. The only experimental extraction however indicates small tensor
charges which cannot be understood using models based on the successful concept of constituent quarks.
Further experimental results are highly desirable to clear the situation.

NQM model with SU(6) symmetry is quite successful in describing octet magnetic moments. For
example the predicted ratio between proton and neutron magnetic moments is very close to the exper-
imental one. One can be worried about the fact that the pion cloud, by breaking explicitly all SU(6)
relations would lead to a less successful description. Our results show however that the pion is essential
in order to obtain a correct magnitude for the magnetic moment. Moreover as expected SU(6) relations
are effectively broken but the ratios obtained are even closer to experimental ones. We emphasize also the
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excellent agreement of our proton and neutron magnetic moments obtained ab initio with the experimen-
tal values. Hyperon magnetic moments are less good due to the breaking of flavor SU(3) symmetry. The
predicted magnetic moment of ∆+ agrees well with the present experimental extraction. Note however
that we predict a large and positive magnetic moment for Θ+ while all the other approaches suggest
small and/or negative magnetic moment. Our result is consistent with a naive flavor SU(3) estimation
µp+

8
' µ∆+

10
' µp+

10

' µΘ+

10

. If the Θ+ magnetic moment turns out to be small and/or negative this would

imply a very large effect due to flavor SU(3) symmetry breaking.
We have shown that the N∆ system is not spherically symmetric. This distortion is explicitly due to

the pion cloud and especially to a quadrupolar structure. We have thus remarkably shown that the pion
cloud is explicitly responsible for the deformation of the system. Furthermore such a structure appeared
many times when studying the vector, axial and tensor charges. Decuplet baryons being spin-3/2 baryons
have components Jz = 1/2, 3/2. Spherical symmetry imposes relations between these components. They
appeared in fact broken by the same quadrupolar structure of the pion cloud. This means that ∆ is
deformed. This quadrupolar structure also appeared in the spin-1/2 baryons charges (excepted vector
ones). It appeared for example that the quadrupolar contribution of the pion cloud in axial charges is
different from the one in tensor charges. This means that valence axial contributions are not proportional
to tensor contributions. To the best of our knowledge, this has never been discussed in the literature.

Finally we have completed the list of exact spin-flavor baryon wave functions introduced by Diakonov
and Petrov. They have given the expression of all spin-flavor wave functions in the 3Q sector and the
ones for the octet and antidecuplet baryons in the 5Q sector. We have added the 5Q sector of decuplet
and given the whole set of 7Q spin-flavor wave functions along with general formulae and identities.

What can be done
Still a lot of work can be done within this approach. For example since theoretical errors are not

known hitherto it would be important to test the sensitivity of our results to the input parameters, e.g.
quark mass, nucleon mass and Pauli-Villars mass. In this thesis we have also completely neglected the
distortion of the discrete level due to the sea. Its effects is simply unknown. The breaking of flavor SU(3)
symmetry appeared also to be important to give more reliable results, especially for hyperons. We do not
think that computing the 9Q component would be worthwhile due to the already small value of the 7Q
contribution. It would only be needed for more accurate predictions for pentaquarks.

Since we have at our disposal the explicit expression of all light baryon light-cone wave functions we
could in principle compute also FF, PDF and GPD, since charges correspond only to the matrix elements
of local operators in the forward limit. One could then estimate the transverse size of baryons, charge
distributions, . . . One could also explore axial transitions between multiplets and see if the quadrupolar
moment of the pion cloud has other directly observable effects.

In summary a lot of original results have been obtained as well as interesting observations have been
proposed. We have found a rather good overall agreement with experimental data though the breaking
of flavor SU(3) symmetry seems essential. The link with NQM is clear and relativity is consistently im-
plemented. Much work awaits to be done in this approach and would probably lead to further interesting
observations, suggestions and predictions.



Appendix A

Group integrals

We give in this appendix the complete list of octet, decuplet and antidecuplet spin-flavor wave functions
up to the 7Q sector. They are group integrals over the Haar measure of the SU(N) group normalized to
unity

∫
dR = 1. Part of them are copied from the Appendix B of [76].

A.1 Method

Here is the general method to compute integrals of several matrices R, R†. The result of an integration
over the invariant measure can only be invariant tensors which, for the SU(N) group, are built solely
from the Kronecker δ and Levi-Civita ε tensors. One then constructs the supposed tensor of a given
rank as the most general combination of δ’s and ε’s satisfying the symmetry relations following from the
integral in question:

• Since Rf
j and R†i

h are just numbers one can commute them. Therefore the same permutation among
f ’s and j’s (or h’s and i’s) does not change the value of the integral, i.e. the structure of the tensor.

• In the special case where there are as many R as R† one can exchange them which amounts to
exchange f and j indices with respectively i and h.

One has however to be careful to use the same “type” of indices in δ’s and ε’s, i.e. the upper (resp. lower)
indices of R with the lower (resp. upper) ones of R†. The indefinite coefficients in the combination are
found by contracting both sides with various δ’s and ε’s and thus by reducing the integral to a previously
derived one. We will give below explicit examples.

A.2 Basic integrals and explicit examples

Since the method is recursive let us start with the simplest group integrals. For any SU(N) group one
has ∫

dR Rf
j = 0,

∫
dR R†i

h = 0,

∫
dR Rf

j R†i
h =

1
N

δf
hδi

j . (A1)

The last integral is a well known result but can be derived by means of the method explained earlier.
There are two upper (f, i) and two lower (j, h) indices. In SU(N) the solution of the integral can
only be constructed from the δ and the ε tensor with N (upper or lower) indices. There is only one
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possible structure1 δf
hδi

j leaving thus only one undetermined coefficient A. The latter can be determined
by contracting both sides with, say, δj

i . Since Rf
j R†j

h = δf
h (R matrices belong to SU(N) and are thus

unitary) one has for the lhs

δj
i ×

∫
dR Rf

j R†i
h = δf

h (A2)

and for the rhs
δj
i ×Aδf

hδi
j = AN δf

h (A3)

and one concludes that A = 1/N .
Let us proceed with the integral of two R’s. Here all the upper (lower) indices have the same “type”

and must appear in the same symbol. Only ε has many indices in the same position. In the case N > 2
one needs more available indices. This means that for SU(N) with N > 2 one has

∫
dR Rf1

j1
Rf2

j2
= 0. (A4)

For N = 2, the group integral is non-vanishing since the structure εf1f2εj1j2 is allowed. The undetermined
coefficient A is obtained by contracting both sides with, say, εj1j2 . Since εj1j2Rf1

j1
Rf2

j2
= εf1f2 (R matrices

belong to SU(2) and have thus det(R) = 1) one has for the lhs

εj1j2 ×
∫

dR Rf1
j1

Rf2
j2

= εf1f2 (A5)

and for the rhs
εj1j2 ×A εf1f2εj1j2 = 2Aεf1f2 (A6)

and thus one concludes that A = 1/2. For SU(2) one then has
∫

dR Rf1
j1

Rf2
j2

=
1
2

εf1f2εj1j2 . (A7)

The SU(3) analog involves the products of three R’s
∫

dR Rf1
j1

Rf2
j2

Rf3
j3

=
1
6

εf1f2f3εj1j2j3 (A8)

which is vanishing for N > 3 and also for N = 2 since all the three upper (and lower) indices cannot be
used in ε’s. This can be easily generalized to SU(N) with the product of N matrices R

∫
dR Rf1

j1
Rf2

j2
. . . RfN

jN
=

1
N !

εf1f2...fN εj1j2...jN . (A9)

This integral is vanishing for all SU(N ′) groups with N ′ that is not a divisor of N .
Let us now consider the product of four R’s in SU(2). Since 2 is a divisor of 4 the integral is non-

vanishing. The general tensor structure is a linear combination of εfafbεfcfdεjwjxεjyjz with a, b, c, d and
w, x, y, z some permutation of 1,2,3,4. There are a priori 9 undetermined coefficients. The integral
symmetries reduce this number to 2. Thanks to the SU(2) identity

εj1j2εj3j4 + εj1j3εj4j2 + εj1j4εj2j3 = 0 (A10)
1The ε tensor needs N indices of the same “type” and position. The only possibility left is to introduce new indices

that are summed, e.g. εfgεhgεikεjk. This is however not a new structure since the summation over the new indices can be
performed leading to the “old” structure εfgεhgεikεjk = δf

hδi
j .
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only one undetermined coefficient is left which is obtained by contracting both sides with, say, εj1j2 . The
result is thus for SU(2)

∫
dR Rf1

j1
Rf2

j2
Rf3

j3
Rf4

j4
=

1
6

(
εf1f2εf3f4εj1j2εj3j4 + εf1f3εf2f4εj1j3εj2j4 + εf1f4εf2f3εj1j4εj2j3

)
. (A11)

The identity (A10) is in fact a particular case of a general SU(N) identity. It is based on the fact
that for SU(N) one has εj1j2...jN+1 = 0 and thus

εj1j2...jN XjN+1 ± εj2j3...jN+1Xj1 + εj3j4...j1Xj2 ± . . .± εjN+1j1...jN−1XjN = 0 (A12)

where the + (resp. −) sign is for N even (resp. odd) and Xj any tensor with at least index j. This
identity is easy to check. Since we work in SU(N) among the N + 1 indices at least two are equal, say jk

and jl. The only surviving terms are then −Xjk
+ Xjl

which give zero since jk = jl. It is very useful and
simplifies a lot the search of the general tensor structure. Since the number of indices of both “types”
is identical the structure in terms of δ’s and ε’s is also the same. The indices on ε can be placed in a
symmetric (e.g. εf1f2εf3f4εj1j2εj3j4) and an asymmetric manner (e.g. εf1f2εf3f4εj1j4εj2j3). By repeated
applications of (A12) the asymmetric part of the tensor can be transformed into the symmetric part
reducing thus the number of undetermined coefficients by a factor 2. In the search of the general tensor
structure one has just to consider symmetric ε terms only.

We give another useful identity. In SU(2) one has εf1f2f3εh1h2h3 = 0. Using the notation (abc) ≡
δf1

ha
δf2

hb
δf3

hc
this amounts to

(123)− (132) + (231)− (213) + (312)− (321) = 0. (A13)

This identity is easily generalized to any SU(N) group where it is based on εf1f2...fN+1εh1h2...hN+1
= 0.

We close this section by mentioning another group integral which is useful to obtain further ones. For
any SU(N) group one has

∫
dR Rf1

j1
Rf2

j2
R†i1

h1
R†i2

h2
=

1
N2 − 1

[
δf1

h1
δf2

h2

(
δi1
j1

δi2
j2
− 1

N
δi2
j1

δi1
j2

)
+ δf1

h2
δf2

h1

(
δi2
j1

δi1
j2
− 1

N
δi1
j1

δi2
j2

)]
. (A14)

One can easily check that by contracting it with, say, δh1
f1

it reduces to (A1).

A.3 Notations

In order to simplify the formulae we introduce some notations

[abc] ≡ (123)(abc) + (231)(bca) + (312)(cab) + (213)(bac) + (132)(acb) + (321)(cba), (A15)

[abcd] ≡ (1234)(abcd) + (2341)(bcda) + (3412)(cdab) + (4123)(dabc) + (2134)(bacd) + (1342)(acdb)
+ (3421)(cdba) + (4213)(dbac) + (3214)(cbad) + (2143)(badc) + (1432)(adcb) + (4321)(dcba)
+ (4231)(dbca) + (2314)(bcad) + (3142)(cadb) + (1423)(adbc) + (1324)(acbd) + (3241)(cbda)
+ (2413)(bdac) + (4132)(dacb) + (1243)(abdc) + (2431)(bdca) + (4312)(dcab) + (3124)(cabd),

(A16)
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[abcde] ≡ (12345)(abcde) + (23451)(bcdea) + (34512)(cdeab) + (45123)(deabc) + (51234)(eabcd)
+ (21345)(bacde) + (13452)(acdeb) + (34521)(cdeba) + (45213)(debac) + (52134)(ebacd)
+ (32145)(cbade) + (21453)(badec) + (14532)(adecb) + (45321)(decba) + (53214)(ecbad)
+ (42315)(dbcae) + (23154)(bcaed) + (31542)(caedb) + (15423)(aedbc) + (54231)(edbca)
+ (52341)(ebcda) + (23415)(bcdae) + (34152)(cdaeb) + (41523)(daebc) + (15234)(aebcd)
+ (13245)(acbde) + (32451)(cbdea) + (24513)(bdeac) + (45132)(deacb) + (51324)(eacbd)
+ (14325)(adcbe) + (43251)(dcbea) + (32514)(cbead) + (25143)(beadc) + (51432)(eadcb)
+ (15342)(aecdb) + (53421)(ecdba) + (34215)(cdbae) + (42153)(dbaec) + (21534)(baecd)
+ (12435)(abdce) + (24351)(bdcea) + (43512)(dceab) + (35124)(ceabd) + (51243)(eabdc)
+ (12543)(abedc) + (25431)(bedca) + (54312)(edcab) + (43125)(dcabe) + (31254)(cabed)
+ (12354)(abced) + (23541)(bcdea) + (35412)(cedab) + (54123)(edabc) + (41235)(dabce)
+ (54321)(edcba) + (43215)(dcbae) + (32154)(cbaed) + (21543)(baedc) + (15432)(aedcb)
+ (12453)(abdec) + (24531)(bdeca) + (45312)(decab) + (53124)(ecabd) + (31245)(cabde)
+ (12534)(abecd) + (25341)(becda) + (53412)(ecdab) + (34125)(cdabe) + (41253)(dabec)
+ (23514)(bcead) + (35142)(ceadb) + (51423)(eadbc) + (14235)(adbce) + (42351)(dbcea)
+ (23145)(bcade) + (31452)(cadeb) + (14523)(adebc) + (45231)(debca) + (52314)(ebcad)
+ (34251)(cdbea) + (42513)(dbeac) + (25134)(beacd) + (51342)(eacdb) + (13425)(acdbe)
+ (21435)(badce) + (14352)(adceb) + (43521)(dceba) + (35214)(cebad) + (52143)(ebadc)
+ (21354)(baced) + (13542)(acedb) + (35421)(cedba) + (54213)(edbac) + (42135)(dbace)
+ (32541)(cbeda) + (25413)(bedac) + (54132)(edacb) + (41325)(dacbe) + (13254)(acbed)
+ (35241)(cebda) + (52413)(ebdac) + (24135)(bdace) + (41352)(daceb) + (13524)(acebd)
+ (52431)(ebdca) + (24315)(bdcae) + (43152)(dcaeb) + (31524)(caebd) + (15243)(aebdc)
+ (42531)(dbeca) + (25314)(becad) + (53142)(ecabd) + (31425)(cabde) + (14253)(abdec)
+ (32415)(cbdae) + (24153)(bdaec) + (41532)(daecb) + (15324)(aecbd) + (53241)(ecbda)

(A17)

where

(abc)(def) ≡ δf1

ha
δf2

hb
δf3

hc
δid
j1

δie
j2

δ
if
j3

, (A18)

(abcd)(efgh) ≡ δf1

ha
δf2

hb
δf3

hc
δf4

hd
δie
j1

δ
if
j2

δ
ig
j3

δih
j4

, (A19)

(abcde)(fghij) ≡ δf1

ha
δf2

hb
δf3

hc
δf4

hd
δf5

he
δ
if
j1

δ
ig
j2

δih
j3

δii
j4

δ
ij
j5

. (A20)

Other structures are simplified as follows

[xyz, lmn] ≡ [lmn] where (abc)(def) ≡ δfx

fa
δ
fy

fb
δfz

fc
δjd
jx

δje

jy
δ
jf

jz
and thus [123, abc] = [abc],(A21)

{ab} ≡ δfa

f8
δfb
f10

(
5δj8

ja
δj10
jb
− δj8

jb
δj10
ja

)
+ δfa

f10
δfb
f8

(
5δj10

ja
δj8
jb
− δj10

jb
δj8
ja

)
, (A22)

{abcde} ≡ δh1
fa

(
εfbfch2εfdfeh3 + εfbfch3εfdfeh2

)
+ δh2

fa

(
εfbfch3εfdfeh1 + εfbfch1εfdfeh3

)

+ δh3
fa

(
εfbfch1εfdfeh2 + εfbfch2εfdfeh1

)
, (A23)
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{abc, de} ≡ εfafbfcεjajbjc

[
δfd
f5

δfe

f7

(
4δj5

jd
δj7
je
− δj5

je
δj7
jd

)
+ δfd

f7
δfe

f5

(
4δj7

jd
δj5
je
− δj7

je
δj5
jd

)]
,

{abcdef} ≡ εfafbfcεfdfeff εjajbjcεjdjejf
+ εfafbfdεfcfeff εjajbjd

εjcjejf
+ εfafbfeεfcfdff εjajbjeεjcjdjf

+ εfafbff εfcfdfeεjajbjf
εjcjdje + εfafcfdεfbfeff εjajcjd

εjbjejf
+ εfafcfeεfbfdff εjajcjeεjbjdjf

+ εfafcff εfbfdfeεjajcjf
εjbjdje + εfafdfeεfbfcff εjajdjeεjbjcjf

+ εfafdff εfbfcfeεjajdjf
εjbjcje

+ εfafeff εfbfcfdεjajejf
εjbjcjd

, (A24)

{abc, def} ≡ εfafbfcεjajbjc (7 [def, 579]− 2 ([def, 597] + [def, 975] + [def, 759]) + ([def, 795] + [def, 957])) .

(A25)

A.4 Group integrals and projections onto Fock states

Spin-flavor wave functions are constructed from the projection of Fock states onto rotational wave func-
tions. The rotational wave functions are given in the main text along with the particle representation,
see Section 3.3. The 3Q state involves three quarks that are rotated by three R matrices. The 5Q state
involves four quarks and one antiquark that are rotated by four R and one R† matrices. So a general nQ
state involves (n + 3)/2 quarks and (n− 3)/2 antiquarks that are rotated by (n + 3)/2 R and (n− 3)/2
R† matrices.

A.4.1 Projections of the 3Q state

The first integral corresponds to the projection of the 3Q state onto the octet quantum numbers for the
SU(3) group

∫
dR Rf1

j1
Rf2

j2
Rf3

j3

(
Rf4

j4
R†j5

f5

)

=
1
24

(
δf1

f5
δj5
j1

εf2f3f4εj2j3j4 + δf2

f5
δj5
j2

εf1f3f4εj1j3j4 + δf3

f5
δj5
j3

εf1f2f4εj1j2j4 + δf4

f5
δj5
j4

εf1f2f3εj1j2j3

)
. (A26)

This integral is zero for any other SU(N) group.
The second integral corresponds to the projection of the 3Q state onto the decuplet quantum numbers

for any SU(N) group
∫

dR Rf1
j1

Rf2
j2

Rf3
j3

R†i1
h1

R†i2
h2

R†i3
h3

=
1

N(N2 − 1)(N2 − 4)
{(N2 − 2) [123]

− N ([213] + [132] + [321]) + 2 ([231] + [312])}. (A27)

There is no problem in the case N = 2 thanks to (A13)
∫

dR Rf1
j1

Rf2
j2

Rf3
j3

R†i1
h1

R†i2
h2

R†i3
h3

=
1
24
{3 [123]− ([231] + [312])}. (A28)

The third integral corresponds to the projection of the antidecuplet onto the 3Q state for the SU(3)
group ∫

dR Rf1
j1

Rf2
j2

Rf3
j3

Rf4
j4

Rf5
j5

Rf6
j6

=
1
72
{123456}. (A29)
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This integral is also non-vanishing in only two other cases N = 2 and N = 6. The (conjugated) rotational
wave function of the antidecuplet is

A
∗{h1h2h3}
k (R) =

1
3

(
Rh1

3 Rh2
3 Rh3

k + Rh2
3 Rh3

3 Rh1
k + Rh3

3 Rh1
3 Rh2

k

)
. (A30)

Due to the antisymmetric structure of (A29) one can see that the projection of the antidecuplet on the
3Q sector is vanishing and thus that pentaquarks cannot be made of three quarks only.

A.4.2 Projections of the 5Q state

The first integral corresponds to the projection of the 5Q state onto the octet quantum numbers for the
SU(3) group
∫

dR Rf1
j1

Rf2
j2

Rf3
j3

(
Rf4

j4
R†j5

f5

)(
Rf6

j6
R†j7

f7

)
=

1
360

[{123, 46}+ {124, 36}+ {126, 34}+ {134, 26}+ {136, 24}
+ {146, 23}+ {346, 12}+ {246, 13}+ {236, 14}+ {234, 16}].

(A31)

This integral is zero for any other SU(N) group.
The second integral corresponds to the projection of the 5Q state onto the decuplet quantum numbers

for any SU(N) group
∫

dR Rf1
j1

Rf2
j2

Rf3
j3

Rf4
j4

R†i1
h1

R†i2
h2

R†i3
h3

R†i4
h4

=
1

N2(N2 − 1)(N2 − 4)(N2 − 9)
× {(N4 − 8N2 + 6) [1234]− 5N ([2341] + [4123] + [3421] + [4312] + [3142] + [2413])
+ (N2 + 6) ([3412] + [2143] + [4321])−N(N2 − 4) ([2134] + [3214] + [1432] + [1324] + [1243] + [4231])
+ (2N2 − 3) ([1342] + [4213] + [3241] + [2314] + [3124] + [4132] + [2431] + [1423])}. (A32)

No problem arises either in the case N = 3
∫

dR Rf1
j1

Rf2
j2

Rf3
j3

Rf4
j4

R†i1
h1

R†i2
h2

R†i3
h3

R†i4
h4

=
1

2160
{48 [1234] + 7 ([2341] + [4123] + [3421] + [4312] + [3142] + [2413])

− 6 ([3412] + [2143] + [4321])− 11 ([2134] + [3214] + [1432] + [1324] + [1243] + [4231])}. (A33)

or in the case N = 2 thanks to (A13)
∫

dR Rf1
j1

Rf2
j2

Rf3
j3

Rf4
j4

R†i1
h1

R†i2
h2

R†i3
h3

R†i4
h4

=
1

240
{8 [1234]− 3 ([2341] + [4123] + [3421] + [4312] + [3142] + [2413])

+ 4 ([3412] + [2143] + [4321])}. (A34)

The third integral corresponds to the projection of the 5Q state onto the antidecuplet quantum
numbers for the SU(3) group

∫
dR Rf1

j1
Rf2

j2
Rf3

j3
Rf4

j4
Rf5

j5
Rf6

j6

(
Rf7

j7
R†j8

f8

)
=

1
360

[
δf1

f8
δj8
j1
{234567}+ δf2

f8
δj8
j2
{134567}+ δf3

f8
δj8
j3
{124567}

+δf4

f8
δj8
j4
{123567}+ δf5

f8
δj8
j5
{123467}+ δf6

f8
δj8
j6
{123457}+ δf7

f8
δj8
j7
{123456}

]
.

(A35)
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This integral is also non-vanishing in only two other cases N = 2 and N = 6. The (conjugated) rotational
wave function of the antidecuplet (A30) is symmetric with respect to three flavor indices h1, h2, h3. The
projection of the 5Q state is thus reduced to

∫
dR Rf1

j1
Rf2

j2
Rf3

j3

(
Rf4

j4
R†j5

f5

)
A
∗{h1h2h3}
k (R) =

1
1080

×
{(

δj5
k εj1j23εj3j43 + δj5

3 εj1j2kεj3j43 + δj5
3 εj1j23εj3j4k

) [
δh3
f5

(
εf1f2h1εf3f4h2 + εf1f2h2εf3f4h1

)

+ δh1
f5

(
εf1f2h3εf3f4h2 + εf1f2h2εf3f4h3

)
+ δh2

f5

(
εf1f2h1εf3f4h3 + εf1f2h3εf3f4h1

) ]

+
(
δj5
k εj2j33εj4j13 + δj5

3 εj2j3kεj4j13 + δj5
3 εj2j33εj4j1k

) [
δh3
f5

(
εf2f3h1εf4f1h2 + εf2f3h2εf4f1h1

)

+ δh1
f5

(
εf2f3h3εf4f1h2 + εf2f3h2εf4f1h3

)
+ δh2

f5

(
εf2f3h1εf4f1h3 + εf2f3h3εf4f1h1

) ]

+
(
δj5
k εj1j33εj2j43 + δj5

3 εj1j3kεj2j43 + δj5
3 εj1j33εj2j4k

) [
δh3
f5

(
εf1f3h1εf2f4h2 + εf1f3h2εf2f4h1

)

+ δh1
f5

(
εf1f3h3εf2f4h2 + εf1f3h2εf2f4h3

)
+ δh2

f5

(
εf1f3h1εf2f4h3 + εf1f3h3εf2f4h1

) ]}
. (A36)

A.4.3 Projections of the 7Q state

The first integral corresponds to the projection of the 7Q state onto the octet quantum numbers for the
SU(3) group

∫
dR Rf1

j1
Rf2

j2
Rf3

j3

(
Rf4

j4
R†j5

f5

)(
Rf6

j6
R†j7

f7

)(
Rf8

j8
R†j9

f9

)

=
1

2160
({123, 468}+ {124, 368}+ {126, 348}+ {128, 346}+ {134, 268}+ {136, 248}+ {138, 246}

+ {146, 238}+ {148, 236}+ {168, 234}+ {468, 123}+ {368, 124}+ {348, 126}+ {346, 128}
+ {268, 134}+ {248, 136}+ {246, 138}+ {238, 146}+ {236, 148}+ {234, 168}). (A37)

This integral is zero for any other SU(N) group.

The second integral corresponds to the projection of the 7Q state onto the decuplet quantum numbers
for any SU(N) group

∫
dR Rf1

j1
Rf2

j2
Rf3

j3
Rf4

j4
Rf5

j5
R†i1

h1
R†i2

h2
R†i3

h3
R†i4

h4
R†i5

h5

=
1

N2(N2 − 1)(N2 − 4)(N2 − 9)(N2 − 16)
{N(N4 − 20N2 + 78) [12345]− (N4 − 14N2 + 24)

× ([21345] + [52341] + [12354] + [12435] + [13245] + [14325] + [32145] + [15342] + [42315] + [12543])
− 2(N2 + 12) ([34521] + [34152] + [35412] + [43512] + [24513] + [54123] + [35124] + [45132] + [45213]

+[41523] + [21534] + [54231] + [31254] + [51432] + [53214] + [25431] + [43251] + [21453]
+[53421] + [23154])
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+ 2N(N2 − 9) ([12453] + [23145] + [42351] + [15324] + [15243] + [32415] + [24315] + [14352] + [14235]
+[51342] + [52314] + [13425] + [25341] + [52143] + [42135] + [41325] + [13542] + [32541]
+[12534] + [31245])

+ N(N2 − 2) ([54321] + [32154] + [15432] + [43215] + [21543] + [45312] + [42513] + [14523] + [34125]
+[35142] + [21354] + [52431] + [13254] + [21435] + [53241]) + 14N ([23451] + [31452] + [53412]
+[23514] + [24531] + [34251] + [41253] + [51423] + [53124] + [25134] + [45231] + [51234] + [25413]
+[43521] + [24153] + [35421] + [43152] + [41532] + [54213] + [31524] + [54132] + [35214]
+[45123] + [34512])

− (5N2 − 24) ([13452] + [23415] + [23541] + [24351] + [32451] + [41352] + [52413] + [13524] + [24135]
+[35241] + [53142] + [25314] + [42531] + [14253] + [31425] + [15234] + [41235] + [51243] + [51324]
+[52134] + [15423] + [43125] + [25143] + [45321] + [42153] + [14532] + [34215] + [31542]
+[54312] + [32514])}. (A38)

No problem arises in the case N = 4

∫
dR Rf1

j1
Rf2

j2
Rf3

j3
Rf4

j4
Rf5

j5
R†i1

h1
R†i2

h2
R†i3

h3
R†i4

h4
R†i5

h5
=

1
80640

{179 [12345]

− 52 ([21345] + [52341] + [12354] + [12435] + [13245] + [14325] + [32145] + [15342] + [42315] + [12543])
+ 12 ([34521] + [34152] + [35412] + [43512] + [24513] + [54123] + [35124] + [45132] + [45213] + [41523]

+[21534] + [54231] + [31254] + [51432] + [53214] + [25431] + [43251] + [21453] + [53421] + [23154])
+ 19 ([12453] + [23145] + [42351] + [15324] + [15243] + [32415] + [24315] + [14352] + [14235] + [51342]

+[52314] + [13425] + [25341] + [52143] + [42135] + [41325] + [13542] + [32541] + [12534] + [31245])
+ 3 ([54321] + [32154] + [15432] + [43215] + [21543] + [45312] + [42513] + [14523] + [34125] + [35142]

+[21354] + [52431] + [13254] + [21435] + [53241])− 13 ([23451] + [31452] + [53412] + [23514] + [24531]
+[34251] + [41253] + [51423] + [53124] + [25134] + [45231] + [51234] + [25413] + [43521] + [24153]
+[35421] + [43152] + [41532] + [54213] + [31524] + [54132] + [35214] + [45123] + [34512])}, (A39)

in the case N = 3

∫
dR Rf1

j1
Rf2

j2
Rf3

j3
Rf4

j4
Rf5

j5
R†i1

h1
R†i2

h2
R†i3

h3
R†i4

h4
R†i5

h5
=

1
15120

{151 [12345]

− 38 ([21345] + [52341] + [12354] + [12435] + [13245] + [14325] + [32145] + [15342] + [42315] + [12543])
− 2 ([34521] + [34152] + [35412] + [43512] + [24513] + [54123] + [35124] + [45132] + [45213] + [41523]

+[21534] + [54231] + [31254] + [51432] + [53214] + [25431] + [43251] + [21453] + [53421] + [23154])
+ 10 ([12453] + [23145] + [42351] + [15324] + [15243] + [32415] + [24315] + [14352] + [14235] + [51342]

+[52314] + [13425] + [25341] + [52143] + [42135] + [41325] + [13542] + [32541] + [12534] + [31245])
+ 5 ([54321] + [32154] + [15432] + [43215] + [21543] + [45312] + [42513] + [14523] + [34125] + [35142]

+[21354] + [52431] + [13254] + [21435] + [53241])} (A40)
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or in the case N = 2 thanks to (A13)

∫
dR Rf1

j1
Rf2

j2
Rf3

j3
Rf4

j4
Rf5

j5
R†i1

h1
R†i2

h2
R†i3

h3
R†i4

h4
R†i5

h5
=

1
1440

{57 [12345]

− 11 ([21345] + [52341] + [12354] + [12435] + [13245] + [14325] + [32145] + [15342] + [42315] + [12543])
+ 2 ([12453] + [23145] + [42351] + [15324] + [15243] + [32415] + [24315] + [14352] + [14235] + [51342]

+[52314] + [13425] + [25341] + [52143] + [42135] + [41325] + [13542] + [32541] + [12534] + [31245])
+ ([54321] + [32154] + [15432] + [43215] + [21543] + [45312] + [42513] + [14523] + [34125] + [35142]

+[21354] + [52431] + [13254] + [21435] + [53241])}. (A41)

The third integral corresponds to the projection of the 7Q state onto the antidecuplet quantum
numbers for the SU(3) group

∫
dR Rf1

j1
Rf2

j2
Rf3

j3
Rf4

j4
Rf5

j5
Rf6

j6

(
Rf7

j7
R†j8

f8

)(
Rf9

j9
R†j10

f10

)
=

1
8640

× [{123456}{79}+ {123457}{69}+ {123467}{59}+ {123567}{49}+ {124567}{39}+ {134567}{29}
+ {234567}{19}+ {123459}{67}+ {123469}{57}+ {123569}{47}+ {124569}{37}+ {134569}{27}
+ {234569}{17}+ {123479}{56}+ {123579}{46}+ {124579}{36}+ {134579}{26}+ {234579}{16}
+ {123679}{45}+ {124679}{35}+ {134679}{25}+ {234679}{15}+ {125679}{34}+ {135679}{24}
+ {235679}{14}+ {145679}{23}+ {245679}{13}+ {345679}{12}]. (A42)

This integral is also non-vanishing in only two other cases N = 2 and N = 6. The (conjugated) rotational
wave function of the antidecuplet (A30) is symmetric with respect to three flavor indices h1, h2, h3. The
projection onto the 7Q state is thus reduced to

∫
dR Rf1

j1
Rf2

j2
Rf3

j3

(
Rf4

j4
R†j5

f5

)(
R†f6

j6
R†j7

f7

)
A
∗{h1h2h3}
k (R) =

1
25920

×
{[

δf1

f5
{72346}

(
5δj5

j1
δj7
k − δj7

j1
δj5
k

)
+ δf1

f7
{52346}

(
5δj7

j1
δj5
k − δj5

j1
δj7
k

)]

+
[
δf1

f5
{72436}

(
5δj5

j1
δj7
k − δj7

j1
δj5
k

)
+ δf1

f7
{52436}

(
5δj7

j1
δj5
k − δj5

j1
δj7
k

)]

+
[
δf1

f5
{72634}

(
5δj5

j1
δj7
k − δj7

j1
δj5
k

)
+ δf1

f7
{52634}

(
5δj7

j1
δj5
k − δj5

j1
δj7
k

)]

+
[
δf2

f5
{71346}

(
5δj5

j2
δj7
k − δj7

j2
δj5
k

)
+ δf2

f7
{51346}

(
5δj7

j2
δj5
k − δj5

j2
δj7
k

)]

+
[
δf2

f5
{71436}

(
5δj5

j2
δj7
k − δj7

j2
δj5
k

)
+ δf2

f7
{51436}

(
5δj7

j2
δj5
k − δj5

j2
δj7
k

)]

+
[
δf2

f5
{71634}

(
5δj5

j2
δj7
k − δj7

j2
δj5
k

)
+ δf2

f7
{51634}

(
5δj7

j2
δj5
k − δj5

j2
δj7
k

)]

+
[
δf3

f5
{71246}

(
5δj5

j3
δj7
k − δj7

j3
δj5
k

)
+ δf3

f7
{51246}

(
5δj7

j3
δj5
k − δj5

j3
δj7
k

)]

+
[
δf3

f5
{71426}

(
5δj5

j3
δj7
k − δj7

j3
δj5
k

)
+ δf3

f7
{51426}

(
5δj7

j3
δj5
k − δj5

j3
δj7
k

)]
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+
[
δf3

f5
{71624}

(
5δj5

j3
δj7
k − δj7

j3
δj5
k

)
+ δf3

f7
{51624}

(
5δj7

j3
δj5
k − δj5

j3
δj7
k

)]

+
[
δf4

f5
{71236}

(
5δj5

j4
δj7
k − δj7

j4
δj5
k

)
+ δf4

f7
{51236}

(
5δj7

j4
δj5
k − δj5

j4
δj7
k

)]

+
[
δf4

f5
{71326}

(
5δj5

j4
δj7
k − δj7

j4
δj5
k

)
+ δf4

f7
{51326}

(
5δj7

j4
δj5
k − δj5

j4
δj7
k

)]

+
[
δf4

f5
{71623}

(
5δj5

j4
δj7
k − δj7

j4
δj5
k

)
+ δf4

f7
{51623}

(
5δj7

j4
δj5
k − δj5

j4
δj7
k

)]

+
[
δf6

f5
{71234}

(
5δj5

j6
δj7
k − δj7

j6
δj5
k

)
+ δf6

f7
{51234}

(
5δj7

j6
δj5
k − δj5

j6
δj7
k

)]

+
[
δf6

f5
{71324}

(
5δj5

j6
δj7
k − δj7

j6
δj5
k

)
+ δf6

f7
{51324}

(
5δj7

j6
δj5
k − δj5

j6
δj7
k

)]

+
[
δf6

f5
{71423}

(
5δj5

j6
δj7
k − δj7

j6
δj5
k

)
+ δf6

f7
{51423}

(
5δj7

j6
δj5
k − δj5

j6
δj7
k

)]}
. (A43)



Appendix B

General tools for the nQ Fock
component

In this appendix we will give general remarks and “tricks” that help to derive easily the contributions
of any Fock component. We will show that schematic diagrams drawn by Diakonov and Petrov [76] are
a key tool that allows one to rapidly give the sign, the spin-flavor structure, the number of equivalent
annihilation-creation operator contractions and the factor coming from color contractions for any such
diagram. We first give the general rules and then apply them to the 7Q Fock component.

1. First remember that dark gray rectangles of the diagrams stand for the three valence quarks and
light gray rectangles for quark-antiquark pairs. Each line represents the color, flavor and spin
contractions

δαi

α′i
δfi

f ′i
δσi

σ′i

∫
dz′i d

2p′i⊥δ(zi − z′i)δ
(2)(pi⊥ − p′i⊥). (B1)

The reversed arrow stands for the antiquark.

2. For any nQ Fock component there are (n + 3)/2 quark creation operators and (n− 3)/2 antiquark
creation operators. The total number of annihilation-creation operator contractions is then

(
n + 3

2

)
!
(

n− 3
2

)
! (B2)

This means that for the 3Q component there are 6 annihilation-creation operator contractions and
24 for the 5Q component.

3. The number of line crossings N gives the sign of the annihilation-creation operator contractions
(−1)N . Indeed, any line crossing represents an anticommutation of operators.

4. The color structure of the valence quarks is εα1α2α3 and for the quark-antiquark pair it is δα4
α5

. So
if one considers color, the antiquark line and the quark line of the same pair can be connected and
then belong to the same circuit. The color factor is at least 3! due to the contraction of both ε’s
with possibly a minus sign. There is another factor of 3 for any circuit that is not connected to the
valence quarks.

5. The valence quarks are equivalent which means that different contractions of the same valence
quarks are equivalent. Indeed any sign coming from the crossings in rule 3 is compensated by the
same sign coming from the ε color contraction in rule 4. That is the reason why one needs to draw
only one diagram for the 3Q component.
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6. The quark-antiquark pairs are equivalent which means that any vertical exchange of the light gray
rectangles (quark and antiquark lines stay fixed to the rectangles) does not produce a new type of
diagram. This appears only from the 7Q component since one needs at least two quark-antiquark
pairs.

So for the 5Q component there are only two types of diagrams. The direct one has no crossing and
is thus positive while the exchange one is negative due to one crossing. There are 6 equivalent direct
annihilation-creation contractions and the color factor is 3! ·3 (there is an independent color circuit within
the quark-antiquark pair). There are 18 equivalent exchange annihilation-creation contractions but the
color factor is only 3! since the pair lines belong to a valence circuit. This is exactly what was said in
subsection 3.6.2. Of course there are 6 + 18 = 24 annihilation-creation operator contractions for the 5Q
component as stated by rule 2.

Figure B1: Schematic representation of the 7Q contributions to the normalization.

Let us now apply these rules to see what happens when one considers the 7Q Fock component. From
rules 5 and 6 we obtain that there are only five types of diagrams, see Fig B1.

Let us find the signs. These prototype diagrams have been chosen such that color contractions do not
affect the sign. The first diagram is obviously positive (no crossing). The second one has three crossings

Figure B2: The color factor of this diagram
is 3! · 3 since one has the valence circuit and
an independent circuit.

Figure B3: The color contractions in this
diagram give a minus factor because of
interchange of two valence quarks.

(they are degenerate in the drawing but it does not change anything considering one or three crossings
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since the important thing is that it is odd) and is thus negative. So is the third one with its unique
crossing. The fourth diagram has four crossings and is thus positive. The last one has six crossings and
is thus also positive.

Following rule 2 there must be 5!2! = 240 contractions. Indeed, there are 12 of the first and second
types while there are 72 of the other ones. Thus we have 2 · 12 + 3 · 72 = 240 contractions as expected.

The color factor of the first diagram is 3! · 3 · 3 = 54 since there are two independent circuits. The
color factor of the second one is only 3! · 3 = 18 since there is only one independent circuit as one can see
on Fig. B2. The third diagram has also a unique independent circuit and thus a color factor of 3! ·3 = 18.
For the two last diagrams there are no more independent circuit and we have consequently a color factor
of 3! = 6.

We close this appendix by considering the diagram in Fig. B3. Since two valence quarks are exchanged,
it must belong to the fifth type of diagrams. There are seven crossings and thus a negative sign while
the fifth type of diagrams is positive. In fact, for this particular diagram, the color contractions gives
an additional minus sign since the third quark on the left is contracted with the second on the right
εα1α2α3εα1α3α2 = −6.
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[84] C. Lorcé, Phys. Rev. D74 (2006) 054019, hep-ph/0603231.
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[138] V. Dmitrašinović, Phys. Rev. D71 (2005) 094003.

[139] M.A.B. Bég, B.W. Lee and A. Pais, Phys. Rev. Lett. 13 (1964) 514.

[140] D.A. Ross and C.T. Sachrajda, Nucl. Phys. B149 (1979) 497;
A.L. Kataev, A.V. Kotikov, G. Parente and A.V. Sidirov, Phys. Lett. B388 (1996) 179.

[141] R.S. Towell et al. [FNAL E866/NuSea Coll.], Phys. Rev. D64 (2001) 052002, hep-ex/0103030.

[142] K. Ackerstaff et al. [HERMES Coll.], Phys. Rev. Lett. 81 (1998) 5519.

[143] H. Abramowicz et al. [CDHS Coll.], Z. Phys. C15 (1982) 19;
H. Abramowicz et al. [CDHS Coll.], Z. Phys. C17 (1983) 283;
C. Foudas et al. [CCFR Coll.], Phys. Rev. Lett. 64 (1990) 1207;
S.A. Rabinowitz et al., Phys. Rev. Lett. 70 (1993) 134;
W.C. Leung et al., Phys. Lett. B317 (1993) 655;
A.O. Bazarko et al., Z. Phys. C65 (1995) 189.

[144] A.I. Signal and A.W. Thomas, Phys. Lett. B191 (1987) 205.

[145] S.J. Brodsky and B.Q. Ma, Phys. Lett. B381 (1996) 317;
H.R. Christiansen and J. Magnin, Phys. Lett. B445 (1998) 8;
F.G. Cao and A.I. Signal, Phys. Rev. D60 (1999) 074021.

[146] A.O. Bazarko et al., Z. Phys. C65 (1995) 189;
F. Olness et al., Eur. Phys. J. C40 (2005) 145.

[147] S. Davidson, S. Forte, P. Gambino, N. Rius ans A. Strumia, JHEP 0202 (2002) 037;
S. Kretzer, F. Olness, J. Pumplin, D. Stump, W.K. Tung and M.H. Reno, Phys. Rev. Lett. 93
(2004) 041802.

[148] G.P. Zeller et al. [NuTeV Coll.], Phys. Rev. D65 (2002) 111103(R).

[149] Y.A. Siminov and M.A. Trusov, hep-ph/0506058.

[150] B.W. Filippone and X.D. Ji, Adv. Nucl. Phys. 26 (2001) 1.

[151] J. Ellis, R.A. Flores and S. Ritz, Phys. Lett. B198 (1987) 393;
K. Griest, Phys. Rev. D38 (1988) 2357;
J. Ellis and R.A. Flores, Nucl. Phys. B307 (1988) 883;
J. Ellis and R.A. Flores, Phys. Lett. B263 (1991) 259;
J. Ellis and R.A. Flores, Nucl. Phys. B400 (1993) 25.

[152] M. Ademollo and R. Gatto, Phys. Rev. Lett. 13 (1964) 264.



134

[153] J.C. Peng, Eur. phys. J. A18 (2003) 395.

[154] B.Q. Ma, J. Phys. G17 (1991) L53;
B.Q. Ma and Q.R. Zhang, Z. Phys. C58 (1993) 479.

[155] S.J. Brodsky and F. Schlumpf, Phys. Lett. B329 (1994) 111.

[156] C. Bourrely, F. Buccella, J. Soffer, Eur. Phys. J. C41 (2005) 327.

[157] D. de Florian, G.A. Navarro and R. Sassot, Phys. Rev. D71 (2005) 094018.

[158] H.C. Kim, M. Praszalowicz and K. Goeke, Acta Phys. Polon. B32 (2001) 1343, hep-ph/0007022.

[159] S.D. Bass, Rev. Mod. Phys. 77 (2005) 1257.

[160] W.M. Yao et al., J. Phys. G33 (2006), 1.

[161] T. Yamanishi, arXiv:0705.4340 [hep-ph].

[162] P.G. Ratcliffe, Czech. J. Phys. 54 (2004) B11.

[163] L.B. Okun, Leptons and Quarks, Nauka, Moscow (1981), ch. 8.

[164] G.R. Goldstein and M.J. Moravcsik, Ann. Phys. (N.Y.) 98 (1976) 128;
G.R. Goldstein and M.J. Moravcsik, Ann. Phys. (N.Y.) 142 (1982) 219;
G.R. Goldstein and M.J. Moravcsik, Ann. Phys. (N.Y.) 195 (1989) 213.

[165] X. Artru and M. Mekhfi, Z. Phys. C45 (1990) 669.

[166] A. Hayashigaki, Y. Kanazawa and Y. Koike, Phys. Rev. D56 (1997) 7350, hep-ph/9707208;
W. Vogelsang, Phys. Rev. D57 (1998) 1886, hep-ph/9706511.
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