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Abstract: Quasi-elastic production is usually viewed as a golden signal for the de-
tection of objects such as the Higgs boson(s) or exotic particles and this is due to the very
clean final state and the lack of hadronic remnants after the interaction. In view of the recent
data from CDF Run II, we critically re-evaluated the standard approach to the calculation of
quasi-elastic cross sections in the high-energy limit and evaluated the uncertainties that affect
this kind of process. The main idea of this work was to understand the various ingredients that
enter the calculation and the uncertainties coming from each of them. We studied and narrowed
down these uncertainties using available data on dijets quasi-elastic event at the TeVatron. All
the arguments developed apply to high-mass central systems and lead to a prediction of the
Higgs quasi-elastic cross section at the LHC energies.

Résumé: La production quasi-élastique est souvent considerée comme une méthode
pouvant conduire à d’importantes découvertes lors de colisions hadron-hadron, en particulier
pour la recherche du(des) boson(s) de Higgs ou de particules exotiques. Cela est du à l’absence
de pollution hadronique qui rend l’état final de l’interaction très simple. En nous basant sur
les données récentes de CDF Run II, nous avons ré-évalué de facon critique l’approche standard
pour le calcul de la section efficace quasi-élastique dans la limite à haute énergie. Les incertitudes
théoriques qui affectent ce genre de calcul ont également été étudiées en détails. Ce travail a
consisté en l’étude des différents éléments qui composent le calcul et à comprendre l’origine
des incertitudes provenant de chacun d’entre eux. Nous avons alors pu dégager une méthode
d’analyse qui a permis de les réduire en utilisant les données de production quasi-elastique
de dijet au TeVatron. Comme tout les arguments développés sont identiques quelque soit le
type d’objet massif produit, cela nous a permis de donner une estimation de la section efficace
quasi-élastique pour la production du boson de Higgs aux énergies du LHC.
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So she was considering in her own mind (as well as she could, for the
hot day made her fell very sleepy and stupid), whether the pleasure
of making a daisy-chain would be worth the trouble of getting up and
picking the daisies, when suddenly a White Rabbit with pink eyes ran
close by her.
There was nothing so very remarkable in that; nor did Alice think it so
very much out of the way to hear the Rabbit say to itself, “Oh dear!
Oh dear! I shall be too late!” (when she thought it over after-wards, it
occurred to her that she ought to have wondered at this, but at the time
it all seemed quite natural); but when the Rabbit actually took a watch
out of its waistcoat-pocket, and looked at it, and then hurried on, Alice
started to her feet, for it flashed across her mind that she had never
before seen a rabbit with either a waistcoat-pocket, or a watch to take
out of it, and burning with curiosity, she ran across the field after it,
and fortunately was just in time to see it pop down a large rabbit-hole
under the hedge.
In another moment down went Alice after it, never once considering how
in the world she was to get out again.

Alice’s Adventures in Wonderland,
Lewis Carrol





Introduction

Quasi-elastic production in proton-proton collisions is a process in which the protons do not
break despite the appearance of a high-mass system. This kind of production has two major
interests: firstly, the centrally-produced system is within a rapidity gap and clean of hadronic
remnants, secondly there is the possibility to measure the energy-momentum lost by the two
initials protons and to reconstruct the mass of the centrally produced system without detecting
it or its decay products. According to these properties, quasi-elastic processes are viewed as a
“superb” channel for exotic particle production [1].
The first evidence for the existence of this kind of events with the production of a high-mass
system in hadronic collisions was discovered at the TeVatron and published in 2008 by the CDF
collaboration. The data, i.e. the cross section of exclusive dijet production, can be used in
order to compare the different quasi-elastic models on the market and to constrain the different
calculations. In addition, calculations of various quasi-elastic processes are based on the same
ingredients, hence when the parameters are fixed using the dijet data one can use them to make
a prediction on other processes, as for instance Higgs boson(s) quasi-elastic production.

This family of processes has small cross sections but their final state is simple and free of hadronic
pollution (except from pile-up). This characteristics can be important at the dawn of the LHC
era. The energy in the center-of-mass frame of the CERN proton-proton collider should reach
14 TeV and will cross 1.15×1011 protons every 25 nanoseconds at its nominal operating condi-
tion. This means that a huge number of particles should be produced every 25 nanoseconds and
the four main detectors will have to handle very complex final states. For that reason, even if
the cross sections of quasi-elastic processes are small, their identification and the identification
of the produced particles is simplified by the possibility to search for gaps in the central detector
and for protons in forward detectors. At the LHC, quasi-elastic processes are competitive and
as I write these lines1, the very first proton collision has been observed by the ATLAS and
CMS experiments, so that, the hunt is opened.

From the phenomenologist point of view, the calculation of quasi-elastic processes at high-energy
is one of the most complete and open topics as it involves many aspects of QCD, from perturba-
tive tree-level calculations to non-perturbative corrections. Theoretically, high-energy diffractive
calculations lead to relatively good predictions especially in the domain of hard interactions but
their richest interest is the possibility to improve and constrain the model using data. This
duality, to learn from both theory and data, to request theoretical knowledge for the basis and
data for the details or the other way around, always leads to an interesting interplay between
experimentalists and theorists as one needs an understanding of the process from the paper to
the detector. Because Nature will always surprise physicists and give them new phenomena to
explain, high energy quasi-elastic calculations are a fascinating playground for phenomenologists
and experimentalists alike.

1November 24, 2009 in the SPP Building at Saclay.





Chapter 1

Quasi-Elastic Production in
High-Energy Physics

A quasi-elastic process is possible from the exchange of a colour singlet and these quasi-elastic
events are part of a wider class, the diffractive events, which are characterized by a rapidity
gap in the final state, between the centrally produced system and the remaining hadrons. This
was suggested by Bjorken [1] as a means of detecting new physics in hadron-hadron collisions
because of the very simple final state in which rare particles can be produced and decay without
background.

In this chapter, we define quasi-elastic processes and related quantities before explaining their
interest from both theoretical and experimental points of view. In the second section, we give
the standard scheme of the calculation and each ingredient is introduced before being studied in
details. Because diffractive physics is often synonym of pomeron physics, we briefly introduce
present issues about the pomeron and diffraction in Quantum Chromo-Dynamics (QCD) and
finally, we describe two machines able to study quasi-elastic processes in hadronic collision, the
TeVatron and the LHC as well as their dedicated detectors.

1.1 Definitions and Variables

Events with a large rapidity gap between the produced particles and the nucleons in the final
state have several names. Diffraction is the generic term and the first authors to give a descrip-
tion of hadronic diffraction in modern terms were Good and Walker [2] who wrote in 1960:

A phenomenon is predicted in which a high energy particle beam undergoing diffraction scattering
from a nucleus will acquire components corresponding to various products of the virtual dissocia-
tions of the incident particle [. . . ] These diffraction-produced systems would have a characteristic
extremely narrow distribution in transverse momentum and would have the same quantum num-
bers of the initial particle.

A hadronic diffractive event is then an elastic event or an event with a rapidity gap but where
the initial particles break, giving rise to a bunch of final particles which carry the same quan-
tum numbers as the initial state. In the present work, we are studying a particular case of
diffraction with corresponds to the production of particles within a rapidity gap that we shall
call quasi-elastic, considering the fact that it keeps initial hadrons intact as in an elastic colli-
sion. In the literature, the same phenomenon is sometimes called exclusive production because
all final state objects, be they particles or jets, are detected. However, we think that this can
be confusing as the term is used to describe events where all particles in the final state were
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detected, i.e. centrally produced particles and the remains of the colliding one. In the following,
we shall exclusively talk about quasi-elastic production and let us start with a reminder of the
vocabulary and pertinent variables.

In a detector, particles can be located using two variables, the azimuthal angle φ and the pseudo-
rapidity η defined as

η = − log
(

tan
θ

2

)
, (1.1)

where θ is the usual polar angle and so a measurement of θ leads to a measurement of η. Note
that particles or jets with a large pseudo-rapidity are called forward. For high-energy particles,
pseudo-rapidity tends to rapidity defined as

y =
1
2

log
E + pz
E − pz , (1.2)

where E and pz are respectively the energy of the particle and the component of its four-
momentum along the z axis. Rapidity is the key variable in diffractive processes because the
large non-exponentially suppressed rapidity gap in the final state makes it easily recognizable
from central inelastic hadronic scattering. Indeed, the latter has a flat distribution of particle
rapidity due to soft interactions between the two colliding particles as shown in Fig. 1.1. If there

(a) (b)

Figure 1.1: Schematic picture of the rapidity distribution of the products of (a) a
central hadronic scattering and (b) a diffractive hadronic scattering.

is any particle production during the process, the centrally-produced system is within the gap.
Actually, there are three different types of event that can give this particular final state, namely:

Quasi-elastic production: Both incoming hadrons emerge intact in the final state,
see Fig. 1.2.a.

Single-diffractive production: Only one of the incoming hadrons emerges intact, the second
breaks but the final system has the same quantum numbers as the initial one, see Fig. 1.2.b.

Double-diffractive production: Both initial hadrons break, see Fig. 1.2.c.

The corresponding rapidity picture of these processes is also drawn in Fig. 1.2. The coloured
area represents the rapidity region where particles can be detected while the white, the lack
of hadronic remnants that corresponds to the gap. In diffraction, the final hadrons are broken
but for quasi-elastic processes, the kinematics is constrained in the region where the energy lost
by the initial hadrons, ∆i is small in order to keep them forward. In high-energy physics, the
quantity ∆i is one of the essential variables directly related to the fraction of energy lost by
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Figure 1.2: The three types of diffractive production and the resulting picture of the
final state in rapidity in the central detector. The zigzag line denotes
the exchange of a colour singlet and ∆i is the energy lost by the initial
hadrons.

the proton (antiproton). If p is the four-momentum of one of the incoming hadrons and ξi the
longitudinal fraction lost by the same hadron then, in the approximation of negligible transferred
transverse momentum, one has

∆i ' ξip, (1.3)

and one can show that the relation between the mass of the centrally produced system and the
energy in the center-of-mass frame of the collision s reads,

M2 ' ξ1ξ2s� s. (1.4)

The advantage of a quasi-elastic process is then a distinctive final state. In addition, this kind
of process allows one to reconstruct the mass of the central system from the measurement of the
fraction of momentum lost by the initial hadrons. We shall see that this is the event topology
that is really interesting for current detectors and when one has the correct ingredients, the
theoretical calculation of the cross section gives relatively good agreement with available data.

1.2 Standard Scheme of the Calculation

Quasi-elastic processes have been studied from various points of view and within different mod-
els [3–16]. The basis of all calculations is the set of tree-level diagrams involving quarks and
gluons, upon which one has to add virtual and soft corrections in order to reproduce the full
process, from the hadron collision to the final state. The first group who put together most of
the necessary ingredients was the Durham group [16, 17]. In this thesis, we present a model
made of five ingredients, related to the Durham scheme, but somewhat different. The various
parts of our model are as follows.

The parton-level calculation: The first ingredient is the analytic computation of all Feyn-
man diagrams that describe the production of a colour-singlet and keep the colour of
initial particles. It is schematically shown in Fig. 1.3.a, the calculation is under theoretical
control. It can be done using cutting rules or direct integration within the kinematical
regime where the momentum lost by the initial particles is small. In particular, we made
efforts to keep an exact transverse kinematics all along the calculation. The lowest-order
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cross section is presented in Chapter 2. We discuss there the details of the calculation,
the effect of approximations used in [16, 17] and the contribution of diagrams in which
the screening gluon participates to the hard sub-process, diagrams that were neglected in
previous works.

X

(a)

X

(b)

X

(c)

X

(d) (e)

Figure 1.3: Standard scheme of a quasi-elastic cross section calculation with its
various steps.

The impact factor: To describe a collision at the LHC or at the TeVatron, one needs protons
(anti-protons) in the initial state. Therefore, the first correction is the introduction of
an impact factor that models the behavior of real protons and embeds the quarks as
represented in Fig. 1.3.b. The model of the proton includes soft physics and relies on a
phenomenological description. Following references [14] and [18], we use theoretical models
for the impact factor based on the composition in quarks, light-cone wave-functions, dipole
form factor, ... and tuned to different data (elastic cross section, gluons density, ...).
The impact factor is described in Chapter 3 where we consider two ways to embed the
perturbative calculation into the proton. The uncertainties coming from the fits will be
carefully evaluated.

The Sudakov form factor: One of the most important ingredients of the calculation is the
Sudakov form factor, i.e. large double-logarithmic terms that suppress the cross section by
a factor of the order of 100 to 1000. It corresponds to virtual vertex corrections and in the
Higgs case, it is calculated to subleading-log accuracy [19–21]. However, in the dijet case
the single-log contributions have to be evaluated completely and several questions remain.
In particular, the dijet vertex cannot be considered point-like at all scales and consequently,
we claim that the hard scale of the process is not anymore related to the invariant mass
of the dijet system. Moreover, we have found that leading and subleading logs that are
resummed to give the Sudakov form factor are not dominant for the whole momentum
range, i.e. the constant terms are numerically important. This topic and related issues are
developed in Chapter 4.

The gap-survival probability: This is the probability that the gap survives after the first
interaction. The initial protons that stay intact may re-interact and possibly produce
particles that might fill the gap created at the parton level as schematically shown in
Fig. 1.3.d. The gap-survival probability is also the probability to have no inelastic inter-
actions between the two remaining protons. It is treated as a factor that multiplies the
cross section and is discussed in Chapter 5.

The splash-out: The last piece of the calculation is at the very border between theory and
experiment. Before its introduction, one is left with a cross section for partons in the
final state. To go from partons to real hadrons or jets observed by experimentalists, there
are several steps, i.e. parton showering, hadronization, jet reconstruction algorithms and
tagging. This last step is tricky: as there is no perfect matching between the reconstructed
jet and the parton that gives birth to it, one can loose some energy from parton to jet
and this loss of energy is the splash-out. It is usually treated as a factor and even if
reference [22] considered it, its effect was not really studied in details. In Chapter 5, we
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shall show how it is possible to use Pythia and a Monte-Carlo study to approximate the
probability to have a jet of transverse energy Ejet

⊥ from a parton of energy Eparton
⊥ .

Each piece of the calculation can be investigated separately, the theoretical approaches developed
and the uncertainties evaluated. The phenomenological description of quasi-elastic processes is
thus based on the assumption that each ingredient can be studied separately as they matter at
different scales, typically two well separated hard and soft scales. The important point is that
some of the corrections are identical in all quasi-elastic processes so that they can be studied in
one particular process then used in another. Consequently, the main idea of the present thesis
is to use available data to constrain the different prescriptions for the corrections, i.e. impact
factor, Sudakov form factor, gap survival, splash-out, and this should lead to a more precise
prediction of quasi-elastic cross sections for non-yet observed processes as well as improve our
knowledge in different aspects of QCD. In particular, we focus on the uncertainties and show
how it is possible to use the TeVatron data to reduce some of them. Using that knowledge, we
shall extrapolate the model to predict the cross section for dijet and Higgs boson quasi-elastic
production at the LHC.

The plan of the thesis is then the following. The first part is devoted to the dijet quasi-elastic
cross section [23]. All ingredients described above are studied in details and the uncertainties
that affect the calculation are evaluated at each step. The second part treats the Higgs boson
quasi-elastic production [24] in the same way and explains how uncertainties are narrowed down
using the dijet study. All results will be presented for both the TeVatron and the LHC.
Nevertheless, before coming to the effective calculation, we shall say a few words about the theory
behind quasi-elastic scattering and about the detectors built to study this kind of processes in
high-energy physics.

1.3 Theory of Quasi-Elastic Processes: A QCD Laboratory

Quasi-elastic processes provide a laboratory where several aspects of QCD can be investigated:
soft and hard interactions, exotic particle production, non-perturbative effects or high-energy
behavior of the cross section. The present section focuses on the interest from the theoretical
side and we start with the history of diffraction. We continue with two different philosophies
of the theory behind quasi-elastic scattering while the last section is dedicated to some of the
related unsolved problems of QCD.

With the first high-energy hadron accelerators, one needed to describe the dynamics of the
produced events and the observed slow increase of the total cross section with the center-of-
mass frame energy [25, 26]. The first success of elastic scattering theory, and consequently of
diffraction, was to find a mechanism that explained the behavior of the total cross section at
high-energy by the exchange of an object with the quantum numbers of the vacuum called the
pomeron [27]. It was the pre-QCD epoch of Regge theory where physicists tried to describe
strong interactions within a robust mathematical model of the scattering matrix [28–30]. They
focused first on the study of elastic and exclusive processes, i.e. reactions where the kinematics
of the final state is fully reconstructed. Ten years later, the theory of quarks and gluons was
born [31, 32] and a lot of people chose to turn to inclusive processes where one considers only
total rates of production. In the new framework of QCD, the theorem of factorisation [33] al-
lows to separate the hard interaction, that produced the leading particles and can be calculated
perturbatively, from the soft ones. Unfortunately no such theorem exists for the diffractive case.
In the last two decades, diffractive processes made a come back with the observation of rapidity
gap events at HERA [34], followed by the diffraction program of TeVatron. The presence of
the rapidity gap was then identified by Bjorken [1] as an interesting signature and the interest
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in diffraction started slowly to be reborn. It quickly appeared from HERA that this kind of
events has properties from soft and hard physics at the same time. The idea of hard diffrac-
tion was born in 1984 from Donnachie and Landshoff [35] and developed later by Ingelman and
Schlein [36], who tried to factorise the soft and hard interactions so that QCD would formulate
the hard collision in terms of quarks and gluons. One would have the possibility from this basis
to extend the calculation to the non-perturbative region where soft exchanges occur. It was
rapidly confirmed by the H1 and ZEUS collaboration in 1993 that hard diffraction exists and
few years later, by the UA8 experiment at CERN pp̄ collider [37] but also by the CDF and D0/
collaborations at the TeVatron [38]. Unfortunately, it also appeared the the Ingelman-Schlein
factorisation did not work.
One can show that colour-singlet exchange between high-energy protons is a very common event,
about 25% of the cross section at TeVatron1 is from elastic scattering pp̄→ pp̄ and another 20%
is due to single-diffractive or double-diffractive scattering. Hence, this aspect of QCD is im-
portant and will be even more so at the LHC where the center-of-mass frame energy should be
equal to

√
s = 14 TeV2. This energy will increase the rate of elastic scattering to about 30% of

the total cross section [39] and may allow the production of heavy particles as for example, the
wanted Higgs boson(s).

At present, quasi-elastic production is considered as a rich topic of hadronic physics. The
signature of events is one of the cleanest and the mathematical basis are defined even if important
questions and issues subsist. We shall now describe the basic concepts of quasi-elastic scattering
from two points of view. The first is a description from the analytic-S-matrix theory as soft
exchanges with an additional hard interaction, the second starts with the hard inclusive process
and introduced afterward soft corrections to make it quasi-elastic.

1.3.1 The Analytic-S-Matrix Description

Before the rise of QCD, the first attempt to describe strong interactions relied on the properties
of the scattering matrix S. In this framework, all scattering processes are described by their
singularities in the complex-J plane. In the simplest case, these singularities are poles and
represent the exchange of an infinite number of bound states with the same quantum numbers,
except for the spin. The theory predicts the asymptotic behavior of the cross section, i.e. its
behavior in the limit where the center-of-mass frame energy is much larger than the exchange
momentum |t| and than all masses. Note that is exactly what we requested for quasi-elastic
events in Eq. (1.3).

Without going into much detail, the phenomenological description of scatterings using the an-
alytic S-matrix gives the s-channel high-energy behavior of the amplitude due to the exchange
of a family of resonances in the crossed channel. The ensemble of resonances with the same
quantum numbers3 lies on a “Regge trajectory” that is a function of t and reads

α(t) = α(0) + α′t. (1.5)

The constant α(0) is called the “intercept” and α′ is the “slope”. There exists different trajecto-
ries characterized by the quantum numbers of their resonances and by their slope and intercept.
In the S-matrix phenomenology, the amplitude of a given elastic-scattering process is propor-
tional to a power of s

1From the Particle Data Group.
2Up to now, it appears that due to technical reasons, the LHC should run between

√
s = 7 TeV and

√
s =

10 TeV.
3Parity, charge conjugation, G-parity, isospin, strangeness, etc. apart for their spin.
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A ∝ sα(t). (1.6)

Here α(t) is the Regge trajectory corresponding to the quantum numbers of the exchange. The
total cross section is related by the optical theorem to

σtot ' 1
s

Im (A(0)) ∼ sα(0)−1. (1.7)

At high energy only the highest-spin trajectory contributes and the others are suppressed by a
power of s, but if more than one pole are exchanged then the cross section is given by a sum
over all contributions

σtot ∝
∑
Aisαi(0)−1. (1.8)

The values of the slope and the intercept for a given trajectory can be obtained by a fit to total
cross-section data for different processes or center-of-mass frame energies. The important point
is that the S-matrix description leads to a parametrisation of high-energy scatterings for a large
set of data but only in the limit of small momentum transfer. This means that one has here a
representation of soft exchanges between colliding particles. Note that the exchange of a Regge
trajectory (or reggeon) is usually represented as in Fig. 1.4.a. To explain the growth of the cross

(a) (b)

Figure 1.4: (a) Exchange of a Regge trajectory or reggeon. (b) Inclusion of a hard
scattering into the soft exchange. The hard subprocess can be attached
to any of the exchanged pomerons.

section, the pomeron trajectory was introduced, see for instance Sec. 1.3.3. High-energy elastic
scattering is thus described by the exchange of a trajectory with the quantum numbers of the
vacuum4 and with an intercept of the order of 1. One of the remaining problems is the descrip-
tion of multiple pomeron exchanges, this in turn will lead to an uncertainty in the gap-survival
probability.

In the framework of the analytic scattering matrix, one can see quasi-elastic production as
the embedding of a hard interaction into the above soft exchange schematically pictured in
Fig. 1.4.b. Two pomerons emitted from the incoming hadrons collide at very short distances
and this collision can be treated separately from the rest of the exchange due to the presence
of a hard scale. The argument is essential and allows to treat separately the hard and the soft
interaction, the former can be calculated perturbatively and the latter parametrised, e.g. by its
slope and intercept, using Eq. (1.7) and elastic cross section data. The quasi-elastic production
of any particles is then written in a factorised form

σ = FIP(|t|, s)× σ̂, (1.9)

where σ̂ is the hard scattering and FIP is either a pomeron flux or a phenomenological soft
pomeron that includes, in both cases the dependence in s of the cross section. This picture of
pomeron flux is used by the Durham group and in Chap. 7 and can be also found in Chap. 3,

4P=+1, C=+1, I=0.
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where we shall use a Regge factor to take into account the dependence of the quasi-elastic cross
section on the center-of-mass frame energy.

1.3.2 Perturbative QCD Path

Quasi-elastic production with gluon fusion can be analysed from the point of view of standard
perturbative QCD (pQCD), provided several modifications are made. If one starts with the
usual gluon fusion schematically presented in Fig. 1.5, quasi-elastic production can be obtained

Figure 1.5: Production by gluon fusion.

by the addition of a gluon in the t-channel in order to have a colour-singlet exchange.

What seems easy at first sight is not in fact. The hard subprocess producing the final particle
is identical in both inclusive and quasi-elastic cases but, in the inclusive case, the cross section
is summed over all possible final states. In particular, the additional soft exchanges between
final particles disappear in the sum and the calculation is perturbative. Furthermore, at the
cross-section level the proton structure functions are well defined in the framework of QCD and
can be measured in different experiments. Three decades of data taking over several ranges of
energy in the center-of-mass frame and transferred momentum have led to a precise knowledge
of these quantities.
In the quasi-elastic case, the addition of the soft screening gluon that prevents colour flow in
the t-channel and the exclusivity of the event definitively change the picture. The factorisation
theorem doesn’t hold and the proton structure functions, that needs to be defined here for very
small transferred momenta, cannot be used anymore. Furthermore, as the final state is now
specified, all soft interactions between the different particles of the system should be added.
This includes in fact, higher-order and soft corrections in the form of a Sudakov form factor and
gap-survival probability, that cannot be fully computed using pQCD and consequently have to
be modeled or fitted to data, bringing in the same time large uncertainties on the final result.

1.3.3 Unsolved Problems in Diffractive QCD

Diffraction and consequently quasi-elastic production seems to have reached a level where one
knows which elements of the cross section are needed to reproduce the data. Moreover, the
relatively good agreement between calculations and data suggests that diffraction might be
described by the theory of strong interactions [40]. However, diffraction is at the border of
our understanding of QCD and this leads to results affected by large theoretical uncertainties.
We stress that the analysis presented here, with the help of recent CDF data, may lead to an
improvement in our knowledge of the deep details of quasi-elastic production. Hence, we briefly
discuss two different issues to give a general idea of the problems one has to deal with when
working on diffractive physics: the nature of the pomeron and the non-perturbative regime
of QCD.
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The Nature of the Pomeron

The pomeron exchange is responsible for the slow rise of the total cross section with s and is
called after its inventor Pomeranchuk [27]. In the present section, we shall remind the reader of
the outstanding issues connected with the pomeron IP in QCD.

In the theory of the analytic S-matrix, and as explained in Sec. 1.3.1, a two-body scattering
process is described in terms of an exchange of Regge trajectories in the t-channel. The asymp-
totic behavior of the total cross section with s is related to the intercept α(0) of the leading
trajectory by

σtot ∼
s→∞

1
s

ImA(s, t = 0) ∼
s→∞ sα(0)−1. (1.10)

The known mesonic trajectories have intercepts smaller than 1 and thus, their exchange leads
to a decrease of the total cross section with s. Nevertheless, the total cross section increases
with energy and this unexpected behavior can be explained by the introduction of an additional
trajectory, dominant at high energy and with a intercept slightly larger than one [29, 30]. The
bound states corresponding to the pole are not related to any known particles but it is usually
admitted that they should be bound states of gluons called glueballs5.
The parameters, slope and intercept, of the pomeron trajectory can be extracted from a fit to
elastic scattering data. This was done by Donnachie and Landshoff in [42] and recently refitted
to

αIP(t) = 1.09 + 0.3 t, (1.11)

in the region 0.5 GeV2 < |t| < 0.1 GeV2 and 6 GeV <
√
s < 63 GeV [43]. It can be argued that

an intercept larger than one would eventually violate the Froissard-Martin bound but multiple-
pomeron exchanges should prevent the breakdown of unitarity at higher energy.
The difficulty with the pomeron is that, besides an ad-hoc description of the data, its exact
nature is not well known considering that QCD is unable to predict the value of the inter-
cept. Actually, there exists in the literature two main, but rather different, physical pictures
of the pomeron sometimes called the soft and the hard pomeron. The former is a simple but
accurate parametrisation of Regge theory in a large region of data that leads to a small inter-
cept αsoft

IP ' 1.1, in the limit of small momentum transfer. The latter derives from the huge
efforts made in the calculation of the exchange of a gluon ladder between two interacting quarks
in the framework of pQCD. The pomeron amplitude is then the result of the summation of
leading and subleading log(s) contributions from a number of diagrams and is summarised by
the BFKL equation developed by Balitsky, Fadin, Kuraev and Lipatov [44–47]. The equation in-
cludes all transverse momenta, from soft contributions to hard ones, so that all scales are mixed.
This hard pomeron is sometimes called the BFKL pomeron and has an intercept of αhard

IP ' 1.5
at the leading-log level. Nevertheless, the BFKL approach may reproduce the data only with
huge non-leading corrections [47] and in addition, the calculation is very sensitive to details of
the IR region where one has to include non-perturbative corrections that complicate the solu-
tion [48, 49]. Up to now, the pomeron is just something that makes the cross section increase
with energy and a lot of questions still remain open.

The attempts to describe the nature of the pomeron raise several interesting questions about
the scales one is studying in QCD. Experimentalists are left with a huge amount of data from
processes that include hard scales and soft scales. Each of the kinematical regimes are described
using different parametrisation but also different regions of QCD since the soft pomeron is

5Glueballs are expected to be the bound state of at least two gluons, there is now a 2++ candidate and one
can find more details about them in reference [41].
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highly non-perturbative whereas the hard one is a perturbative object. It is clearly important
to understand what happens between these two regions and this is why processes at the border,
such as hard diffraction and quasi-elastic processes, are still a laboratory where QCD dynamics
at different scales can be studied.

Non-Perturbative Aspects of Diffraction

After the discovery of QCD, the idea of a pomeron pictured as a two-gluon exchange was pro-
posed by Low and Nussinov [50, 51] as the simplest way to model a colour-singlet with the
quantum numbers of the vacuum. At the Born level, these gluons couple to quarks inside the
incoming hadron as shown in Fig. 1.6. Rapidly, it appeared that this simple perturbative picture

Figure 1.6: Elastic scattering via pomeron exchange modeled at the Born level
through the exchange of two gluons in the t-channel. The crossed dia-
grams are not represented here.

wasn’t sufficient to explain data due to the IR sensitivity of QCD as a non-abelian gauge theory
with confinement. We shall see in Chap. 2 and Chap. 4 that results strongly depend on the
details of this regime.

Non-perturbative effects naturally appear in the soft corrections to the calculation, i.e. in the
impact factor and in the gap-survival probability. As they cannot be calculated in pQCD, one
has to use instead fits to data or phenomenological models. Hence, those parametrisations are
automatically and irremediably plagued by large uncertainties. One has to allow this intro-
duction of non-perturbative effects in the calculation and try to learn as much information as
possible from the data in order to build models and reach a reasonable precision on the cross
section. This is what we shall do for the quasi-elastic case in Chap. 5 and Chap. 6.

Another interesting manifestation of the non-perturbative regime in the calculation is the soft-
ness of exchanged gluon momenta. Consequently, if one wants to go beyond the usual per-
turbative assumption, the gluon propagator can be modified and this technique is sometimes
used to remove the IR divergence of the parton-level amplitude as the IR sensitivity of QCD
comes in part from the gluon propagator itself. One expects the perturbative propagator to be
different from the exact propagator of QCD. In particular, one can only trust its shape when the
coupling of QCD becomes small, i.e above twice the mass of the charm quark mc [52]. Purely
perturbative calculations in QCD use the gluon propagator

Dµν(k2) =
−igµνδab
k2 + iε

, (1.12)

in the Feynman gauge where a and b are colour indices [53]. The IR problem largely comes from
the pole at k2 = 0 since poles on the real axis correspond to real particles that propagate far
away in space, such a pole is not permitted because gluons are confined. In order to model the
non-perturbative dynamics of QCD that cannot be calculated exactly in the absence of a hard
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scale, some authors proposed to derive phenomenologically a new gluon propagator. Landshoff
and Nachtmann [48] proposed a propagator in the form of a falling exponential

Dµν(k2) = C ek
2/Λ2

, (1.13)

that is finite for k2 = 0 and where Λ is a constant related to the scale at which non-perturbative
effects begin to appear. According to Gribov, it is also possible to improve the quantization of
non-abelian gauge fields and this leads to a gluon propagator of the form [54],

Dµν(k2) =
−igµνδab
k2 + Λ4

k2

. (1.14)

The divergence vanishes because the propagator is null at k = 0 and the consequences of the
use of such a propagator in two-gluon exchange was previously studied in [55]. There also exists
several other possibilities, e.g. adding directly an effective mass µg for the gluon. All these at-
tempts to include the contribution of the non-perturbative region into the calculation constitute
an important step towards the full description of diffractive processes and more generally of
QCD processes. However, these corrections are tentative at best as if one wants to be complete,
the vertices should also be modified and this is even more complicated. The understanding of
the non-perturbative contributions implies a larger treatment, that is up to now far from our
present capabilities.

We shall show that the non-perturbative aspects of the calculation are important and that results
are sensitive to the details of this regime of QCD but the present knowledge and methods don’t
allow to derive those parts reliably, so that one has to use models or fits.

1.4 Detectors for Quasi-Elastic Events

The identification of diffractive events can be done through the particular pattern of the final
state and is improved by the presence of dedicated forward detectors. In this section, we shall
give a short overview of the present and future detectors able to study details of diffraction at
the TeVatron or the LHC. In the second section, we shall describe the experimental method that
can be used to reconstruct the mass of the centrally produced system in a quasi-elastic collision.

1.4.1 The TeVatron

The TeVatron is named after the energy −of the order of 1 TeV− of the proton and antiproton
beams that circulate at the Fermi National Accelerator Laboratory in Illinois. Due to several
successful upgrades since its start in 1983, the energy in the center-of-mass frame is exactly
1.960 TeV for the Run II events. The TeVatron has been the highest-energy particle collider in
the world for a long time and its success was the discovery by CDF and D0/, of the top quarks
in 1995. Up until now, the TeVatron collaborations are still trying to find the Higgs boson before
the LHC.

The particularity of the TeVatron is that it collides protons and antiprotons, and as they have
opposite charges, beams travel through the same beam pipe in opposite directions. There are
two interaction points positioned at opposite sides of the ring as shown in Fig. 1.7. The two
detectors, CDF for Collider Detector at Fermilab [56, 57] and D0/ [58, 59] are built differently, but
both are classical devices for particle physics in which the different sensitive layers are placed in a
concentric way around the beam axis. First a tracker system, then a electromagnetic calorimeter,
then an hadronic calorimeter and finally a muon detector. In addition, both CDF and D0/
are equipped with forward detectors that extend the rapidity coverage beyond 3.6 and those
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detectors can be used to study diffraction during the low-luminosity phases as they principally
collect particles scattered at small angles.

Figure 1.7: Map of the TeVatron. Adapted from [58, 60].

In CDF, which published in 2008 the dijet quasi-elastic cross section measurement, the very for-
ward instrumentation is composed of three Roman pot stations located about 57 m downstream
in the antiproton beam direction. Each contains a scintillation counter used for triggering on
the final anti-proton of quasi-elastic or elastic collisions. Note that there is no very forward
detector on the proton side that hence is not detected.

1.4.2 The Large Hadron Collider

The Large Hadron Collider (LHC) was approved in December 1994 but the construction started
only at the beginning of 2004 in the old LEP tunnel. Since March 2010, the circulation of
the beams and the first collisions have been achieved and the data taking started at an energy
of
√
s = 7 TeV. During the recent Workshop on LHC Performance held in Chamonix in Jan-

uary 2010, it was decided to run at this energy until summer or autumn 2011 and by the end of
the year, one hopes to achieve a luminosity of 3.1 1031 cm−2s−1 [61, 62]. This should be followed
by a long shutdown to allow the necessary works to reach the LHC design energy of

√
s = 14 TeV.

The LHC has a circumference of 27 km dug at 175 m underneath two countries, France and
Switzerland. Along the tunnel, two beams of protons run in opposite directions inside two
beam pipes and their rotation are controlled by over 1600 superconducting magnets cooled at -
271.25 ◦C. This allows engineers to circulate bunches of protons close to the speed of light and
with an energy of several TeV per protons. The nominal commissioned energy of the beam
is 7 TeV, leading to collision of 14 TeV in the center-of-mass frame. However, the recent issues
with the supra-conducting magnets have been followed by an early stage of run at 3.5 TeV per
beam that should allow interesting high-energy studies. The two beams can be collided in the
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four points of Fig. 1.8, named interaction points (IP), where are built detectors that collect the
particles produced during the interaction.

Figure 1.8: Map of the LHC and its four interaction points with pictures [63–65] of
their detector: ATLAS (IP1), ALICE (IP2), CMS (IP5) and LHCb (IP8).
The top of the remaining octants are occupied by beam maintenance de-
vices, beam cleaning and collimation, acceleration cavities and beam dump
system [66, 67].
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ATLAS and CMS are multi-purpose detectors able to study almost any kind of physics that can
pop up. LHCb is dedicated to the study of CP-violation in the production of b-quarks and anti-
quarks, looking for an asymmetry in their decays and ALICE is designed to study the physics of
strongly interacting matter and of the quark-gluon plasma during the heavy-ion collision phase6.
From here on, we shall focus on ATLAS and CMS as their design is more adapted to the study
of quasi-elastic events and diffraction.

(a) (b)

Figure 1.9: ATLAS and CMS detectors at the LHC. The two pictures come from the
official websites [63].

Like most of the detectors, they are constituted by a central inner tracking system, a high resolu-
tion electromagnetic calorimeter, a hadronic calorimeter and a muon detector shown in Fig. 1.9.
If one includes all the central parts then the rapidity coverage of ATLAS and CMS extends
from zero to 3 as shown in Fig. 1.10. The forward calorimeters FCal in ATLAS and the CMS

Figure 1.10: Approximate transverse momentum and rapidity coverage of ATLAS and
CMS. Adapted from [68].

hadronic calorimeters HF increase the rapidity range to |η| < 5 and are considered as part of the
central detector. Particles with higher rapidity are detected in forward detectors, i.e. close to
the beam pipe and far away from the interaction point. Those detectors are on the trajectory of

6The four acronyms stand for A Toroidal Lhc ApparatuS, Compact Muon Solenoid, Large Hadron Collider
Beauty and A Large Ion Collider Experiment.
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particles scattered at small angle. Both ATLAS and CMS are completed by Roman pots (RP)
designed to measure these particles in the rapidity region of 6.5, their are the T1 and T2 trackers
for CMS and LUCID for ATLAS, measuring the luminosity by counting charge particle tracks7.
Both should be used as a trigger for forward detectors TOTEM and ALPHA [69, 70] located
respectively at 150 m and 240 m on each sides of the central detector and able to detect protons
elastically scattered at angles of the order of 100 µrad. Finally, and this would be the first time
at a hadronic collider, there is a proposal for very forward detectors using Roman Pot techniques
at 220 m and 420 m of the interaction point. They are called respectively RP220 and FP4208.
At such distances, they could be hit by protons that have lost a tiny fraction of their initial
momentum and the inclusion of those detectors would make the rapidity coverage reach |η| ∼ 12.

Even without RP220 and FP420, the two multi-purpose detectors of the LHC should be able
to observe diffractive events by triggering on rapidity gaps in the final state. However, it was
shown in the technical reports of the two experiments that a good acceptance and resolution on
elastic and quasi-elastic events will be only achieved by the introduction of these very forward
detectors. In particular, at high luminosity they are useful to reject background.

Forward Detectors

In order to tag the remaining protons of a quasi-elastic scattering event, one has to place a
detector close to the beam itself as the protons loose only a tiny part of their momenta and
hence stay around their initial bunch. However, it is impossible to put a detector so close to the
beam, as it would be rapidly destroyed by radiation and particle collisions. Thus, one can use
the fact that after about a hundred meters, the final proton is now separated by few millimeters
from the beam and can hit a strategically placed detector.

The FP420 detector would be located in a small space left on the beam line of LHC and to
protect its sensors during the injection phases it is co-moving with the pipe9. After injection
and when the beam is stable, FP420 can get closer and would be able to collect protons flying
at 10 to 5 mm from the beam. With the addition of these two forward detectors on the right
and on the left of the central detector, CMS is represented in Fig. 1.11 and if one considers the

Figure 1.11: Drawing of the CMS and surrounding detectors at the LHC [71].

addition of both RP220 and FP420, it should be possible to detect protons that have lost a
7T1 and T2 stands for Telescope 1 and 2, LUCID means LUminosity measurement using Čerenkov Integrating

Detector.
8Recently, they were gathered under the name of ATLAS Forward Physics (AFP) in the ATLAS collaboration

and High Precision Spectrometers (HPS) in the CMS collaboration.
9The technique is called the “Hamburg pipe” in reference to a similar setup at HERA.
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fraction 0.002 < ξ < 0.2 of their momentum with an acceptance close to 100%. However, the
proton tagging has to be related to the central collision. This can be done by measuring the
time of flight from the vertex to the forward detectors. This measurement should also allow the
reduction of background by associating the information from both the central and the forward
detectors. The technique allows a clear identification of quasi-elastic events and seems perfect,
apart from the fact that the distance between the central detector and FP420 is too large to
admit any communication, i.e FP420 cannot be used as a Level 1 trigger. Hence, the matching
requests an exact knowledge of the timing, underlying the importance of high-precision fast
detectors. In particular, the uncertainty on the vertex position is small if the time resolution is
good and it is then possible to match the detection of remaining protons in the right and left
forward detectors with the vertex observed in the central part. If there is no correspondence,
the event is rejected as well as most of background events. The time measurement should be
achieved by two types of time-of-flight (ToF) detectors, GASTOF and QUARTIC10, that should
reach a precision of less than 10 ps after a final upgrade [72].

The amazing energy available at the LHC could produce a huge number of particles at each
collision and the different detectors have to be able to handle that. In the case of quasi-elastic
processes, pile-up will be a major issue for the analysis but tagging both remaining protons
in addition with the production vertex in the central detector should help to manage some of
it. Moreover, the precise measurement of the momentum of the final protons can be used to
determine the momentum loss and consequently the mass of the system centrally produced.

1.4.3 Missing-Mass Measurement

If the proposal for very forward detectors at both CMS and ATLAS is accepted, the LHC will
be ready to study diffractive physics with a high precision. In particular, a part of the program
should be devoted to quasi-elastic processes for which the unique and clear final state is a real
asset.

The three methods of identification of diffractive events are [73]:

1. The presence of a leading proton in the forward region, i.e the region close to the beam
and at large rapidity, carrying almost all of the momentum of the initial particle. It
corresponds to a peak around one in the distribution of the ratio between the final and
initial proton momentum.

2. The presence, in the central detector, of an hadronic system well separated in rapidity from
the final protons. The rapidity distribution of the event should look like that of Fig. 1.2.c.

3. The presence of an important forward peak in the differential cross section in |t|, i.e a
large cross section at |t| close to zero that exhibits a rapid fall when |t| increases.

Hence, the characteristics of a quasi-elastic event are a lack of hadronic activity in given regions
of the detector and the presence of protons in forward detectors. However, it should be noted
that several collisions can happen simultaneously due to the presence of a high number of protons
in the same bunch. Actually, the average number of inelastic interactions per bunch crossing is
given by

µ =
σinL
fB

, (1.15)

where σin is the inelastic cross section estimated to be close to 80 mb at the LHC, L is the lu-
minosity and fB is the effective bunch crossing frequency of the order of 31.5 MHz. This means

10Gaz Time Of Flight and QUARtz TIming Čerenkov.
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that, for a luminosity of 10−34 cm−2s−1, the average number of interactions will be around 25
per bunch [67]. All collisions are close in time and space and their final products should be
observed together in the detectors. In particular, some of the products of the additional colli-
sions can be detected in the gap region that is then not empty and the event would be rejected
after triggering. This effect is sometimes called pile-up but the real origin of the name comes
from the technical effect that is the pileup of several events in the same calorimeter tower. At
the TeVatron, but also at the LHC, the time between each bunch crossing is smaller that the
time of reaction of the acquisition system and consequently data accumulate in the same part
of the detector disturbing the measurement of the energy. In both cases, the result is that the
centrally-produced system or its decay products could be completely hidden in the background,
especially at high luminosity.
Because of pile-up in the central detector, the mass of the produced system is not easily obtained
but quasi-elastic production has the interesting feature to allow mass reconstruction from the
measurement of the momentum lost by the initial protons tagged in very forward detectors.

Using the notation of Sec. 1.1 where ξ1, ξ2 are the momentum fractions lost by the protons
and
√
s the energy in the center-of-mass frame, one indeed has

M2 ∼ ξ1ξ2s, (1.16)

in the approximation of small proton transverse momentum. The uncertainty on mass depends
on the precision of the measurement of ξi, itself related to the knowledge of the magnetic field,
on the momentum spread of the incoming beams and on the position of the interaction point.
According to reference [72, 74], the precision is of the order of 250 MeV at the TeVatron and 2-
3 GeV at the LHC, independently of the measured mass. Moreover, the technique allows for
a good signal-over-background separation as the resonance peak should appear clearly in the
momentum distribution of the final proton. The method is then accurate to measure the mass
of any object produced in the central region through a quasi-elastic process.

At low luminosity, it should be possible to detect simultaneously the decay products of the
particle(s) and/or the presence of a rapidity gap in addition to the two intact protons in the
forward detectors. In this particular case, all particles in the final state are detected and the
kinematics fully reconstructed. At high luminosity however, it seems that only the detection of
forward protons is relevant and should be used as a filter to measurements in the central detector.
This would be possible only if one can deal with the time measurement issues described in the
previous section.





Part I

Dijet Quasi-Elastic Production





The study of dijet quasi-elastic production is particularly interesting in view of the recent data
published by the CDF RunII collaboration [57] and presented in Fig. 1.12, note that data will
be described in more details in Chap. 6. The cross section is rather small from 1 nb to 1 pb

CDF data
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⊥ [GeV]
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]
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Figure 1.12: Cross section of quasi-elastic production of two jets as a function of the
jet minimum transverse energy. Data from [57].

depending on the minimum transverse energy of the jet. Nevertheless, it corresponds to 2.105

high-energy dijet events at the TeVatron luminosity11 and one can note that the data include
high-mass central systems of about 100 GeV. Therefore, the mechanism lies in the kinematical
region relevant for Higgs boson production for a Higgs boson mass of an hundred GeV and that
corresponds exactly to the mass range we are interested in, as explained in Chap. 7. In addition,
and this is the main point of the present work, data can be used to tune the standard calculation
of quasi-elastic cross sections and to narrow down the uncertainties. One can select accurate
parametrisations of the soft physics entering the process and use them in other quasi-elastic
processes taking into account that soft corrections are similar. Thus, one should be able to give
a better prediction for dijet and Higgs boson production at the LHC in the quasi-elastic regime.
We shall show that the cross section is significant at the LHC, which could provide a large set of
new data and those data should help reduce even more the uncertainties affecting the calculation.

The aim of this part is to describe in detail the calculation of the cross section for quasi-elastic
gluon dijet production. The structure is as follows: first a calculation of the parton-level cross
section (Eq. (2.91) Chap. 2)

Mqq =M(qq → q∗ + gg + q∗), (1.17)

11This number is calculated for a luminosity of 200 fb−1 according to reference [57].
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followed by the inclusion of the impact factor (Eq. (3.25) Chap. 3)

M(p1p2 → p∗1 + gg + p∗2) =Mqq ⊗ Φ(p1)Φ(p2), (1.18)

of the Sudakov form factor (Eq. (4.1) Chap. 4)

M(p1p2 → p∗1 + gg + p∗2) =Mqq ⊗ Φ(p1)
√
T (µ2, `21) Φ(p2)

√
T (µ2, `22), (1.19)

of the gap-survival probability (Eq. (5.3) Chap. 5)

M(p1p2 → p∗1 + gg + p∗2) =
√
S2Mqq ⊗ Φ(p1)

√
T (µ2, `21) Φ(p2)

√
T (µ2, `22), (1.20)

and of the splash-out (Eq. (5.16) and Eq. (5.17) Chap. 5). Each ingredient is studied in dif-
ferent chapters and in order to show the uncertainty, each chapter ends on a small discussion.
Throughout this study, we select a reference curve shown in Fig. 1.12, coming from a given
model that we shall progressively build and given explicitly in Appendix A. We warn the reader
that this curve is not a prediction but rather specific choice that goes through the data. At each
step of the calculation, i.e. in each chapter detailing a particular piece of the calculation, this
curve is the reference for a change in the parametrisation of the corresponding ingredients.
The last chapter summarises everything, presents the results and discussions, including the
prediction for dijet cross section at different LHC energy.



Chapter 2

Lowest Order:
Perturbative QCD Calculation

The backbone of the quasi-elastic dijet production is the partonic subprocess

qq → q + gg + q. (2.1)

The central gluon system is in a colour-singlet state and is separated by a large rapidity gap
from the two scattering quarks. This chapter presents the details of the QCD calculation of the
amplitude at the parton level. The first section reminds the reader of integration by residue
and other tools that will be used, the second part is the computation of the loop integral and is
divided in two sections. The first one shows how to compute the longitudinal part of the integral
but in a simpler case, the one-particle production for which the kinematics is similar to the dijet
case but less complex. The idea is to identify clearly the different contributions and the structure
of the calculation in order to use this knowledge in the two-particle production case. After that
we focus on the hard subprocess, namely the gluon elastic scattering and present the imaginary
part of the amplitude. The final section is devoted to the study of the theoretical uncertainties
where we critically re-evaluate the effect of the usual approximations used in literature.

2.1 Two-Gluon Amplitude

One first has to compute the imaginary part of the diagrams of Fig. 2.1 that is

q − k1

k2 − k3

k1 − k2

q

p p + k3

k

k + k1

k + k3

q + k

p− k

Figure 2.1: Leading diagram for the process qq → q + gg + q. The central blob
corresponds to the gluon-gluon scattering subprocess.

ImM = C g4

∫
d4k

(2π4)
a(g∗g∗ → gg)

[(q + k)2 + iε][(p− k)2 + iε][(k + k1)2 + iε][(k + k3)2 + iε][k2 + iε]
(2.2)
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where g is the quark-gluon coupling constant and C is the colour factor while a(g∗g∗ → gg)
corresponds to the numerator and the amplitude of the hard subprocess.
We assume the quarks massless and consider the collision in a frame where the incoming quarks
have no transverse momenta. We introduce the light-cone momenta qµ and pµ that correspond
to the direction of the initial quarks with

s = 2 qµpµ, (2.3)

the energy in the center-of-mass frame of the parton-parton collision. The other momenta of the
problem are written using a Sudakov decomposition. The idea is to project the four-momenta
upon the incoming particle directions and the transverse plane. In this particular decomposition,

kµ = ypµ + zqµ + kµ,

kµi = yip
µ + ziq

µ + kµi ,
(2.4)

where transverse vectors are in bold. Note that the notation defined here will be used in the
whole thesis and that

k2 = −kµ kµ,

(k + ki)2 = −(k + ki)µ(k + ki)µ,
(2.5)

where the square of transverse momenta are positive quantities. The integration over the four-
momentum k is also written in terms of the Sudakov variables,∫

d4k

(2π)4
→ s

2(2π)2

∫
d2k

(2π)2
dydz. (2.6)

The use of the Sudakov parametrisation leads to a clear physical interpretation of variables yi, zi
and ki besides a good intuition for what happens during the scattering. One can understand ki
as the part of the momentum in the perpendicular direction, yi (resp. zi) as the part of the four-
momentum in the pµ (resp. qµ) direction and yi � zi indicates that the intermediate particle
is more in the direction of the ingoing particle qµ than in the opposite. In addition to these
advantages, we have the covariance of ki, i.e. a longitudinal Lorentz boost simply changes the
four-vectors pµ and qµ and keeps yi and zi unchanged.

Here we shall keep an exact transverse kinematics, that is to say, the momenta transferred from
the hadrons, noted ki, are not neglected with respect to the momentum in the loop k.

2.1.1 Tools: Contour Integration

In the calculation of the imaginary part of the amplitude, most integrals in this work are per-
formed using contour integration and the Cauchy theorem. Hence, we describe the method.

We would like to compute the integral of f(z) that is an analytic function with a finite number
of poles zi ∫ ∞

−∞
f(z)dz. (2.7)

In the calculation of Feynman diagram, these poles come from the propagators. Using the
Cauchy residue theorem, one can perform the integration along the contour in the complex
plane shown in Fig. 2.2 and one obtains
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zi

C∞

z

CR

Figure 2.2: Closed contour C = C∞ + CR in the complex plane and the singularity zi.

∮
C
f(z)dz =

∫
CR
f(z)dz +

∫
C∞

f(z)dz

= (2iπ)
∑
i

Reszi [f(z)],
(2.8)

as if f(z) vanishes quickly at infinity, i.e. faster than 1/z, the integration over the half semi-circle
is zero and the integral along the z axis is the sum of the pole contributions or residues Reszi [f(z)].
Note that when the contour is closed below the z axis, there is an extra-minus sign in front of
the residue for which the definition depends of the multiplicity of the poles. The residue for
simple poles is

Reszi [f(z)] = lim
z→zi

(z − zi)f(z), (2.9)

and the formal statement of the Cauchy theorem is given in Appendix. B.1. In the following, we
shall make an explicit calculation of the different integrals and it corresponds to the application
of Cutkosky rules or cutting rules proved by Cutkosky in 1960 [75]. By analogy to them and to
compute the residue, we shall use the prescription to substitute∫

f(z) dz →
∫

δ

(
1

f(z)

)
dz, (2.10)

and the propagator corresponding to the pole zi will be designed as a cut propagator.

Now, we are ready to evaluate the amplitude of the two-gluon quasi-elastic production at the
parton level by computing the integral over k and k′ in Eq. (2.2). In particular, one can start
by the integral over the longitudinal components of the Sudakov decomposition y and z.

2.1.2 Toy Calculation

We shall first pave the way by computing a similar but simpler case, the production of a massless
particle as represented with its kinematics in Fig. 2.3.

The momenta transferred from the first and second quarks are k1 and −k3 so that, the four-
momentum of the produced particle is

(k1 − k3)µ = αpµ + βqµ + (k1 − k3)µ, (2.11)

with
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Figure 2.3: Kinematical conventions for the central one-particle production. One has
in turn diagram s1s2, diagram s1u2 and diagram u1u2.

α = y1 − y3,

β = z1 − z3.
(2.12)

The central production of a colourless object by pomeron exchange is an example of one-loop
particle production in multi-Regge kinematics and at this order it is known that the amplitude
is dominated by its imaginary part. The leading behavior of the cross section comes from the
region where one has an ordering of the longitudinal momentum fractions [40]

|k2
i |
s
� β, α� 1, (2.13)

while the transverse momenta are of the same order

|k2|, |k2
1|, |k2

3| � s. (2.14)

The first step is to use the on-shell condition for the produced particle:

(k1 − k3)2 = 0

= αβs− (k1 − k3)2

→ αβs = (k1 − k3)2,
(2.15)

and the same for the final quarks

(q − k1)2 = 0

= −y1(1− z1)s− k2
1

→ y1 =
−k2

1

(1− z1)s
,

(p+ k3)2 = 0

= z3(1 + y3)s− k2
3

→ z3 =
k2

3

(1 + y3)s
.

(2.16)

The last identities also give information about the other longitudinal components considering
the fact that



2.1 Two-Gluon Amplitude 41

y1 − y3 = α → y3 ' −α,
z1 − z3 = β → z1 ' β.

(2.17)

The imaginary part of the amplitude can now be evaluated and we first focus on the s1s2 diagram.
As the origin of the singularities is in the propagators only, one can first forget about the
numerator and study the integral

∫
d4k

(2π)4

1
[(q + k)2 + iε][(p− k)2 + iε][(k + k1)2 + iε][(k + k3)2 + iε][k2 + iε]

, (2.18)

where k is the momentum inside the loop. This can be translated to an integral over the Sudakov
variables using Eq. (2.6) and in this section, we are interested in the integral over y and z that
amounts to the evaluation of

Is1s2 =
∫

dydz
1

[(q + k)2 + iε][(p− k)2 + iε][(k + k1)2 + iε][(k + k3)2 + iε][k2 + iε]
. (2.19)

The five propagators are written using Sudakov variables:

P1 = (q + k)2 + iε

= y(1 + z)s− k2 + iε,

P2 = (p− k)2 + iε

= −z(1− y)s− k2 + iε,

P3 = (k + k1)2 + iε

= (y + y1)(z + z1)s− (k + k1)2 + iε,

P4 = (k + k3)2 + iε

= (y + y3)(z + z3)s− (k + k3)2 + iε,

P5 = k2 + iε

= yzs− k2 + iε.

(2.20)

In order to perform the y integral, we first identify the position of the five y poles

yP1 =
k2 − iε
(1 + z)s

,

yP2 =
k2 − iε
zs

+ 1,

yP3 =
(k + k1)2 − iε

(z + z1)s
− y1,

yP4 =
(k + k3)2 − iε

(z + z3)s
− y3,

yP5 =
k2 − iε
zs

,

(2.21)

as a function of z and we draw their positions in the upper or in the lower half-plan of the z axis
in Fig. 2.4. If one closes the contour below the real axis, there are only three poles that can
contribute simultaneously for specific values of z and as the integrated function quickly vanishes
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z

Figure 2.4: Diagram s1s2: Positions of the y poles of the different propagators as
functions of z. The shaded regions correspond to poles above the real axis
while the unshaded ones to poles below the real axis.

at infinity, one can use Eq. (2.10). The longitudinal part of the integral is the sum of the three
residues

Is1s2 =
∫ 0

−1
dz
∫

dy(−2πi)δ
[
y(1 + z)s− k2

] 1
P2P3P4P5

+
∫ 0

−z1
dz
∫

dy(−2πi)δ
[
(y + y1)(z + z1)s− (k + k1)2

] 1
P1P2P4P5

+
∫ 0

−z3
dz
∫

dy(−2πi)δ
[
(y + y3)(z + z3)s− (k + k3)2

] 1
P1P2P3P5

.

(2.22)

One can directly see that the z variable is always negative so that we change it to −|z| and
calculate separately each of the integrals.

Contribution 1

Let us start with the evaluation of the first term of Eq. (2.22). Using the delta function, one is
left with an integral over z

I1 =
∫ 0

−1
dz
∫

dy(−2πi)δ
[
y(1− |z|)s− k2

] 1
P2P3P4P5

=
∫ 0

−1
dz
∫

dy
(−2πi)

(1− |z|)sδ
[
y − k2

(1− |z|)s
]

1
P2P3P4P5

=
∫ 0

−1
dz

(−2πi)
(1− |z|)s

1
P2P3P4P5

∣∣∣
y= k2

(1−|z|)s

.

(2.23)

This second integral is performed using the same technique, we evaluate the position of the
z poles for each of the remaining propagator. P5 now gives

k2 = −y|z|s− k2
∣∣∣
y= k2

(1−|z|)s

= − k2

(1− |z|)s < 0,
(2.24)
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and is negative-definite due to the kinematics, as well as P3:

(k + k1)2 = (y + y1)(z1 − |z|)s− (k + k1)2
∣∣∣
y= k2

(1−|z|)s

= − [k(1− β) + k1(1− |z|)]2
(1− |z|)(1− β)

< 0,
(2.25)

using for the second line the conditions from Eq. (2.16) and Eq. (2.17). Consequently, both
don’t have poles that can contribute to the imaginary part of the amplitude and one has to
check only propagators P2 and P4. The former is

(p− k)2 = (1− y)|z|s− k2
∣∣∣
y= k2

(1−|z|)s

= |z|s− k2

1− |z| ,
(2.26)

which changes sign at |z| ' k2/s. The imaginary part of the integral is

Ic11 =
∫ 0

−1
dz

(−2πi)
(1− |z|)2s

(−iπ)
s

δ

[
|z| − k2

(1− |z|)s
]

1
P3P4P5

∣∣∣
y= k2

(1−|z|)s

= −2π2

s2

1
[−k2]

[
αk2 − αk2

3 − (k + k3)2
]

[−(k + k1)2]
,

(2.27)

where one has taken the large-s limit and where the index c1 indicates that this is the first
possible cut. Due to the multi-Regge-kinematics regime, the terms αk2 and αk2

3 are negligible
in front of k2

i , thus the first contribution yields

Ic11 = +
2π2

s2

1
k2(k + k3)2(k + k1)2

. (2.28)

Putting both propagators P1 and P2 on-shell corresponds to the cut of diagram (a) in Fig. 2.5 and
we shall call it the usual cut contribution. According to [76, 77], the contribution of this cut gives
the imaginary part of the full amplitude and other cut contributions cancel or are negligible.
This can be checked by a direct calculation as shown here.
Actually, there is also the possibility to use propagator P4. In this case, we substitute y = yP1

and find

(k + k3)2 = (y + y3)(z3 − |z|)s− (k + k3)2
∣∣∣
y= k2

(1−|z|)s

=
(

k2

1− |z| − αs
)(

k2
3

(1− α)s
− |z|

)
− (k + k3)2,

(2.29)

using again Eq. (2.16) and Eq. (2.17). One can consider two different z regions, namely |z| close
to 1 and |z| ∼ β � 1. In the former case, the propagator P4 becomes

(k + k3)2 ' k2

1− |z| − αs

→ |z| = −k2

αs
+ 1,

(2.30)
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that is the value at which |z| changes sign and one has to evaluate the integral

Ic21 =
−2π2

αs2

1
P2P3P5

∣∣∣
y= k2

(1−|z|)s ,|z|=−k2

αs
+1

' −−2π2

αs2

1
[s][−αs][−αs] .

(2.31)

This case leads to a very large y, of the order of α, and to the suppression of the cross section
by order of s5 due to the other propagators. Thus, the kinematical region of large |z| doesn’t
contribute to the amplitude in the large s-limit. One only has to consider the |z| ∼ β situation
for which propagator P4 simplifies to

(k + k3)2 ' α|z|s− (k + k3)2

→ |z| = (k + k3)2

αs
.

(2.32)

The integral yields

Ic31 =
∫ 0

−1
dz

−2π2

(1− |z|)αs2
δ

[
|z| − (k + k3)2

αs

]
1

P2P3P5

∣∣∣
y= k2

(1−|z|)s

' −2π2

s2

1
k2(k + k1)2(k + k3)2

.

(2.33)

The contribution corresponds to the cut of diagram (c) of Fig. 2.5 which is actually equal, apart
from the sign, to the usual contribution of Eq. (2.28).

Contribution 2

The second term of Eq. (2.22) is evaluated in exactly the same way, this time propagator P3 is
on-shell and the integral reads

I2 =
∫ 0

−z1
dz
∫

dy
(−2πi)

(β − |z|)sδ
[
y + y1 − (k + k1)2

(β − |z|)s
]

1
P1P2P4P5

=
∫ 0

−z1
dz

(−2πi)
(β − |z|)s

1
P1P2P4P5

∣∣∣
y=

(k+k1)2

(β−|z|)s+
k2

1
(1−β)s

.

(2.34)

Due to kinematics, propagators P1 and P5 cannot be on-shell and one only has to compute the
possible contribution of P2 and P4. We start with P2 and once again, the large |z| region doesn’t
contribute as it is suppressed by a power of s in other propagators. The result is different if one
considers the small |z| case for which one has a pole at

(p− k)2 =
(

1− (k + k1)2

(z + β)s
− k2

1

(1− β)s

)
|z|s− k2

' |z|s− k2

→ |z| = k2

s
.

(2.35)

Note that due to the assumption of multi-Regge-kinematics |z| = k2/s� α. The evaluation of
the remaining propagators at the pole leads to
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Ic12 =
∫ 0

−z1
dz

(−2πi)
(β − |z|)s

(−iπ)
s

δ

[
|z| − k2

s

]
1

P1P4P5

∣∣∣
y=

(k+k1)2

(β−|z|)s+
k2

1
(1−β)s

' −2π2

βs2

β

[(k + k1)2]
1

[−(k + k3)2] [−k2]

' −2π2

s2

1
k2(k + k3)2(k + k1)2

.

(2.36)

This cut corresponds to the one shown in Fig. 2.5.b and is, once again, equal and opposite
in sign to the usual cut contribution. One is now left with the last piece that comes from
the pole of propagator P4. The result is straightforward if the produced particle is massless
because P4 cannot be put on-shell together with P2 and P3, so that the contribution is zero.
This is demonstrated by the negative definiteness of

(k + k3)2 ' −
(

(k + k1)2

(β − |z|)s − αs
)
|z| − (k + k3)2 < 0. (2.37)

Nevertheless, in the case of the production of massive particles such the Higgs boson, the con-
tribution of the pole is non-zero and the cut corresponds to the diagram (d) of Fig. 2.5. One
can estimate the contribution of the pole, starting from Eq. (2.15) that becomes

αβs = (k1 − k3)2 +m2, (2.38)

where m is the mass of the produced particle. Hence,

α =
k1 − k3

βs
+
m2

βs
,

β = z1 − z3,

(2.39)

and after a little bit of algebra, one can write the propagator P4 without any approximation as

(k + k3)2 = −1
ρ

[(k + k1)(1− ρ) + (k + k3)ρ]2 +m2(1− ρ), (2.40)

with

ρ =
z1 + z

z1 − z2
. (2.41)

One can show that Eq. (2.40) changes sign at

m2 =
[(k + k1)(1− ρ) + (k + k3)ρ]2

ρ(1− ρ)
, (2.42)

leading to a non-zero contribution to the amplitude. In the general case, i.e arbitrary value
of ki and k, the solution is non-trivial and different from the usual cut contribution. We do not
intend to calculate it explicitly, so we simply denote it by

Ic22 =
2π2

s2

1
k2(k + k1)2(k + k3)2

×∆, (2.43)

where ∆ is a complicated function of ki, k and ρ.
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Contribution 3

Finally, we come to the contribution of the third term of Eq. (2.22) that takes into account the
y pole due to the on-shellness of propagator P4. One has to calculate the integral over z

I3 =
∫ 0

−z3
dz

(−2πi)
(z3 − |z|)s

1
P1P2P3P5

∣∣∣
y=

(k+k3)2

(z3−|z|)s
+α
. (2.44)

According to the same argument than in the previous subsection, propagators P2 and P5 cannot
be put on-shell and because P1 and P3 are both positive definite at the pole, this contribution
is zero.

Summary

We compile now the results from the different contributions to the s1s2 diagram, the integral is
the sum

Is1s2 = Ic11 + Ic31 + Ic12 + Ic22

=
2π2

s2

1
k(k + k1)2(k + k3)2

[1− 1− 1 + ∆] ,
(2.45)

corresponding respectively to the cuts of Fig. 2.5.

(a) (b) (c) (d)

Figure 2.5: Cuts contributing to the imaginary part of the amplitude. Note that
except for the last diagram, all contributions are equal to the usual cut
of the first figure apart for the sign. One has respectively Ic11 , Ic31 , Ic12

and Ic22 .

2.2 The Longitudinal Integral

One has now to evaluate the single-crossed and double-crossed diagrams. However, the calcula-
tion is left for Appendix B.2 where the reader will find all the details and we compile the results
obtained from each diagram of Fig. 2.3 to draw the overall picture. In particular, one can note
that contributions are identical apart for the sign and the final answer is

I = Is1s2 + Is1u2 + Iu1s2 + Iu1u2

=
2π2

s2

1
(k + k1)2(k + k3)2k2

[(1− 1− 1 + ∆) + (1−∆) + (1−∆) + (1 + ∆)]

=
2π2

s2

1
(k + k1)2(k + k3)2k2

× 2,

(2.46)

that is equal to twice the usual contribution. It is interesting to look at the structure and at the
cuts that actually contribute to the imaginary part of the amplitude.
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s1s2

s1u2

u1s2

u1u2

+1

+1

+1

−1 −1

+1 −∆

−∆

+∆

+∆

Figure 2.6: Non-zero contributions of cuts. The overall sum is equal to twice the usual
cut.

From Fig. 2.6, one can directly note that after the sum, contributions that don’t put simulta-
neously on-shell the two intermediate quarks cancel with the contribution of the same topology
in the crossed diagram. This can be simply understood if one considers the two diagrams of the
second column in Fig. 2.6 for which the only difference is the crossing of the bottom line that
leads to the change s2 → u2. Furthermore, one has the identity s2 + u2 + t2 = 0 in the massless
case, that becomes

s2 ' −u2, (2.47)

in the limit of |t| � s, u and explains the difference of sign. This general structure of the
calculation is analysed in Sec. 2.3 and will be used to compute the longitudinal part of the integral
in the two-gluon case. However, the perfect cancellation between some of the contributions
calculated here only takes place if there are no other differences between the three diagrams. In
particular, there was no colour factor.

Turning the Colour On

If one assumes that the produced particle is colourless and follows the notation of Fig. 2.7, the
structure of the final result of Eq. (2.46), is modified to

C =
[
(1− 1− 1 + ∆)tatb × tatb + (1−∆)tatb × tbta + (1−∆)tbta × tatb + (1 + ∆)tbta × tbta

]
= ∆

[
[ta, tb]× [ta, tb]

]
+
[
{ta, tb} × tatb − [ta, tb]× tatb

]
.

(2.48)
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ta tb

ta tb

ta tb

tb ta

ta

ta

tb

tb

Figure 2.7: Indices of the colour factor.

Because we are interested in double pomeron exchange [78], we substitute

tatb → 1
2N

δab, (2.49)

where N is the number of colours. Subsequently, the cancellation still holds for the contribution
proportional to ∆ and one is left with the colour factor

C = {ta, tb} × tatb =
1

2N2
δabδab =

N2 − 1
2N2

. (2.50)

Note that if the produced system is in a coloured state, the colour structure is non trivial and
there are no cancellations among the diagrams.

2.3 The Overall Picture

In the previous sections, we have shown that the integral over the longitudinal part of the four-
momentum has an imaginary part equal to twice the contribution of the usual cut and this
because the others cancel each other. These cancellations between different diagrams can be
understood in more details.

As explained in Sec. 2.2, one has

si ' −ui, (2.51)

but the effective change of sign can be seen from the fact that going from si to ui only changes the
sign of one propagator. As an example, the change in the kinematics when s2 → u2 corresponds
to the change of propagator

(q + k)2 → (q − k − k1)2, (2.52)

so that

(1 + z)ys− k2 → −(y + y1)(1− z − z1)s− (k + k1)2. (2.53)

In the case of contributions where only one of the intermediate quarks is on-shell, the orders
of y and z are totally determined by the on-shell condition of the gluon cut. One has

(k + ki)2 = (z + zi)(y + yi)s− (k + ki)2 = 0, (2.54)

for i = 2± 1 using exactly the same kind of notation as in Sec. 2.1. Solving the equation in the
multi-Regge-kinematics limit of Eq. (2.13) leads to the conditions

|z| � 1,

y � k2
i /s,

(2.55)



2.4 Two-Gluon Production 49

and under those conditions, the change in the propagator simplifies to

ys→ −ys. (2.56)

From these considerations, one finds that the contribution of the s1s2-diagram cancels that of
the s1u2 diagram, and the same for s1s2 canceling u1s2. This argument also defines the sign of
the contribution proportional to ∆ and the associated cancellations.

2.4 Two-Gluon Production

The structure of the calculation is exactly the same as in the one-particle production case if one
considers a colourless final state. Hereafter, we shall concentrate on the two-gluon production
for which the kinematics is defined in Fig. 2.8. Let us demonstrate that, in this case too, the

q − k1

k2 − k3

k1 − k2

q

p p + k3

k

k + k1

k + k3

q + k

p− k

k + k2

Figure 2.8: Kinematical conventions in the two-gluon exchange.

amplitude depends only on the usual cut contribution and not on the “wrong” cuts that include
only one intermediate-quark propagator.

If two gluons are present in the final state, one should take into account all the contributions
of Fig. 2.9 and consider three different situations: the first where only two gluons are attached

Figure 2.9: Diagrams contributing to two-gluon production but cut in the wrong way
or giving a subleading contribution.

to the upper line, the second where an additional gluon is attached outside the loop and the



50 Perturbative QCD Calculation

last where the additional gluon is attached inside the loop. In the former case, the lower part
of the diagram remains unchanged from the crossing of the upper line and the only difference is
then the propagator of the upper quark line. As previously, the two diagrams of the first row
of Fig. 2.9 cancel. In the second case, i.e. with an extra gluon attached outside the loop, the
values assigned to y and z don’t change either and the crossing of the upper quark line only
transforms the intermediate quark propagator from ys to −ys, leading to cancellations between
all the diagrams of the second row. At last, one is left with diagrams where one of the final
gluons is emitted from the intermediate quark line. In this particular case, because both quark
propagators

(q + k)2 = y(1 + z)s− k2 ' ys
(q − k1 + k2 + k)2 = (−y1 + y2 + y)(1− z1 − z2 + z)s− (k + k2 − k1)2 ' ys, (2.57)

change sign after the crossing

(q − k − k2)2 = −(y + y2)(1− z2 − z)s− (k + k2)2 ' −ys,
(q − k1 − k)2 = −(y1 + y)(1− z1 − z)s− (k + k1)2 ' −ys, (2.58)

there is no cancellation between the usual and the crossed diagrams. Nevertheless, in the regime
of multi-Regge kinematics one has two large additional propagators leading to an extra 1/αs
factor that makes their contribution suppressed at leading order.

The analysis of one- or two-gluon production in multi-Regge kinematics shows that for cen-
tral production the contributions of the “wrong” cuts are canceled by the crossed diagrams or
are subleading. Besides, the argument can be extended to any similar production in the same
regime, one has only to compute the contributions from the usual cut in order to access the
imaginary part of the amplitude. Usual cuts in Fig. 2.9 are suppressed because they lead to a
forward jet, which is excluded by kinematical cuts.

Using the previous knowledge, we shall now compute the longitudinal part of the integral for the
production of two gluons in the central region that constitutes the parton-level calculation for
the production of quasi-elastic dijet. One has to consider the two diagrams of Fig. 2.10 and to

q − k1

k2 − k3

k1 − k2

q

p p + k3

k k + k1

k + k2k + k2 − k3

q − k1

k2 − k3

k1 − k2

q

p p + k3

k

k + k1

k + k3

q + k

p− k

k + k2

Figure 2.10: Contribution to the imaginary part of the amplitude at leading order for
the two-gluon production.

compute the contribution of the cut that puts simultaneously on-shell the intermediate quarks.
The momentum transferred from the first and second quarks are k1 and −k3 and we introduce
the four-momenta of the two produced gluons,

(k1 − k2)µ = α1p
µ + β1q

µ + (k1 − k2)µ,
(k2 − k3)µ = α2p

µ + β2q
µ + (k2 − k3)µ.

(2.59)
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The amplitude is dominated by its imaginary part and the leading behavior of the cross section
comes from the region where one has an ordering of the longitudinal momentum fractions

|k2
i |
s
� β2, β1 � 1,

|k2
i |
s
� α1, α2 � 1, (2.60)

while transverse momenta are of the same order except for k2
2 that is large

|k2|, |k2
1| , |k2

3| < |k2
2| � s. (2.61)

In addition, we work in the high-energy limit s � |t| and in the quasi-elastic regime where
the longitudinal momentum fractions transferred from the quarks are small to keep the initial
particles intact. In our notation, this means yi, zi � 1.

The first step is to define yi and zi using the on-shell conditions of the final particles

(k1 − k2)2 = α1β1s− (k1 − k2)2 = 0

→ α1β1s = (k1 − k2)2,

(k2 − k3)2 = α2β2s− (k2 − k3)2 = 0

→ α2β2s = (k2 − k3)2.

(2.62)

The same is done for the final quarks

(q − k1)2 = −y1(1− z1)s− k2
1 = 0

→ y1 =
−k2

1

(1− z1)s
,

(p+ k3)2 = z3(1 + y3)s− k2
3 = 0

→ z3 =
k2

3

(1 + y3)s
.

(2.63)

The last conditions also give information on the other longitudinal component considering the
fact that

y2 = y1 − α1 ' −α1,

y3 = y2 − α2 ' −α2,

z1 = z2 + β1 ' β1,

z2 = z3 + β2 ' β2.

(2.64)

We are now ready to evaluate the position of the poles coming from the different propagators
to compute the integral over the longitudinal part of the first diagram of Fig. 2.10,

I1 =
∫

dydz
[(q + k)2 + iε][(p− k)2 + iε][(k + k1)2 + iε][(k + k2)2 + iε][(k + k3)2 + iε][k2 + iε]

.

(2.65)
Using the Sudakov decomposition of the momenta, the denominators of the propagators become
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P1 = (q + k)2 + iε

= y(1 + z)s− k2 + iε,

P2 = (p− k)2 + iε

= −z(1− y)s− k2 + iε,

P3 = (k + k1)2 + iε

= (y + y1)(z + z1)s− (k + k1)2 + iε,

P4 = (k + k2)2 + iε

= (y + y2)(z + z2)s− (k + k2)2 + iε,

P5 = (k + k3)2 + iε

= (y + y3)(z + z3)s− (k + k3)2 + iε,

P6 = k2 + iε

= yzs− k2 + iε,

(2.66)

and according to the preliminary discussion, the only contribution from the cuts is the one that
puts on-shell propagators P1 and P2 in the region where |z| � 1. From the first propagator, one
finds y = k2/(1− |z|)s that is used in P2 to compute the pole in z

P2

∣∣∣
y= k2

(1−|z|)s

=
(

1− k2

(1− |z|)s
)
|z|s− k2

' |z|s− k2

→ |z| = k2

s
.

(2.67)

Considering both y and z values, one can compute the integral of Eq. (2.65) that is

I1 = −2π2

s2

1
k2(k + k1)2(k + k2)2(k + k3)2

. (2.68)

The procedure is repeated to obtain the longitudinal integral of the second diagram of Fig. 2.10
and the only difference is from propagators P2 and P5 that become

P2 = (k + k2 − k3)2 + iε

= (y + y2 − y3)(z + z2 − z3)s− (k + k2 − k3)2 + iε

= (y + α2)(z + β2)s− (k + k2 − k3)2 + iε,

P5 = (p− k − k2 + k3)2 + iε

= −(1− y − y2 + y3)(z + z2 − z3)s− (k + k2 − k3)2 + iε

= −(1− y − α2)(z + β2)s− (k + k2 − k3)2 + iε.

(2.69)

using Eq. (2.64). The contributing poles are again those that correspond to the usual cut and
put P1 on-shell together with P2. The integration region of |z| is now between β2 and 1 leading
to

I2 = −2π2

s2

1
k2(k + k1)2(k + k2)2(k + k2 − k3)2

. (2.70)



2.5 Gluon Elastic Scattering 53

The colour factors are different for the two diagrams and one can compute them using Eq. (2.49)
and Fig. 2.11.

a b

c1

c2
b′′

a b′

Figure 2.11: Indices of the colour factor.

Therefore, for the first diagram one can show that

C1 =
(
tatb × tatb′

)
f bc1b

′′
f b
′′c2b′ =

−1
4N

δc1c2 , (2.71)

that corresponds to the emission of a coloured object at each three-gluon vertices and where N
stands for the number of colour. For the second diagram

C2 =
(
tatb × ta′tb′

)
f bc1b

′
fac2a

′
=

1
4N

δc1c2 . (2.72)

The opposite sign of the crossed diagram implies that its contribution decreases the dijet cross
section. Taking into account that it is usually neglected, one can stress that the dijet cross
section is an upper limit to the process.

We have calculated the integral on the longitudinal momentum of the imaginary part of the
amplitude for the two gluons to a colour-singlet state. We have shown that the situation simpli-
fies due to the fact that several contributions cancel each other and the final result reduces to
two simple expressions that depend only on transverse momenta. Note that the second diagram
has an additional large propagator (k + k2 − k3)2 and because k2

2 is large in front of the other
transverse momenta in the considered kinematics, this leads to the suppression of the second
diagram with respect to the first1. Consequently, we shall focus on the first diagram only but
the contribution of the second will be studied as a correction in the last chapter. The imaginary
part of the amplitude of Eq. (2.2) becomes

ImM =
g4

4π2

δc1c2

4N2

∫
d2k

k2(k + k1)2(k + k3)2
× a(g∗g∗ → gg). (2.73)

2.5 Gluon Elastic Scattering

The final two-gluon state is produced by the elastic scattering of two gluons of momenta k +
k1 and k + k3. The amplitude of the corresponding process a(g∗g∗ → gg) is calculated in the
Feynman gauge using the helicity amplitude method.

1This statement is developed in Appendix B.2 where we estimate analytically the two-gluon production in
quark-quark scattering and the particular case of quasi-multi-Regge kinematics using standard Lipatov vertices.
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We have defined

a(g∗g∗ → gg) =
∑
λi

j
(1)∗
λ1

j
(2)∗
λ2
M(g∗λ1

g∗λ2
→ gλ3gλ4), (2.74)

where M(g∗g∗ → gg) corresponds to the amplitude of the hard subprocess of Fig 2.12 and the
current j will be defined below. If one first considers the amplitude q → qg, one has

q − k1

k2 − k3

k1 − k2

q

p p + k3

k

k + k1

k + k3

q + k

p− k

Figure 2.12: Leading diagram for the process qq → q + gg + q in the high-k2
2 regime.

The central blob corresponds to the gluon-gluon scattering subprocess.

j
(1)
λ1

= ū(q + k)γ.e∗λ1
u(q − k1),

j
(2)
λ2

= ū(p− k)γ.e∗λ2
u(p+ k3),

(2.75)

as the imaginary part is calculated for the cut that puts the intermediate quarks propagators q+
k and p−k on-shell. Now, we focus on the gluon scattering. Strictly speaking, the two colliding
gluons are virtual. However, in our kinematics their off-shellness are equal to −k2

1 and −k2
3

that are much smaller, in modulus, than the hard scale of the subprocess k2
2. So, one can

neglect the non-zero virtualities and approximate the amplitude by the scattering of two on-shell
transversely polarized gluons and that corresponds to the sum of the four diagrams of Fig. 2.13.
The Mandelstam invariants of the process can be written as a function of the Sudakov variables

= + + +

Figure 2.13: Two-gluon elastic scattering.

of the final gluons and yield

sgg = M2
gg ' k2

2

(β1 + β2)2

β1β2
, tgg ' −k2

2

β1 + β2

β1
, ugg ' −k2

2

β1 + β2

β2
. (2.76)

The helicity amplitude for the tree level scattering of two gluons in a colour-singlet state in the
center-of-mass frame is

M(gλ1gλ2 → gλ3gλ4) = 2g2
h

N

N2 − 1
δabδc1c2

(
sgg
tgg

+
sgg
ugg

)
ei(λ1−λ2)φA(λ1λ2 → λ3λ4), (2.77)
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where gh is the strong coupling constant and λi the helicities. The non-zero helicity ampli-
tudes A(λ1λ2 → λ3λ4) of the previous equation are

A(++→ ++) = A(−− → −−) = 1,

A(+− → +−) = A(−+→ −+) =
u2
gg

s2
gg

,

A(+− → −+) = A(−+→ +−) =
t2gg
s2
gg

.

(2.78)

Here, we denote by φ the azimuthal angle of the final two-gluon production plane with respect
to the quantization axis that is arbitrary, taking into account that a change will be compensated
by an opposite change in the current j(i)

λi
. One can align the axis of the gluon collision with

the laboratory frame. This is because to go from the latter to the former, one has to perform a
longitudinal boost to make the energy of the colliding gluons equal, a transverse boost to make
the total momentum of the two-gluon system zero, and finally a rotation to align the z axis
with the direction of the incoming gluons. If the longitudinal boost doesn’t change φ, the trans-
verse boost and the rotation at small angle have a negligible effect on the hard momentum k2.
Therefore, one can safely understand the angle of the final gluons production plane as the az-
imuthal angle in the laboratory frame. Their polarisation vectors can be chosen orthogonal to
both k + k1 and k + k3 and, within our accuracy, they can be generically written as

eµλ = eµλ +
2
s

(
pµ

eλ.(k + k1)
β1 + β2

+ qµ
eλ.(k + k3)
α1 + α2

)
, (2.79)

where we use the standard definition of the polarization vector in the transverse plane

eλ = − 1√
2

(λ, i). (2.80)

The incoming gluons have λ = λ1 and λ = −λ2 since they move in opposite longitudinal
directions and one can now simplify Eq. (2.75) to

j
(1)∗
λ1
' 2

e∗λ1
.(k + k1)
β1 + β2

= − 2
β1 + β2

λ1√
2
|k + k1|e−iλ1φ1 ,

j
(2)∗
λ2
' 2

e∗−λ2
.(k + k3)

α1 + α2

=
2

α1 + α2

λ2√
2
|k + k3|eiλ2φ3 ,

(2.81)

where φ1 and φ3 are respectively the azimuthal angles of k + k1 and k + k3. To obtain the cross
section, one has to take the square of the amplitude that is∑

f

∑
λi,λ′i

j
(1)∗
λ1

j
(2)∗
λ2

j
(1′)
λ′1

j
(2′)
λ′2
Mλ1λ2→fM∗λ′1λ′2→f , (2.82)

if f labels the polarization states of the final gluon system. The only non-trivial interference is
between M+−→f and M−+→f for both f = +− and f = −+ because such a term introduces
an azimuthal dependence for high |k2| via a factor exp(4iφ). It contributes to the azimuthal
correlations between the plane of the high transverse energy jets and that of the quark scattering.
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However, after integration over φ, keeping the cross section differential in k2, this term vanishes
and this allows one to consider only the diagonal contribution λ′i = λi. The result is

∑
f

∑
λi

j
(1)∗
λ1

j
(2)∗
λ2

j
(1′)
λ1

j
(2′)
λ2
|Mλ1λ2→f |2

=
∑
f

∑
λi

8
|k + k1||k + k3||k′ + k1||k′ + k3|

(β1 + β2)2(α1 + α2)2

1
4
e−i(λ1φ1−λ2φ3−λ1φ′1+λ2φ′3)A(λ1λ2 → f).

(2.83)

We would like to present the result in a way that will be useful for the discussion of Chap. 6,
so that we separate the case where the total helicity of the final gluon system λ = λ1 − λ2 is
equal to 0 from the λ = 2 case. We denote the function depending on λi by M and one has
respectively

|M0|2 =
1
2
[|A++→++|2 + |A−−→−−|2

]
= 1, (2.84)

|M2|2 =
1
2
[|A+−→+−|2 + |A+−→−+|2 + |A−+→−+|2 + |A−+→+−|2

]
=

(
u4
gg

s4
gg

+
t4gg
s4
gg

)
.

The sum in Eq. (2.83) can be written, separating the two helicity cases,

∑
f

∑
λi

j
(1)∗
λ1

j
(2)∗
λ2

j
(1′)
λ1

j
(2′)
λ2
|Mλ1λ2→f |2

= 8
|k + k1||k + k3||k′ + k1||k′ + k3|

(β1 + β2)2(α1 + α2)2

(|M0|2 cos(φ1 − φ3 − φ′1 + φ′3) + |M2|2 cos(φ1 + φ3 − φ′1 − φ′3)
)

= 8
|k + k1||k + k3||k′ + k1||k′ + k3|

(β1 + β2)2(α1 + α2)2

[(|M0|2 + |M2|2
)

cos(φ1 − φ′1) cos(φ3 − φ′3)

+
(|M0|2 − |M2|2

)
sin(φ1 − φ′1) sin(φ3 − φ′3)

]
.

(2.85)

Using the relation

cos(φi − φ′j) =
(k + ki).(k′ + kj)
|k + ki| |k′ + kj | , (2.86)

one finds the cross section to be equal to

∑
f

∑
λi

j
(1)∗
λ1

j
(2)∗
λ2

j
(1′)
λ1

j
(2′)
λ2
|Mλ1λ2→f |2

=
8

(β1 + β2)2(α1 + α2)2

{(|M0|2 + |M2|2
) [

(k + k1).(k′ + k1)
] [

(k + k3).(k′ + k3)
]

+
(|M0|2 − |M2|2

) (
[(k + k1).(k + k3)]

[
(k′ + k1).(k′ + k3)

]
− [(k + k1).(k′ + k3)

] [
(k′ + k1).(k + k3)

]) }
.

(2.87)

An important remark is that during all the calculation we have kept an exact transverse kine-
matics. However, it is sometimes claimed [16] that a reasonable assumption is to take the limit

|k1|, |k3| � |k|, |k′|, (2.88)

i.e to neglect the transverse momenta of the incoming gluons in front of those of the loop. In
this particular case, the relations between the azimuthal angles are φ3 ' φ1 +π and φ′3 ' φ′1 +π
and lead to a simplification of Eq. (2.87)
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∑
f

∑
λi

j
(1)∗
λ1

j
(2)∗
λ2

j
(1′)
λ1

j
(2′)
λ2
|Mλ1λ2→f |2

= 8
k2k′2

(β1 + β2)2(α1 + α2)2

[|M0|2 + |M2|2 cos(2φ− 2φ′)
]
,

(2.89)

where φ and φ′ are the azimuthal angles of k and k′ respectively. After averaging over those
angles, the |M2|2 term vanishes and only the amplitude with a final state of zero helicity survives.
Consequently, in this limit, one obtains the so-called Jz = 0 rule [16].

2.6 The Parton-Level Cross Section

One can now write the partonic differential cross section as an integral of the squared ampli-
tude over a phase space factorized between light-cone and transverse degrees of freedom. The
imaginary part of the amplitude is obtained from Eq. (2.74) and Eq. (2.87), using the identity

sgg
(α1 + α2)(β1 + β2)

= s. (2.90)

One has

dσqq =
1

16(2π)8

g4
h g

8

(4π4)
C

dβ1

β1

dβ2

β2
d2k1 d2k2 d2k3 × |M|2, (2.91)

where factors, colour factor C and coupling constants are written explicitly in front, g is the
coupling at the gluon-quark vertex while gh is a hard coupling coming from the gluon-gluon
collision, and

|ImM|2 =
1
2

(
1
tgg

+
1
ugg

)2 ∫ d2k
k2(k + k1)2(k + k3)2

d2k′

k′2(k′ + k1)2(k′ + k3)2

×
{(|M0|2 + |M2|2

) [
(k + k1).(k′ + k1)

] [
(k + k3).(k′ + k3)

]
+
(|M0|2 − |M2|2

)(
[(k + k1).(k + k3)]

[
(k′ + k1).(k′ + k3)

]
− [(k + k1).(k′ + k3)

] [
(k′ + k1).(k + k3)

])}
.

(2.92)

Here we clearly separate the contribution of the two possible final helicity states in different
terms, M0 for the 0 helicity state whereas the total helicity 2 term is M2.
If both final gluons are integrated over the whole available phase space, then an extra 1/2 factor
should be included to take Bose statistics into account.

In the particular case of multi-Regge kinematics and with the help of some simple approxima-
tions, one can obtain an estimate of the partonic cross section analytically, see Appendix B.2.
But in the general case of the production of two gluons with large transverse momentum and
after the addition of soft and higher corrections coming in the next chapters, the result has to
be obtained through a numerical integration over the variables β1, β2, k1, k2, k3, k and k′.

2.7 Comments

The accuracy of some of the approximations found in the literature can be directly tested and
the aim of the present section is to discuss those that can be taken at the parton level. The
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idea is to start with the reference curve of Fig. 1.12 and modify only the parton level part. The
first point is the claim that the calculation is perturbative and the second, the importance of
the Jz = 0 rule as well as the contribution of the diagram where one of the final partons is
emitted from the screening gluon.

One of the main assumptions [16] is the perturbative nature of the calculation. The argument is
based on the fact that the gluons involved in the loop have transverse momenta larger than 1 GeV
but this assumption can be checked. In the plot of Fig. 2.14, we show the distributions of dσ/d|k|
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Figure 2.14: Distribution of the transverse momentum |k|, |k1|, |k3| for the reference
curve at the TeVatron and Emin

T >10 GeV. Note that even if it is not a
physical observable it can be used to test properties of the theoretical
calculation.

for the reference curve parametrisation at the TeVatron. One can directly see that the mean
values are around 1 GeV. Although the distribution dσ/d|k| is not a physical observable, it is
a useful quantity to test the assumptions used in the theoretical calculations. In addition, one
can also choose to define the perturbative quantity σpert as the value of the cross section in
which gluon-transverse momenta squared k2, (k + k1)2, (k + k3)2 are larger than 1 GeV2 and
compute the ratio σpert/σ. This is done by cutting the momenta entering the gluon propagators
and, for different jet transverse minimum energies, the result is given in Table 2.1. These small

Experiment Emin
T σpert/σ

CDF RunII 10 GeV 30%
CDF RunII 35 GeV 20%

Table 2.1: Ratio σpert/σ where σpert is the value of the cross section if gluon-transverse
momenta squared k2, (k + k1)2, (k + k3)2 are larger than 1 GeV. Different
experiments and jet transverse minimum energies are presented but in all
cases the parametrisation is the one of the reference curve.

numbers are due to the fact that transverse momenta k1 and k3 are comparable to k in our
model. Hence, they cannot be neglected and lead to three different cuts on the cross section
that reduce it substantially2.

2This conclusion changes slightly with the implementation of the Sudakov form factor as explained in Chap. 4
but small momenta will keep contributing significantly to the cross section.
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Note that as Emin
T increases the gluon loop gets softer. It can be explained by the fact that

at fixed proton energy, the production of high-ET jets requires larger longitudinal momentum
transfer. So, the effect of the non-perturbative region of QCD is not negligible and under those
conditions, it should be interesting to consider modifications of the gluon propagators to take
into account the non-perturbative aspect of the gluon loop. This was already done in differ-
ent quasi-elastic models [12, 15], however, it remains unclear how to take these modifications
into account in a consistent and gauge invariant way as changes to the propagators also imply
changes to the vertices.

If the momentum in the loop k is small, one can ask if neglecting ki in front of k and k′ is
accurate. We show in Fig. 2.15.a the reference curve of Fig. 1.12 and the same curve if one
neglects ki. The approximation is very rough, leading to a factor 2 with respect to the reference
curve and to an overestimation of the cross section. Another current approximation is to keep
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Figure 2.15: (a) The effect of neglecting ki in front of k and k′. (b) Ratio be-
tween σ(Jz = 2) and σ(Jz = 0) as a function of the jet transverse
minimum energy. σ(Jz = 0) corresponds to the application of the Jz=0
rule.

only the term that gives the helicity-0 contribution in Eq. (2.91), this is what is called the Jz = 0
approximation. We confirm, as shown in Fig. 2.15.b, that the λ = 0 terms is dominant as noticed
in [16], the λ = 2 term contributes only for 2-3% of the cross section. Nevertheless, we shall
keep it in the following studies in order to be as complete as possible.

Finally, there is the complicated question of the second diagram of Fig. 2.10. One knows that
its contribution to the amplitude should be small as it contains one more hard propagator.

2.7.1 The Second Diagram

The calculation of the amplitude of the second diagram where the two gluons are emitted from
different t-channel legs cannot be made in the same way as one doesn’t have the gg → gg irre-
ducible vertex. Nevertheless, it can be evaluated with the help of the Lipatov vertices [44, 79]
in multi-Regge kinematics. We present here our result.

One has to start with the diagram of Fig. 2.16 and calculate
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q − k1

k2 − k3

k1 − k2

q

p p + k3

k k + k1

k + k2 − k3

p + k

q − k
k + k2

Figure 2.16: Kinematics of the diagram with final gluons emitted from different legs
in the t-channel.

ImM2 = s
g2
h g

4

(2π)2

δc1c2

4N

∫
d2k

k2(k + k1)2(k + k2)2(k + k2 − k3)2

× Cµ1
1 (k + k1, k + k2)Cµ2

2 (−k1,−k − k2 + k3) e∗µ1
(λ3)e∗µ2

(λ4).
(2.93)

The main part is the evaluation of contractions of Lipatov vertices [44, 79] with the polarisation
vectors e∗µ1

(λ3)e∗µ2
(λ4), e.g. for the first vertex, between

Cµ1
1 (k + k1, k + k2) = qµ

(
β1 − 2

(k + k1)2

α1s

)
−pµ

(
α1 − 2

(k + k2)2

β1s

)
−(2k+k1+k2)µ, (2.94)

following the kinematics of Fig. 2.17, and

e∗µ1
(λ3) =

1√
2


0

λ3 cos(θ)
−i

−λ3 sin(θ)

 , (2.95)

where λ3 is the helicity of the emitted gluon and θ its polar angle in the center-of-mass frame
of the collision. Obviously, this calculation is interesting in itself and the method is detailed

k1 − k2

k + k1

k + k2

k2 − k3

k

k + k2 − k3

Figure 2.17: Kinematics of the Lipatov vertices.

in Appendix B.2.5, we directly present the results here. The first Lipatov vertex gives

Cµ1
1 e∗µ1

(λ3) =
√

2
|k + k1||k + k2|
|k1 − k2| λ3e

−iλ3φ12 , (2.96)

while the second gives
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Cµ2
2 e∗µ2

(λ4) = −
√

2
|k||k + k2 − k3|
|k1 − k2| λ4e

−iλ4φ23 , (2.97)

where φij is the angle between the vectors. Using the above results, one can now compute the
cross section by squaring the amplitude, so that

|M2|2 =
∫

d2k
k2(k + k1)2(k + k2)2(k + k2 − k3)2

d2k′

k′2(k′ + k1)2(k′ + k2)2(k′ + k2 − k3)2

× |k + k1||k + k2|
|k1 − k2|

|k + k2||k + k2 − k3|
|k1 − k2|

|k′ + k1||k′ + k2|
|k1 − k2|

|k′ + k2||k′ + k2 − k3|
|k1 − k2|

×
∑
λ3λ4

(−2λ3λ4)(−2λ′3λ
′
4)e−iλ3φ12−iλ4φ23eiλ

′
3φ
′
12+iλ′4φ

′
23 .

(2.98)

The main characteristics of the second diagram appears here, in the exponential factor. Since if
the angles are identical then only the amplitudes with gluons of identical helicity λ3 = λ4 in the
final state survive. Actually, in the limit of ki � k2, this condition is fulfilled and only processes
with helicity 2 contribute to the cross section. Assuming that it is the dominant part, one can
sum over the possible helicity states in the same spirit as what was done in the first diagram
and one obtains

|M2|2 =
16

|k1 − k2|4
∫

d2k
k2(k + k1)2(k + k2)2(k + k2 − k3)2

d2k′

k′2(k′ + k1)2(k′ + k2)2(k′ + k2 − k3)2

× [fc(k)fc(k′) + fs(k,k′)
] [

gc(k)gc(k′) + gh(k,k′)
]
,

(2.99)

where the functions are defined by

fc(k) = (k + k1).(k + k2),
gc(k) = k.(k + k2 − k3),

(2.100)

fs(k,k′) = (k + k1).(k′ + k1)(k + k2).(k′ + k2)− (k + k1).(k′ + k2)(k + k2).(k′ + k1),
gh(k,k′) = k.k′(k + k2 − k3).(k′ + k2 − k3)− k.(k′ + k2 − k3)(k + k2 − k3).k′.

Finally, we gather all the coefficients in front and the differential cross section for the second
diagram is

dσ =
g4
hg

8

4π4(2π)8

N2 − 1
2N

1
|k1 − k2|4

dβ1

β1

dβ2

β2
d2k1d2k3d2k2 × |M2|2. (2.101)

Note that one could have evaluated the first diagram in the same way, i.e. by successive con-
tractions of the active gluon momenta with the corresponding Lipatov vertices, and recover the
final expression of Eq. (2.91) for the first amplitude.

The contribution to the cross section can now be evaluated numerically after the introduction
of an impact factor to regulate the IR divergence. Without any other higher-order corrections
that should decrease its importance, the second diagram accounts for 15% of the first diagram
cross section with all corrections included and Emin

T >10 GeV. In addition, the final dijet system
is of helicity 2 and can be differentiated from the dominant contribution of the first diagram
that has a total helicity 0. Consequently, the interference between the two diagrams is almost
zero and will not be discussed here.
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It is usually assumed that the extra gluon in the t-channel is needed only to screen the colour
exchange and does not participate to the hard subprocess. Because of that, pomeron fusion
is very similar to gluon fusion and the details of the final state of the hard interaction do not
substantially change the calculation. In particular, one can change the hard subprocess without
touching the rest of model. This also makes the calculation of the dijet quasi-elastic produc-
tion similar to that of the Higgs boson quasi-elastic production and leads to the hope that
the CDF data can be used to calibrate Higgs boson production.

This is where the lowest-order perturbative QCD calculation ends. The first correction that
comes is the introduction of an impact factor that embeds the quarks into a proton to reproduce
a typical collision at a hadron collider.



Chapter 3

The Impact Factor

The previous description of the dijet cross section considers only the parton-level amplitude
where the final system is produced after the interaction of two quarks. Besides, the expression
of Eq. (2.91) is singular when the exchanged gluons go on-shell, i.e. k2, (k + k1)2, (k + k3)2,
k′2, (k′ + k1)2, (k′ + k3)2 → 0. The following chapter presents two ways of embedding the
parton-level gluon production into a proton-proton collision and takes care of the singularity by
the introduction of an impact factor. The first section gives the general properties of this object.
The second section develops a simple approach to the description of ultra-relativistic protons
while Sec. 3.3 is devoted to the construction of an impact factor coming from unintegrated gluons
density (UgD). Actually, the results of Chap. 2 have shown that the parton-level calculation is
dominated by the non-perturbative region, i.e. the active and screening gluons can be very soft.
Consequently, one has to carefully treat the soft part and this is one of the advantage of the
present parametrisation that allows to consider it separately. Finally, both impact factors were
built using parameters coming from data, a fit to the elastic cross section in the first case and
to the gluons density in the second.

3.1 General Properties of Impact Factors

The hadron impact factor comes naturally from the fact that in a real process, the quarks be-
tween which the pomeron is exchanged are embedded into a hadron1. The impact factor Φ is
the object that one should convolute with the parton level cross section to obtain the hadronic
one and is pictured in Fig. 3.1. It is related to the partonic content of the proton and gives the

k
k + k1

k + k3

Φ

Φ

Figure 3.1: Gluon dijet production now embedded in proton-proton scattering.

probability amplitude of interaction between its constituents and the exchanged particles in the

1We consider here the general case. In the following we shall focus on proton-proton collisions that are typical
of the LHC but it also applies for proton-antiproton collisions at the TeVatron.



64 The Impact Factor

t-channel. It also includes the expected energy behaviour of the cross section for this type of
scattering.

Hadrons are colourless objects, so that if the gluon exchanged is very soft, its corresponding
wavelength is too large to resolve the initial particle that appears colourless, without coloured
constituent to couple with2. The argument can be expressed, according to [80, 81], as gluons
with wavelength λ average the colour of the hadron, and hence a suppression proportional to r/λ
must always be present when coupling to a colour singlet of size r. In two-gluon exchange, this
property comes from the hadron impact factor Φ(ka,kb), which is such that

Φ(0,kb) = 0 = Φ(ka, 0), (3.1)

where ka and kb are the transverse momenta of the two t-channel gluons. Consequently, the
differential cross section for gluon dijet production of the previous chapter, now embedded in
proton-proton scattering, is

dσ = dσqq ⊗
∏
i=2±1

Φ (k,−(k + ki)) Φ
(
k′,−(k′ + ki)

)
. (3.2)

The impact factor has to be inside the loop integral over k and k′. This first correction to the
parton-level calculation also removes all infra-red singularities due to the fact that the impact
factor goes to zero with the propagators. However, it has been argued that the divergence could
be regularised via the Sudakov form factor [16], another correction discussed in Chap. 4. Very
roughly, the Sudakov factor comes from virtual vertex corrections and exponentially suppresses
the amplitude as the momentum in the loop becomes small. Thus it also makes the momen-
tum integration infrared safe. One can see that it is not sufficient as the same diagram also
contributes to the inclusive jet production which does not contain any Sudakov form factor but
must be finite nevertheless. The source of the cancellation should be elsewhere, in the proton
impact factor. It is why in the present work, the colour neutrality of the incoming hadrons is
implemented separately from the Sudakov correction. This is different from the Durham model
that defines the impact factor via a unintegrated gluon density that includes the Sudakov factor.
Here, the idea is a little different as we do not use directly the unintegrated gluon density but
an impact factor build in such a way that soft and hard emissions from the proton are treated
in the same object. The impact factor is tuned to data to model the behavior of the proton and
is supposed to include all corrections, and in this picture the Sudakov form factor is another
piece of the calculation.

We present here two different manners to implement the impact factor in the calculation. The
first one is a really simple impact factor that describes the proton in terms of the quark light-cone
wave function. The second is based on a differentiation of usual parton distribution function
and includes a dependence on the longitudinal momentum fraction lost by the proton.

3.2 Impact Factor from a Quark Model

An approach to the impact factor is to consider that an ultra-relativistic proton is made of
3 quarks to which the exchanged gluons couple. According to references [80] and [82], one can
derive an impact factor in terms of the quark light-cone wavefunction (LCWF).

The first assumption is that the proton is dominated by a 3-quark Fock state. In this case, it
was shown that the impact factor corresponding to two gluons of momenta ka and kb coupling
to the proton is divided in the two diagrams of Fig. 3.2. The function E1 corresponds to the first

2This can be seen the other way around: a hadron cannot emit gluons with wavelength greater than its size.
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ka kb ka kb

Figure 3.2: The two contributions to the LCWF impact factor.

one, where the two exchanged gluons are attached to the same quark and one can show that it
is identical to the measured Dirac elastic form factor in γ∗p scattering

E1 (ka + kb) = F1(t) =
3.53− 2.79t

(3.53− t)(1− t
0.71)2

, (3.3)

with t = − (ka + kb)
2. This fits the data [83] for |t| smaller than 9 GeV2. In order to build the

complete impact factor, one has to add the contribution of the coupling of gluons to different
quarks, E2 (ka,kb) which has the property

E2 (ka, 0) = F1(−k2
a). (3.4)

Hence, one can use a simple parametrization which takes into account the above statement,

E1 (ka + kb) = F1

[−(ka + kb)2
]
,

E2 (ka,kb) = F1

[−(k2
a + k2

b + cka.kb)
]
,

(3.5)

where c is a free parameter that is of the order one in the proton case. The impact factor now
reads

ΦLCWF(ka,kb) = 3
[
F1

(−(ka + kb)2
)− F1

(−(k2
a + k2

b + cka.kb)
)]
. (3.6)

This makes the dijet cross section finite. The factor 3 in front approximately gives the quark
counting rule that says that hadronic cross sections are proportional to the number of valence
quarks in the colliding particles.

The LCWF impact factor of Eq. (3.6) has no energy dependence but it can be easily introduced
going back to the phenomenological description of pomeron exchange in the S-matrix formalism
of Sec. 1.3.1. One can include the s behaviour of the cross section via a Regge factor [84]

Ri =
(
s

si

)α(ti)

. (3.7)

The Regge trajectory of the pomeron is α(ti), s is the energy in the center-of-mass frame of the
system and si, ti with i=2± 1 are the Mandelstam invariants of the upper and lower part of the
diagram as shown in Fig. 3.3.
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t1

t3

s1

s3

s

Figure 3.3: Decomposition of the main diagram in two parts according to [84]. Both
subdiagrams have their own Mandelstam invariants si and ti for i=2±1.

One has for the upper proton of the process of Fig. 2.10

Φp1

LCWF(k,−(k+k1)) = 3
(
s

s1

)α(t1) [
F1

(−k2
1

)− F1

(−(k2 + (k + k1)2 − c (k + k1).k)
)]
. (3.8)

In the kinematics of Fig. 3.4, one can calculate s1 and t1 using the four-momentum of the

q − k1

k2 − k3

k1 − k2

q

p p + k3

k

k + k1

k + k3

k + k2

Figure 3.4: Kinematics of two-gluon production.

centrally produced system

kµX = (k1 − k2)µ + (k2 − k3)µ

= (α1 + α2)pµ + (β1 + β2)qµ + (k1 − k3)µ,
(3.9)

that leads to

s1 = (q − k1 + kX)2

= (β1 + β2)s,

t1 = (q − q + k1)2

= −k2
1,

(3.10)

in the large s limit. One can directly note that s1 is proportional to the longitudinal momentum
lost by the incoming hadrons and the same can be done for the bottom proton. Finally the
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coefficients c and the normalisation of the cross section can be fixed using soft data as explained
in the next section.

3.2.1 Finding the Parameters of the Model

The previous model for the proton impact factor is also valid for other quasi-elastic or elastic
processes. For instance, the elastic cross section calculation from the exchange of a pomeron
modeled by two gluons, can be performed and compared to the data in order to fix the param-
eters.

The elastic cross section of Fig. 3.5, in the same framework and kinematics as the dijet produc-
tion, is

k k + k1

Φ

Φ

Figure 3.5: High-energy elastic cross section. The pomeron exchange is modeled by a
two-gluon exchange in the same framework as the dijet production.

σel = g8 4
81π2

∫
d2k1

∫
d2k

k2(k + k1)2
ΦLCWF (k,−(k + k1)) ΦLCWF (−k, (k + k1))∫

d2k′

k′2(k′ + k1)2
ΦLCWF

(
k′,−(k′ + k1)

)
ΦLCWF

(−k′, (k′ + k1)
)
,

(3.11)

This result can be compared with available data on total and elastic cross sections, assuming
that at high-energy those two are due to pomeron exchange only. Using the E710 result [85] leads
to the values of the coefficient c = 0.61 and the normalisation is obtained through the use of an
effective soft coupling g =

√
4πα with α = 0.88. This value replaces g in Eq. (2.91). The authors

of [82] obtain a fit to less than 10% and their results have been checked here. It was also shown
that the curvature of the differential elastic cross section dσ/dt within this model is too large,
and implies the importance of the non-perturbative regime of QCD in the region of small |t|.
The use of perturbative exchange is thus tentative at best to estimate the value of the parame-
ters3. Another inconvenient of the method is that one had to postulate that the soft amplitude
is dominated by the exchange of simple poles. Even if it is true at the TeVatron energy, one
can have non-negligible corrections going to LHC that cannot be taken into account at this level.

The LCWF model is simple and possesses all needed ingredients, i.e. a dependence on the
transverse momenta and on the energy in the center-of-mass frame. The problem of the curvature
can be solved by introducing by hand a t-dependence, as it is done in the Durham model.
However, it relies on non-perturbative cross sections to fix its input. It may be better to use an
alternative model fitted to deep inelastic scattering (DIS) and photoproduction data, this is the
idea behind unintegrated gluons density discussed in the next section.

3Note that the authors of [82] demonstrate that the introduction of non-perturbative effects through a modi-
fication of the gluons propagator as described in Sec. 1.3.3 improves the t-slope.
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3.3 The Unintegrated Gluon Density

From the study of deep inelastic scattering at HERA, one can extract information about the
parton content of the proton. In the standard approach, the gluon distribution depends only
on longitudinal momentum fraction but we are looking for the emission of gluons with non-
negligible transverse momenta. Moreover, in our case, the exchanged gluons can be very soft so
that one could be interested to extend the description of the impact factor to the region where
the DGLAP evolution breaks down. In the present section, we shall use the parametrisation of
the impact factor described in [86] that solves these two issues and we present an impact factor
that depends both on the longitudinal momentum lost by the proton and on the transverse
momenta of the t-channel gluons.

The distribution of gluons inside an ultra-relativistic proton can be modeled for diagonal pro-
cesses, i.e no momentum transfer, by replacing the Born-level impact factor of the quark model
with an impact factor ΦUgD based on the unintegrated gluon density F(x,k2) made of two parts.
One drives the hard emission of gluons FHard and the second the soft emisions FSoft, in addition
with a smooth interpolation between them. We start with the perturbative exchange, i.e. the
emission of large transverse-momentum gluons. In this case, the gluon content of the proton
is described by the usual gluon distribution and as we are looking for the dependence in the
transverse momentum, the hard part of the impact factor comes from a direct differentiation of
the gluon distribution [44, 45, 87]

FH1 =
∂ xg(x,k2)
∂ log(k2)

. (3.12)

6The gluon distribution function g(x,k2) is extracted from fits to DIS data. This work has been
done by the collaborations GRV [88], MRS [89] and CTEQ [90] and the fits are based on the
DGLAP equation. The domain of validity of FHard is for k2 ≥ k2

c with k2
c ' 0.9 or 1.4 GeV2

depending on the fit (see below). At small to moderate transverse momenta, one has to provide
a model for the unintegrated gluon density (UgD). An educated guess, based on colour-dipole
phenomenology of hard processes at small-x [91–93], suggests that the interaction of perturbative
gluons is similar to the Yukawa screened flux of photon in a quark dipole, up to a colour factor
and a coupling constant, so that

FH2 =
N2
c − 1
2

αs(k2)
π

(
k2

k2 + µ2
h

)2

F1(k2), (3.13)

where Nc is the number of colours. The scale µh is related to the propagation length of gluons
by µh = 1/Rh. Because of confinement, perturbative gluons do not propagate at large distances
and one can take Rh ' 0.27 fm according to lattice studies [94]. In this case, F1(k2) is the
conventional quark dipole form factor

F1(k2) =
1(

1 + k2

Λ2

)2 , (3.14)

where Λ is a free parameter set to 1 GeV and the strong coupling constant is frozen at αs=0.82
in the infra red [95, 96]. One can now define the hard part of the impact factor by matching the
DGLAP fits with the above dipole picture at kc and

FHard = FH2
(
k2
) FH1

(
x,k2

c

)
FH2 (k2

c)
θ
(
k2
c − k2

)
+ FH1

(
x,k2

)
θ
(
k2 − k2

c

)
. (3.15)

In the moderate transverse-momentum region, the hard impact factor shows consequently the
same x-dependence as the DGLAP fit at k2

c together with the k2-dependence of the dipole pic-
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ture. The large-x behaviour is introduced via a purely phenomenological factor (1− x)5.

In the soft region, i.e. at small k, one has to deal with non-perturbative gluons interacting with
large dipoles. The phenomenology of this soft exchange can be modeled in the spirit of the
dipole picture of Eq. (3.13) at the tree-level

FSoft = asoft
N2
c − 1
2

αs(k2)
π

(
k2

k2 + µ2
s

)2

F1(k2), (3.16)

where asoft is an adjustable parameter. The scale µ2
s is, as previously, related to the propagation

length of gluons, but this time this is the propagation of non-perturbative gluons, so that µ2
s �

µ2
h because R2

s � R2
h. Finally, the unintegrated gluon density can be written

F(x,k2) = FSoft ν2
s

k2 + ν2
s

+ FHard k2

k2 + ν2
h

, (3.17)

with νs ' µh that insures that the soft component decreases fast in the hard region k2 > µ2
h but

dominates in the soft one.

The above description of the unintegrated gluon density is a summary of reference [86] and
we want to underline that this density was build in a phenomenological way, and hence is not
unique. It depends on several assumptions and choices. Some of the parameters, R2

h, kc and
the freezing of the strong coupling, are borrowed from the literature, but the others, asoft, µ2

s

and νh, were adjusted on available data from ZEUS [97–100], H1 [101–103], E665 [104] and
NMC [105] in the ranges 0 ≤ |k2| ≤ 35 GeV2 and x ≤ 10−2. Actually, one has four different
fits which give similar chi-square when fitting to the data and, in particular, the details of the
non-perturbative region are different. All hard inputs are taken from LO GRV98 parton distri-
butions apart for Fit-3 that comes from a functional form of FH1 . The main difference between
the fits is in the parametrisation of the soft region for which the parameters were adjusted on
data using different fitting techniques. As an example, we show in Fig. 3.6 the hard and soft
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Figure 3.6: Fit-1 parametrisation of the unintegrated gluon distribution as a function
of k2 at fixed x. (a) x=10−2 and (b) x=10−4. The plots present the
different contributions FHard, FSoft and their sum.

parts of the Fit-1 unintegrated distribution as a function of k2 and for two values of x. One can
directly note that both plots show a dip at the interface between the hard and soft component.
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This comes from the fact that the components are clearly separated but with a small extrapo-
lation of the soft part into the hard part as well as of the hard into the soft. After integration
over k2 one finds the correct description of F2p in agreement with data.

The other fits have a similar behaviour despite the differences in the parametrisation of the soft
region and are shown in Fig. 3.7, Fig. 3.8 and Fig. 3.9. The main remark is that the importance
of the non-perturbative contribution in Fit-4 is extended to larger k2 in this case even if both
parametrisations exhibit the same behavior at small and large k2.
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Figure 3.7: Fit-2 parametrisation of the unintegrated gluon distribution as a function
of k2 at fixed x: (a) x=10−2 and (b) x=10−4. The plots present the
different contributions FHard, FSoft and their sum.

Hard
Soft

Total

x=10−2

k2 [GeV2]

F(
x
,k

2
)

[F
it

-3
]

10310210110010−110−2

101

100

10−1

10−2

(a)

Hard
Soft

Total

x=10−4

k2 [GeV2]

F(
x
,k

2
)

[F
it

-3
]

10310210110010−110−2

102

101

100

10−1

10−2

(b)

Figure 3.8: Fit-3 parametrisation of the unintegrated gluon distribution as a function
of k2 at fixed x: (a) x=10−2 and (b) x=10−4. The plots present the
different contributions FHard, FSoft and their sum.
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Figure 3.9: Fit-4 parametrisation of the unintegrated gluon distribution as a function
of k2 at fixed x: (a) x=10−2 and (b) x=10−4. The plots present the
different contributions FHard, FSoft and their sum.

3.3.1 Impact Factor from the Unintegrated Gluon Density

The above fits to the data allow to model the impact factor at non-zero momentum transfer and
for different longitudinal momentum fractions. The kinematics used in the present description is
shown in Fig. 3.10. In the studied case of quasi-elastic production, the two gluons have different

(xa,ka)

Φ

(xb,kb)

Figure 3.10: General picture of the kinematics used in the present description of the
impact factor.

longitudinal momentum fractions, the screening gluon can be very soft and one has xa � xb as
shown by the conditions (2.55) and (2.64).

According to [106, 107] the skewed distribution can be related to the forward distribution by

Fskewed

(
xa � xb, xb,k2

)
= Rg F

(
xb,k2

)
, (3.18)

The skewness factor Rg can be effectively taken into account by rescalling the x at which the UgD
is calculated. Assuming that F(xb,k2) ∝ x−λ with λ the effective intercept, one has

Rg

(
1
x

)λ
=
(

1
c(λ)x

)λ
. (3.19)

It appears that the factor c(λ) has little dependance on the intercept and consequently one can
choose to fix it at the mean value < c(λ) >= 0.41, so that

Fskewed

(
xa � xb, xb,k2

)
= F (0.41xb,k2

)
. (3.20)
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The second problem is the non-zero transverse momentum transfer. This is introduced via a
universal exponential factor constructed in such a way that it respects condition (3.1), includes
the shrinkage and the t-dependence of the impact factor. The first condition is realised with
the help of a prefactor f(ka,kb) that goes to zero with one of its arguments and is equal to 1 if
ka = kb. It can be choosen as

f(ka,kb) =
2k2

ak
2
b

k4
a + k4

b

, (3.21)

in addition with the prescription

φ (xa � xb, xb,ka,kb) =
4π2

g2

N2
c − 1
2Nc

F
(

0.41xb,
(

ka + kb
2

)2
)
f(ka,kb), (3.22)

that models the distribution of gluons inside an ultra-relativistic proton and in this prescription
the soft coupling g is absorbed into the definition of F .
The t-dependence is usually taken into account by an exponential. According to studies of
diffractive vector meson production [86], one can take

Φ = φ× e− 1
2
B(x)|t|,

B = B0 + 2α′ ln
x0

x
.

(3.23)

Here, B0 = 4 GeV−2, α′ = 0.25 GeV−2 and x0 = 3.4 10−4 are chosen to reproduce the correct |t|-
slope of the cross section. The energy dependence is inspired by the Regge phenomenology of
pomeron exchange of Sec. 1.3.1 and was tested on diffractive vector-meson production [108].
Using these values of the diffractive parameters, the logarithmic t-slope of the distribution is
approximately equal to B ' 4 GeV−2. This is significantly smaller than the slope in elastic
proton-proton collision at the TeVatron energy, that is

dσelasticpp

d|t| ∝ e−2Bel|t|, (3.24)

where Belastic ' 8.5 GeV−2. The present choice of B is more natural than B ' Bel since elastic
scattering at the TeVatron probes the gluon distribution at very small x, of the order x ∼ 10−7,
while in our process the energetic gluons carry only ' 10−2 of the proton momentum. This
choice is model-dependent and introduces an extra uncertainty into theoretical calculations of
the quasi-elastic cross sections.

The complete UgD-based impact factor incorporates now all the ingredients requested and yields

ΦUgD (xa � xb, xb,ka,kb) =
4π2

g2

N2
c − 1
2Nc

F
(

0.41xb,
(

ka + kb
2

)2
)
× 2k2

ak
2
b

k4
a + k4

b

e
− 1

2
(B0+2α′ ln

x0
xb

)|t|
.

(3.25)
This function replaces ΦLCWF, as shown in Appendix A. After the considerations of Chap. 2 that
have shown that an important part of the exchanged gluons are soft and that the calculation is
sensitive to the details of the non-perturbative regime of QCD, one must note that the present
impact factor is somewhat uncertain. One of its advantages is that it treats separately the soft
and hard regimes and the parametrisation is just an attempt to describe phenomenologically the
impact factor. Here, we want to underline that a good agrement of the fit to small, moderate and
large transverse momentum is not trivial, and that below x = 10−2 the accuracy is comparable
to the one of the standard leading-order GRV fits.
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3.4 Results and Conclusion

We have presented two possible parametrisations of the impact factor, based on a simple light-
cone wave function or on the unintegrated gluon density. Both of them depend on the transverse
momentum of the exchanged gluons and on the longitudinal fraction lost by the proton. We shall
now define the variables in the particular kinematics of quasi-elastic production and show what
are the effects of the choice of different parametrisations on the dijet quasi-elastic production.

The parton-level cross section calculation, embedded into proton-proton exchange is given
by Eq. (3.2) and if one want to use ΦUgD, the longitudinal fraction lost by the upper proton is
the longitudinal fraction of k1, given by

kµ1 =
−k2

1

(1− β1)s
pµ +

(
k3

(1− α2)s
+ β1 + β2

)
qµ + kµ1 , (3.26)

hence xb = β1 + β2 in the kinematics of Sec. 2.4 and neglecting all terms of order O(1/s). It
can also be taken directly from the four-momentum of the final system X of Eq. (3.9) since the
transferred momentum |t| is equal to |t1| as in Eq. (3.10). Consequently, the impact factor based
on UgD of the upper proton is

Φp1

UgD (z, (β1 + β2),k, (k + k1)) =
4π2

g2

N2
c − 1
2Nc

F
(

0.41(β1 + β2),
(

k + (k + k1)
2

)2
)

× 2k2(k + k1)2

k4 + (k + k1)4
e
− 1

2
(B0+2α′ ln

x0
β1+β2

)|k2
1|.

(3.27)

In the case of the lower proton, one finds

xb = α1 + α2,

t3 = −k2
3.

(3.28)

Fig. 3.11.a presents the reference curve for the two choices of impact factor.
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Figure 3.11: Comparison of the impact factor. (a) LCWF stands for the light-cone-
wave function impact factor and the band corresponds to the parametri-
sations of the unintegrated gluon density. (b) The four different fits
of ΦUgD.
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Although both lead to an acceptable fit to the data, the curvature of ΦUgD seems to be better.
The band represents the four parametrisations of impact factor based on unintegrated gluon den-
sity that only differ by the description of the soft coulour-singlet exchange. A look at Fig. 3.11.b,
that gives the results for the four different types of parametrisations, shows that the Fit-4 with
the extended soft region gives the highest prediction.

The fact that one cannot fix the correct parametrisation of the impact factor using theoretical
arguments introduces an uncertainty on the results. By comparing the different prescriptions,
the present study shows that the choice of the impact factor amounts to an uncertainty of at
least a factor 3 between the lowest and the highest curves.



Chapter 4

The Sudakov Form Factor

The central system produced in quasi-elastic processes comes from the scattering of two near-
shell gluons and it is known that this kind of process has large logarithmic vertex corrections,
which may be resummed to form the Sudakov form factor. One expects these corrections to
lead to a substantial suppression of the cross section. This chapter describes different aspects
of the Sudakov form factor and several comments are in order.
After the general definition, we shall discuss different open questions concerning the details of
the Sudakov form factor as, in the dijet case, there exists no complete calculation to fix precisely
the scales. Hence it brings large uncertainties on the final cross section. We shall start with the
scales, then discuss the importance of the subleading logs and of the constant terms structure.
We also explain how it is possible to evaluate the mean value of the loop momentum using the
saddle point approximation and we shall confirm that the calculation is dominated by the non-
perturbative region. We also briefly discuss the idea that non-standard diagrams may modify
the final result for the quasi-elastic dijet cross section. All these pieces will be brought together
in the last section that summarises the uncertainties and demonstrates that the Sudakov form
factor is far from being under theoretical control.

4.1 General Definition of the Resummation

The present process is a typical case of the propagation of a gauge field from a long-distance con-
figuration to a short-distance one, i.e. a soft scale to a hard scale. It was shown in [109, 110] that
one expects large doubly logarithmic corrections from virtual diagrams such as those of Fig. 4.1.
The Sudakov corrections have been evaluated in QCD [111] and for on-shell initial gluons, they
diverge. However, in quasi-elastic processes, the initial gluons are slightly off-shell so that their
virtualities provide a natural IR cut-off and the logarithms are large but finite. The present
section gives the general properties of the Sudakov form factor and we shall try to explain how
it can be calculated in QCD, the complete calculation is far beyond the scope of the thesis and
hence, we just present the main lines1.

One can consider the one-loop correction to the vertex shown in Fig. 4.1.b. This diagram
includes an integral over the momentum in the loop, q, and in particular over both the frac-
tion of light-cone momentum z and the transverse momentum q2. The integration builds up
double logarithms in the kinematical region where the virtual emission is soft and sandwiched
between a soft and a hard scale, respectively `2 and µ2. As shown by Dokshitzer, Dyakonov and

1Sometimes, the Sudakov form factor is reworded using a Monte-Carlo language as the probability that the
gluons in the t-channel do not emit extra partons. In this way, one has to subtract from unity the probability
that the hard subprocess is accompanied by a certain number of secondary partons. However, we prefer to keep
the original definition of the Sudakov form factor as a vertex correction.
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(a)

q

(b)

Figure 4.1: (a) A higher-order diagram for quasi-elastic production that leads to large
doubly logarithmic corrections in the Feynman gauge. (b) The Sudakov
form factor viewed as virtual vertex corrections.

Troyan (DDT) [111], at higher order, the leading double logarithms exponentiate. The expo-
nentiation is the QCD analog of the form factor discovered by Sudakov in QED. The main issue
is that one is dealing here with loop momenta that lie in the non-perturbative region and it is
then difficult to go beyond the leading-log approximation. However, DDT interestingly noticed
that the log structure appears from equations that look like bremsshtrahlung emission with the
same splitting function as those used in the DGLAP equation. Actually, if one looks at the cross
section level, the logarithmic IR divergences of bremsshtrahlung diagrams are canceled by the
divergences of virtual corrections, making the inclusive cross section finite, this is pictured in
Fig. 4.2. Hence, the inclusive cancellation of the IR divergences leads to the conclusion that the

+ = Finite

Figure 4.2: The logarithmic IR divergence of bremsshtrahlung diagrams is canceled
by the divergence of virtual corrections, making the inclusive cross section
finite. This suggests that the log structure of virtual corrections is identical
to that of real emissions.

log structure of virtual corrections is identical to that of real emissions, that can be calculated
perturbatively in the DGLAP formalism. One can then write for the Sudakov form factor T the
following expression [16, 17]

T (µ2, `2) = e−S(µ2,`2),

S(µ2, `2) =
∫ µ2

`2

dq2

2π
αs(q2)

q2

∫ 1−∆

0
dz [zPgg +NfPqg] ,

(4.1)

that should be convoluted with the cross section of Eq. (3.2):

M(p1p2 → p∗1 + gg + p∗2) =Mqq ⊗ Φ(p1)
√
T (µ2, `21) Φ(p2)

√
T (µ2, `22). (4.2)

Once again, we insist on the fact that the Sudakov form factor is a correction independent of the
impact factor and is hence not introduced in a derivative as in models that uses simple parton
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distribution function for the proton. The first integral of Eq. (4.1) refers to the transverse
momentum of the particle in the loop q2 and αs(q2) is the strong coupling constant. The
integration variable runs between `2i and µ2, naturally related respectively to the soft and hard
scales between which the colour gauge field is developed. So, `i is linked to the virtuality of the
initial gluons (k + ki)2, depending on whether one deals with the upper or the lower part of
the production diagram, that sets the scale from which an extra parton can be emitted, while µ
is related to the hard transverse scale k2 of the hard subprocess. The problems attached to
the definition of the scales is addressed in Sec. 4.2.1. The second integral is over the light-cone
momentum z, ∆ is a cut-off discussed below, Nf is the number of flavours and Pgg, Pqg are the
unregularised splitting functions2. One has

Pgg = 2Nc

[
z

1− z +
1− z
z

+ z(1− z)
]
,

Pqg =
1
2
[
z2 + (1− z)2

]
,

(4.3)

where Nc is the number of colours. Note that the original prescription of DDT gives a slightly
different result as discussed in Appendix B.3. The origin of the double-log is in the first term
of Pgg since the other terms will only give simple logs and constant terms. Here, a second
problem appears as the argument is that virtual logarithmic divergences of bremsshtrahlung
diagrams are identical to the logarithmic divergences of the virtual diagram and it is known
that those logs exponentiate, but the constant terms are not the same and nothing proves that
they exponentiate. We leave this topic for Sec. 4.2.2 as the Sudakov correction is well defined
in the regime where the logs are large and in particular when the double-log contribution is
dominant. In order to obtain a quantitative idea of this factor one can work in the double log-
approximation (DLA) of S(µ2, `2) that is computed by keeping only the term of interest after
the integration over z,

SDLA(µ2, `2) =
3
π

∫ µ2

`2
d2q

αs(q2)
q2

log
(

1
|∆|
)
. (4.4)

All details of the integration over z can be found in Appendix B.3. For the purpose of the
demonstration, one can fix the coupling constant to αs(µ2) in Eq. (4.4) and evaluate the second
integral that depends on the choice of ∆. First, pure DGLAP kinematics [111] leads to the
cut-off ∆ = q2/µ2 and one obtains

SDLA(µ2, `2) =
3αs(µ2)

2π
log2

(
µ2

`2

)
. (4.5)

However, it can be argued that the coherent effects lead to angular ordering in the successive
splitting of the secondary partons [112–114]. This ordering introduces a more restrictive limit
on the z integral, which becomes linear in |q| leading to ∆ = |q|/µ. This result is also obtained
by the authors of [20, 112] who compute explicitly the next-to-leading-order (NLO) calculation
of the relevant virtual corrections3. With this definition of the cut-off, one obtains a double-log
result which is a factor of two smaller than Eq. (4.5)

SDLA(µ2, `2) =
3αs(µ2)

4π
log2

(
µ2

`2

)
. (4.6)

2Note that the splitting function Pgq is not present as one deals only with gluons in the initial state.
3We don’t want to enter into the details here, but one can note that, together with Eq. (4.1), it can also be

derived from the CCFM equation [115, 116].
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Numerically this change is very substantial as it can lead to a factor O(10) in the cross section.
In the following, all results are produced with the latter definition of ∆.

All choices, scales, cut-off and approximations will be studied and their effects on the value of
the quasi-elastic dijet cross section tested in the final section where we show how sensitive the
Sudakov form factor is to those parameters.

4.2 Arbitrariness of the Sudakov Form Factor

From the point of view of the previous section, the Sudakov form factor seems to be under
theoretical control. However, as it suppresses the cross section by a factor of the order of 100
to 1000, one can guess that we need to be very careful about its details. We would like to
develop four topics, i.e. the choice of scales µ2 and `2, the possibility to introduce a different
upper scale in the transverse and longitudinal integrals, the importance of the log contributions
versus the constant terms and the Sudakov form factor of non-standard diagrams.

4.2.1 Scales

At first sight, the Sudakov form factor depends on two scales that are the limits of the integral
of Eq. (4.1). They are related to the soft and the hard scales of the process and we shall see
that the suppression factor is very sensitive to a change in their values. The order of magnitude
of both scales can be fixed from the kinematics but the theory doesn’t provide the coefficient in
the particular case of the two-gluon production.

As already mentioned, the lower limit `2 of the integral on transverse momentum must be of
the order of the transverse momentum of the gluon that initiates the emission. In the present
picture of the Sudakov form factor corresponding to virtual corrections at the vertex, this scale
is obviously of the order of (k + ki)2 with i = 2± 1. The status of the upper scale is a little bit
more complicated due to the fact that in the standard discussion of the Sudakov form factors
the hard point-like vertex is characterized by only one scale, that is the mass of the produced
system mX . In Monte Carlo language, this mass defines the phase space available for the
secondary parton emission which needs to be suppressed. Consequently, the upper scale should
be taken as µ = cmX with c a constant of order 1 and this is true for a point-like vertex.
Nevertheless, in the dijet case, we enter a new kinematical regime as the two gluons can have
large invariant mass

m2
gg = sgg =

(β2k1 + β1k3 − (β1 + β2)k2)2

β1β2
, (4.7)

both via large transverse momenta for which sgg ' k2
2 or via strong longitudinal ordering sgg �

k2
2. In Sec. 4.1, we have seen that a typical double-log-enhanced correction gets sizable logs

only if there is a large transverse momentum or large virtuality k2
2 inside the effective vertex,

or in other words, only if the effective vertex can be considered point-like. In this case, the flow
of the transverse momentum q in the loop does not change the amplitude. On the contrary, if
the vertex does not involve a sufficiently large scale, the momentum in the loop is enough to
resolve the vertex and the transverse logarithm does not build up, leading to a complete change
of the log structure of the amplitude. The two situations are pictured in Fig. 4.3, and one can
reasonably guess that the upper scale of the transverse integral is somewhat uncertain, but must
be of the order of k2

2 as it marks the limit beyond which the double-logs do not build up. With
this discussion in mind, we anticipate a little on the second part of the thesis, devoted to Higgs
boson quasi-elastic production.
According to [16, 17], one should have taken µ2 related to the quantity sgg. Actually, this is true
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q2 ≪ k2
2

q2 ≃ k2
2

k2
2

Figure 4.3: The two different kinematical regime for dijet production. Left: The
effective point-like vertex q2 � k2

2. Right: The resolved vertex q2 ' k2
2.

in the case of Higgs boson quasi-elastic cross section as the hard vertex is effectively point-like.
The transverse momenta and virtualities of the top quarks inside the loop are larger or similar
to the Higgs boson mass, so that the only available hard scale is indeed this mass squared. In
the dijet case, one cannot neglect the new kinematical regime sgg � k2

2 and, in particular at
TeVatron energy where k2

2 is of the order of the minimum transverse energy of the jet which
can be as low as 10 GeV. Hence. according to the above discussion, we choose to fix the upper
scale of the Sudakov form factor to

µ2 = k2
2/x, (4.8)

where x is an integer used to study the variation of the cross section with the details of the
Sudakov correction and thus the theoretical uncertainty on the numerical result.

The scale µ appears two times in Eq. 4.1, first as the upper limit of the transverse integral
over q and second through the definition of ∆ in the upper limit of the longitudinal integral
over z. One can then suggest to introduce different upper limits dealing with the longitudinal
and the transverse pieces. The latter should be naturally related to the previous definition of µ
whereas the former, denoted ν, should be linked to √sgg. For simplicity one can choose different
transverse and longitudinal limits which become of the same order for purely transverse jets:

µ2 =
k2

2

x
, ν2 =

sgg
4x
. (4.9)

The effect of the additional scale on the dijet cross section is shown in Fig. 4.4,
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Figure 4.4: Effect of the additional scale on the dijet cross section. The central plain
line is the reference curve of Fig. 1.12.
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that presents on the same plot the two cases, the addition of the second scale changes the
curvature in the high-mass region. Nevertheless, this change is small compared to the other
sources of uncertainties and the error bars. The effect of the addition of a scale is not obvious
but it can be seen from the DLA form of the Sudakov form factor. One can compute the
function SDLA of Eq. (4.4) but for ∆ = |q|/ν. It gives

S2scales
DLA ∝

∫ µ2

`2

dq2

q2
log

ν

|q|
= log

(
`

µ

)
log
(
`µ

ν2

)
,

(4.10)

after the calculation detailed in Appendix B.3.3. This expression has to be compared with the
result of Eq. (4.6)

SDLA(µ2, `2) ∝ log2

(
µ2

`2

)
, (4.11)

and one can directly note that the dependence of S(µ2, `2) on the upper scale is strongly modified.
Indeed, if µ starts increasing then one has now two opposite effects as log `µ

ν2 increases while log `
µ

decreases. As shown in Fig. 4.5.a and 4.5.b, the dependence in the 2-scale case is rather different
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Figure 4.5: (a) Comparison of the dependence of the argument of the Sudakov
form factor on the upper scale µ in the one-scale and two-scales
cases. ν2=100 GeV2 and `2=1 GeV2, i.e. typical values of the quasi-elastic
production are fixed. (b) Effects of a change in the upper limit µ on the
cross section in the 2-scale case.

and a change in µ has then a less dramatic effect on the final result and on the uncertainty that
affects the calculation.

4.2.2 The Logarithmic Contribution and the Constant Terms

The validity of the formulae used here is based on the assumption that the log contributions
are dominant. However, the exact log contributions in the dijet case is not trivial and have not
been fully calculated due to the additional difficulty described in the previous section. If the
constant term contribution is small, one can trust the exponentiation but we shall show that it
is not the case in the energy domain considered. Furthermore, we have assumed that the impact
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factor was similar to an integrated gluon density. In principle, the latter contains a Sudakov
form factor inside the derivative of the gluon density. The derivation is performed in DIS but
the regime considered here, with a spectator gluon, is quite different and we believe we should
include it outside the impact factor.

One can choose to keep the Sudakov form factor of Eq. (4.1) and to test the dominance of
the logs. The sign and hierarchy of the different contributions can be obtained by an analytic
calculation in the approximation of fixed αs. According to Appendix B.3, one has

S(µ2, `2) ' αs
2π

[
6 log2 1

δ
+ (−11 +

2
3
Nf ) log

1
δ

+ C

]
, (4.12)

where the term proportional to Nf is from Pqg and C gathers the non-leading log terms. This
decomposes the argument of the Sudakov form factor in three terms

S(µ2, `2) = αs

[
a log2

(
µ2

`2

)
+ b log

(
µ2

`2

)
+ C

]
, (4.13)

namely, the double-log contribution, the single-log contribution and the constant term with a,
b and C constant. In this approximation, the relative magnitude between the different terms is
shown in Fig. 4.6 using ∆ = |q|/µ and for typical scales relevant for the CDF measurements.
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Figure 4.6: Contribution of the various terms entering the argument of the Sudakov
form factor in the approximation of fixed strong coupling and for µ2 =
102 GeV2.

We remind the reader that µ is related to the mass of the dijet system and that `, the virtuality
of the colliding gluons, is small.
In the case of a running coupling, one has to perform a numerical calculation and the con-
tributions are shown in Fig. 4.7 where we label the terms as in the fixed coupling case. The
first remark is that the picture is really different from what one expects, i.e. large double log
contributions and small constant terms. The single-log contribution is negative and eventually
leads to a change of sign of the argument S(µ2, `2) if one neglects the constant term4. As we
explained in Sec. 4.1, the single-log contribution is not fully calculated in the dijet case and the
fact that it is actually large makes the theoretical prediction particularly unstable. On top of
this, one can also notice from Fig. 4.7 that the constant terms are numerically important, in

4Moreover, the negative contribution comes from Pgg and the positive one from Pqg.
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Figure 4.7: Contribution of the various terms entering the argument of the Sudakov
form factor. (a) µ2 = 102 GeV2 and (b) µ2 = 402 GeV2.

particular the logarithms are dominant only in the region ` � 0.5 GeV for µ = 10 GeV with
a slight improvement if one takes µ = 40 GeV. With a running coupling, the log terms are
dominated by the constant contribution with the consequence that one can trust the perturba-
tive formula of Eq. (4.1) only in the non-perturbative region. Taking into account that, in the
dijet quasi-elastic production processes, the mean value of ` is around 1 GeV, one might have
serious doubts about the validity of the Sudakov form factor in that context. In particular in
the fixed running coupling approximation for which the suppression factor is underestimated in
the small-` region leading to important consequences on the final cross section.
We stress however that this result is model-dependent and as an example, we show in Fig. 4.8 the
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Figure 4.8: Contribution of the various term entering the argument of the Sudakov
form factor using the prescription for the cut-off, ∆ = |q|

|q|+µ .

same plot as the one of Fig. 4.7.a using this time the Durham prescription for the cut-off ∆ [117]

∆ =
|q|
|q|+ µ

, (4.14)
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that prevents the log contribution to go far below zero. One can also show that if we multiply
the upper scale by two, an assumption that is theoretically reasonable, the double log + single
log contribution becomes always positive.

We now address the question of the constant terms. The exponential form of the Sudakov form
factor comes from the similarity of the log terms in the virtual and bremsshtrahlung diagrams,
and it is known that the constant terms do not exponentiate. It is however assumed in most of
the models that they are small. Consequently this introduces an additional uncertainty on the
final result as the constant terms are not fixed by the theory and can vary. The effects of a simple
change are shown in Fig. 4.9. It corresponds to the multiplication by a factor 2 or 1/2 of all terms
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Figure 4.9: Effect of a change in the constant terms on the dijet cross section. It
corresponds to the multiplication by a factor 2 or 1/2 of all terms in Pgg
and Pqg that will not give a log contribution after the integration over q
in Eq. 4.1.

of Pgg and Pqg that will not give a leading-log contribution after the integration over q in Eq. 4.1.

The quasi-elastic dijet production cross section is plagued with a large theoretical uncertainty
coming from the Sudakov form factor and moreover, a simple change in the prescription leads
to a drastic change in the numerical result. Without tackling the question of the constant term,
one can see that the single-log contribution to the Sudakov form factor cannot be neglected, and
these corrections should be fully calculated in the dijet case. However the calculation is complex
and up to now has only been performed completely in the case of a quark vertex [118–120].

4.2.3 Sensitivity to the Sudakov Parametrization

The Sudakov form factor T (µ2, `2) enters the loop integral as it depends on k via the lower
scale `. Because of that, it reshapes the region of momentum that contributes to the ampli-
tude, i.e. the mean value and the distribution. Using the saddle point approximation, we discuss
here the distribution over the transverse momentum of the screening gluon. Note that although
the quantity k is not observable, one can use it in order to control the dynamics of the loop
integration for theoretical purposes.

We want here to study the loop integral entering the dijet quasi-elastic cross section. Starting
from Eq. (2.91), one can assume that the strongest dependence on k1 and k3 comes from the
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proton form factor so that, one can take (k + k1) ' (k + k3) ' k in the numerator. Neglecting
the total helicity 2 amplitude, the integral is

dσqq ∝
∣∣∣∣ ∫ d2k

k6
× k2 × Φ2(k,−k)e(k2

2,k
2)

∣∣∣∣2 = |I|2, (4.15)

where the impact factor plays the role of an IR cut-off. Without the Sudakov suppression,
the integral is dominated by soft momenta due to the k−4 factor. With it, the weight of
small momenta is suppressed and the dominant k-region shifts towards harder scales. The
corresponding mean value of |k| can be estimated using the saddle point approximation and
according to [16, 17] is |k| ' 1−2 GeV. It is sometimes claimed that this momentum is sufficiently
hard to justify the applicability of pQCD in quasi-elastic calculation. However, we stress that
one should be careful about this assumption. First, one has to agree with the fact that 1 GeV
is indeed perturbative. Secondly, with two simple estimates, we show that the |k| shift depends
strongly on the details of the Sudakov form factor.
We use the saddle point approximation to obtain the mean value of k, so that we rewrite the
integral I as a function of a more convenient notation

x ≡ log
k2

Λ2
, x2 ≡ log

k2
2

Λ2
, (4.16)

with Λ a cut-off that can be chosen equal to ΛQCD. One has now

I =
1

Λ4

∫
e−[x−2Φ(x)+S(x2,x)]dx. (4.17)

The global extremum x0 of the argument f(x) = x−2Φ(x)+S(x2, x) is the saddle point position,
and can be obtained by calculating the zero of the derivative of f(x). We first test the technique
on the very simple case of the double-log approximation of the Sudakov form factor neglecting Φ,
that is considered here as a cut-off. In the new variables, Eq. (4.6) is now

SDLA =
3αs(k2

2)
4π

log2 k2
2

k2

=
3αs(k2

2)
4π

[
log

k2
2

Λ2
− log

k2

Λ2

]2

=
3

x2β0
(x2 − x)2,

(4.18)

so that

f(x) = x+
3

x2β0
(x2 − x)2, (4.19)

with

β0 = 11− 2
3
Nf . (4.20)

The last equality comes from the one-loop definition of the coupling constant αs,

αs(k2
2) =

12π
(33− 2Nf )

1

log k2
2

Λ2

=
12π

(33− 2Nf )x2
. (4.21)

One can now proceed to the evaluation of the saddle point position of f(x) by taking the
derivative
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df(x)
dx

∣∣∣∣
x=x0

= 0

→ x0 = x2

(
1− β0

6

)
< 0.

(4.22)

The fact that x0 = log(k2
0/Λ

2) is always negative means that the integral is dominated by the
small k2-region. Actually, if one takes typical TeVatron values k2 ' 10 GeV and Nf = 4, the
mean k2

0 is 0.0025 GeV2. Obviously, this is for a really simple Sudakov form factor. If instead
one takes a running coupling, the picture is quite different. According to Appendix B.3.4 and
in the same double log approximation, one has now

f(x) = x+
6
β0

(
x2 log

x2

x
− x2 + x

)
→ x0 =

x2

1 + β0

6

,
(4.23)

that gives k2
0 ' 1 GeV2 for typical TeVatron values and the change from the previous result is

substantial. The estimate of the suppression factor is

I ∝
∫ ∞

0
e−f(x)dx

=

√
2π

−|f ′′(x0)|e
−f(x0),

(4.24)

by definition of the saddle-point approximation and in the present case, it gives

I ∝ e−
h

6x2
β0

log
“

1+
β0
6

”i
, (4.25)

which is about 0.008 for k2 ' 10 GeV. Numerically, one can obtain the saddle point position
for more complex Sudakov form factor prescriptions without neglecting the impact factor. In
Fig. 4.10.a, we show the function

f(x) = x− 2Φ(x) + S(x2, x), (4.26)

for the impact and Sudakov form factors of the reference curve. For simplicity, the upper scale
is fixed to typical TeVatron values µ = 10 or 40 GeV and we take

x2 = log
k2

2

Λ
= log

µ2

Λ
. (4.27)

The second picture in Fig. 4.10 is the same function for different choices of impact factor and
scales but still at µ = 10 GeV. One can directly note that a change of a factor 2 in the scales
doesn’t modify the position of the saddle point, on the other hand, the type of the impact factor
matters and can push the minimum to lower values of k. This study is useful to obtain an
idea of the mean value in the loop momentum but it doesn’t include the true kinematics of the
calculation. It nevertheless shows that the mean value of k is around 1 GeV or lower, that is
clearly in the domain of soft momenta.

The severe change of the suppression factor with the prescription indicates the sensitivity of
the calculation to the details of the Sudakov form factor. Depending on the assumptions used,
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Figure 4.10: Function f(x) = x− 2Φ(x) +S(x2, x)). (a) For the impact and Sudakov
form factor of the reference curve and for µ = 10 GeV and µ = 40 GeV.
(b) Same function but for different parametrisation at µ = 10 GeV.

the suppression can differ by one order of magnitude and the mean value of k can vary be-
tween 0.02 GeV and 1 GeV in the present simple approximations. One must conclude that
claiming that the loop integral is perturbative is unjustified. In fact, this is not the end of the
story as extra corrections are to be added as the gap-survival probability.

4.2.4 The Role of the Screening Gluon

In the two-gluon picture of quasi-elastic scattering, the first gluon leg is needed to screen colour
and obtain a coulour-singlet exchange between initial hadrons. It is usually assumed that it does
not participate to the hard subprocess. At lowest order, it is justified as the diagram of Fig. 4.11,
with gluons emitted from different legs, is suppressed at large k2 because it contains one more

q − k1

k2 − k3

k1 − k2

q

p p + k3

k k + k1

k + k2 − k3

p + k

q − k
k + k2

Figure 4.11: Lowest-order diagram with gluons emitted from different legs. The thick
gluon lines represent hard propagators of the order k2

2.

hard gluon propagator. The diagram is of the order of log(k2
2)/k2

2 at the Born level as shown in
Chap. 2 and Appendix B.2.4. However, the virtual corrections of the Sudakov form factor are
large for the first diagram but are different in the present case, so that, the contribution of this
second diagram may matter.

In the standard picture, the final dijet system is emitted from only one gluon leg, the second
is present only to screen the colour. Besides, standard BFKL soft exchanges of Fig. 4.12.a
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(a) (b) (c)

Figure 4.12: (a) In the case of the first diagram, standard BFKL soft exchanges can
be reabsorbed in the evolution of the gluon density so that the screening
gluon effectively decouples from the hard subprocess. The first order
correction of (b) is only single-log enhanced. However at higher order,
the hard momentum flow forms the effective irreducible gggg → gg vertex
of (c) that is, for its part, double-log enhanced.

can be reabsorbed in the evolution of the gluon density so that the screening gluon effectively
decouples from the hard subprocess. Nevertheless, in the case of the second diagram, the virtual
corrections discussed in connection with the Sudakov form factor complicate the picture and
lead to an nontrivial cross-talk between the t-channel gluons. The Sudakov form factor of the
new diagram should modify the amplitude by

ImMb ∝ 1
k4

2

∫
d2k
k4

e−S
′(k2

2,k
2), (4.28)

if one only keeps the leading transverse momenta and where eS
′

is the new Sudakov factor. The
correction at tree level is not double-log enhanced. One knows that double-log corrections build
up from the longitudinal integral when z is small and in the presence of a hard scale at the
vertex. The result of the integration is proportional to log(µ2/`2) that depends on the fraction
of momentum between the initial soft and the final hard scales. Consequently, if the scales are
of the same order, i.e. in the considered case where the virtuality of the incoming parton is
large µ2 ' `2, then the log doesn’t appear and the Sudakov form factor is at most single-log
enhanced. The relevance of the argument can be demonstrated in the simpler case of QED
calculation of [109, 110].
One can then go to higher orders and one must channel the hard transverse momentum as
in Fig 4.12.c, the hard-momentum lines can be gathered in the irreducible four-gluons ver-
tex gggg → g. Now, one finds again the exact conditions for the double-log corrections to the
vertex, i.e. the gluons entering the vertex are soft, and those contribution may be resummed
leading to a novel type of Sudakov form factor. The virtual corrections discussed so far are in-
teresting in themselves but they appear only at higher orders and we stress that the corrections
to the tree-level result always lack one logarithm as they are of order αs log(k2

2)
(
αs log2(k2

2)
)n.

This is an indication that the corresponding Sudakov suppression is not as large as the one of
the diagram where the final system is emitted from only one gluon leg, and it might be that

S′(k2
2,k

2)� S(k2
2,k

2),

e−S
′(k2

2,k
2) � e−S(k2

2,k
2).

(4.29)

Looking back at Eq. (4.28), one can also note that it might happen that the second diagram
is not as suppressed as it looks at the Born level, particularly if the mass of the final system,
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proportional to k2
2, is small.

Without a detailed calculation, one cannot say what this suppression factor is exactly and there-
fore if the contribution of the second diagram is effectively suppressed in the kinematical region
of the CDF data for which the minimum jet transverse energy can be as small as 10 GeV. We
have seen in Sec. 2.7.1 that without Sudakov form factor, the second diagram only accounts
for 15% of the reference dijet cross section. Consequently, its contribution was neglected. How-
ever, if further calculations or data reduce the uncertainty below 10% then the contribution of
the second diagram can have an impact. In particular, the negative sign of the correction would
decrease the dijet cross section and require a re-tuning to the data. Moreover, as it is totally
absent from the Higgs calculation, it would increase our estimate of the cross section.

4.3 Summary of the Uncertainties

In the present chapter, we have discussed the uncertainties coming from the addition of virtual
corrections that can be large. We have identified two sources of uncertainty namely, the struc-
ture of the Sudakov form factor and the scale µ. Using the general formula of Eq. (4.2), we
summarise here the main results in the particular case of dijet quasi-elastic production.

We have shown that theory is not able to fix the scales of the process precisely. Moreover, the
calculation is sensitive to modest changes. The first question was about the expression of the
cut-off ∆. In the literature, one finds the different definitions of Sec. 4.1 but recently, Coughlin
and Forshaw computed the log corrections at NLO and they confirm in [20, 21] that the correct
cut-off is ∆ = |q|/µ which is the one used to produce the reference curve. The second important
scale is the value of the lower limit ` related to the scale at which large logarithms start to be
generated. The BFKL equation guarantees that below k2, the transverse integral only gives
single logs in s/k2 that can be absorbed in the impact factor and consequently the lower scale
should be k2. However, we argue that, as the Sudakov form factor is a vertex correction that
involves partons emitted from the active gluons, the momentum in the transverse loop cannot be
smaller than the transverse momentum of those active gluons. Hence, `2 should be proportional
to the virtuality (k + ki)2 for i = 2± 1 depending on whether one deals with the upper or the
lower part of the production diagram. The effect on the numerical result of this assumption is
shown in Fig. 4.13.a.
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Figure 4.13: (a) Ratio of the cross section with `2 = k2 to that with `2 = 2(k + ki)2.
(b) Effect of a factor 2 in the lower limit of the Sudakov integral.
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Besides, we insist on the fact that the log structure of the Sudakov form factor in the dijet case
is not fully calculated and in order to study the effect of a change in this structure, i.e. the log
and constant terms, one can choose to vary instead the upper and lower scales by

µ2 = k2
2/x,

`2 = (k + ki)2/x′ i = 2± 1,
(4.30)

where x and x′ are integers. It is equivalent to a change of the log structure of the Sudakov
form factor and is used to study the theoretical uncertainty on the numerical result.

Note that from Fig. 4.13.b the lower scale in the reference curve is 2(k+ki)2 and the same study
can be made for the upper limit and we show in Fig. 4.14 the effect on the cross section of a change
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Figure 4.14: The effect of changing the scales of the Sudakov form factor with respect
to the reference curve (in plain). (a) A factor 2 in the upper limit of the
Sudakov loop and (b) the choice of sgg for the upper limit.

of a factor two in the scale µ2 and note that the upper scale of the reference curve is 2µ2. Finally,
Fig. 4.15.a gives the mass distribution of the jet system compared with the CDF RunII data
for µ2 = 2k2

2 and µ2 = 0.622 sgg, the scale in ExHume. One can directly note that the second
distribution seems to fit perfectly the data but here one has to understand that the data are not
true data but a model-dependent study of the dijet mass distribution using the prediction of
the ExHume Monte-Carlo simulation [121]. Actually, the ExHume Mjj distribution is generated
in different intervals of transverse minimum energy for the second jet5, Ejet2⊥ = 10-15 GeV, 15-
20 GeV, 20-25 GeV, 25-35 GeV and above 35 GeV corresponding to i=1 to 5, then normalised
to the cross section in this interval. After the sum

dσ
dMjj

=
5∑
i=1

dσi
dMjj

σdata
i

σtheory
i

, (4.31)

one obtains the ExHume-based mass distribution for quasi-elastic dijet production. Conse-
quently, one has to be careful about the accuracy of this test and true experimental data without
theoretical bias would help to test the validity of our choice for the upper limit in the Sudakov

5Conventionally, the leading jet is the one with the largest transverse energy.
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Figure 4.15: Mass distribution of the jet system at Emin
⊥ > 5 GeV. Comparison

of the parametrisation of the reference curve (a) with that for µ2 =
0.622 sgg, `2 = (k + ki)2 and (b) corresponding E⊥ distributions. Note
that the data come directly from [57] without re-analysis.

integral. Furthermore, if one uses the exact transverse kinematics the E⊥ distribution corre-
sponding to the ExHume curve does not go through the data anymore, see Fig. 4.15.b.

Finally, we examine the various parametrisations discussed in Sec. 4.2.2. In Fig. 4.16, we compare
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Figure 4.16: Effect of a change in the choice of the parametrisation discussed in
Sec. 4.1. DLA stands for double-log approximation and αs(µ2) corre-
sponds to the option of fixed running coupling.

the double-log approximation (DLA) with the reference curve. Remember that the contribution
of the single-log is negative so that its inclusion decreases the suppression but note that the
curvature clearly shows that the double-log approximation cannot describe the data. In the
same figure, we also show the effect of fixing the coupling constant αs to the scale µ2 and one
can see that this leads to much larger changes than the inclusion of subleading logs and constant
term.
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Conclusion

The uncertainty coming from the Sudakov form factor can be evaluated in the following way:
we first define the reference curve parametrisation and vary the different scales in a theoretically
reasonable way. Once again, we stress that the reference curve is not a prediction but just an
accurate parametrisation, summarised in Table 4.1, that produces a curve that goes through

Parameter Reference Value
µ2 2k2

2

`2 2(k + ki)2

∆ |q|/µ
αs Running
Sudakov exponentiation log2 + log+constant

Table 4.1: Parameters of the reference curve.

the CDF data. The uncertainty is evaluated using the variation due to a change from this
parametrisation. We estimate the uncertainty coming from variations of the limits of integration
to be about a factor 15 for the lower limit, and 6 for the upper one. Because one doesn’t know
what to do with the constant terms, we have decided to keep them as in other quasi-elastic
models. Putting everything together leads to an uncertainty of a factor of at least 10 only for
the Sudakov form factor that also constitutes the largest suppression factor to the cross section.
In addition, the result is really sensitive to its parametrisation and this comes in part from the
lack of knowledge concerning the Sudakov form factor in the dijet case. This should be improved
by a detailed calculation. This suppression is fully calculated in the Higgs case as the vertex is
effectively point-like simplifying the kinematics of the process, so that the uncertainty should
be smaller in that case.





Chapter 5

Additional Soft Corrections

In the previous chapters, we have described the main ingredients that compose the calculation
of the quasi-elastic dijet cross section but one has also to deal with gap-survival probability
and splash-out. The former comes from the fact that the hadron-level amplitude still has to be
corrected for initial- and final-state interactions. These kinds of corrections are actually compli-
cated to treat as they come from soft interactions that change the momenta of the protons and
should be convoluted with the hard subprocess. The gap-survival probability can be estimated
from a parametrisation of the elastic amplitude and one can find here a simple estimate that is
then compared with the results from literature.
The correction due to splash-out is related to the way one compares the CDF data to the
theoretical prediction. The final gluons produced through pomeron exchange hadronize into a
bunch of particles collected in detectors and the jet is reconstructed during data analysis by a
jet-finding cone algorithm. One thus misses some radiation outside the cone and consequently
the energy measured at the jet level is smaller than the energy at the parton level. This loss of
energy from partons to jets is the splash-out. In the second part of this chapter, we compare
different prescriptions from the literature and present a method to improve the description of
the splash-out developed on the basis of the present calculation.

5.1 Gap-Survival Probability

The concept of gap-survival probability was introduced by Bjorken a long time ago [1]. It is the
estimate of the number of events that effectively present a rapidity gap in the final state, taking
into account the fact that spectator partons, or multiple interactions which include particle
production, might fill the gap produced at the parton level. The complete calculation of the
gap-survival probability is far beyond the scope of this thesis, so that we shall only focus on the
basics. For a recent review, one can refer to [122].

5.1.1 Definition and Method of Estimation

In order to understand the gap-survival probability, one must come back to Sec. 1.3.2 that
presents quasi-elastic processes as the inclusion of a hard interaction into a multiple soft ex-
change. As the two processes occur at largely different scales, they do not interfere but the hard
interaction changes the transverse momenta of the incoming hadrons. Consequently and in the
eikonal approximation, the two amplitudes should be convoluted in transverse momentum space.

However, this convolution disappears if one works in impact parameter space where the proba-
bility of a quasi-elastic interaction at a given energy s, and for a transverse impact factor b is

|PQE(b)|2 = |H(b)|2|S(b)|2, (5.1)
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where |H(b)|2 is the probability of hard interaction, i.e. our cross section in impact parameter
space and |S(b)|2 is the probability for the two protons to go through each other. This second
factor is the matrix element |S(b)|2 = |〈pp|S|pp〉|2 that can be estimated from the expressions
of the total and the elastic cross sections

S(b) = 1 + iael(s,b), (5.2)

where 1 corresponds to the case of no interaction and where ael(s,b) is the elastic amplitude.
The square |S(b)|2, can be interpreted as the probability for no inelastic interactions between
the two protons. After a multiplication by i, one has

|S(b)|2 ∝ |i− ael(s,b)|2. (5.3)

Generically, the gap-survival probability tends to 1 at large impact parameter b and is suppressed
at small b. It becomes zero when the elastic amplitude is purely imaginary, ael(s,b) = i. This is
referred to as the black disc limit (BDL) when the proton behaves as a black body, i.e. one half
of the amplitude is elastic while the other is inelastic. In particular, current models agree that
at the TeVatron, the elastic amplitude approaches the black disc limit and is hence dominated
by its imaginary part.

However, to use the definition of Eq. (5.3) one has to know the elastic amplitude in impact-
parameter space. Hence, if t is the transferred momentum such as t = −∆2, one obtains it by
taking the Fourier transform ael(s,b) with

ael(s,b) =
1
2s

∫
d2∆
(2π)2

ael(s,−∆2)ei∆.b. (5.4)

Note that the above convention leads to the expressions,

σtot = 2
∫

db Im (ael(s,b)) ,

σel =
∫

db |ael(s,b)|2.
(5.5)

So, starting with the definition of the differential cross section

dσel
dt

=
1

16πs2
|ael(s, t)|2, (5.6)

one has

ael(s, t) ' i
√

16πs2
dσel
dt

. (5.7)

Consequently, an estimate of ael(s, t) can be extracted from the elastic cross section parametrised
by the simplest fit to the CDF data [123], that gives

dσel
dt

= Ne(2Bel t), (5.8)

with

N = 334.6± 18.8 mb GeV2,

2Bel = 16.98± 0.24 GeV2.
(5.9)

In fact, the amplitude ael(s, t) has a real and an imaginary parts and is usually written
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ael(s, t) = |ael(s, t)| ρ(s, t) + i√
1 + ρ(s, t)2

, (5.10)

where ρ is the ratio of the real to imaginary parts of the forward elastic amplitude and one
has ρ ' 0.14 ± 0069 according to [124]. Hence, the contribution of the real part is small and,
as the amplitude is close to the black disc limit for this range of energy, one can assume the
amplitude to be purely imaginary and using Eq. (5.7) together with Eq. (5.4), compute the
Fourier transform

ael(s,b) =
i
√

16πN
2

∫
d2∆
(2π)2

e−(Bel∆
2)ei∆.b, (5.11)

by completing the square to get

ael(s,b) = i

√
N

4π
e
−b2

4Bel
1
Bel

, (5.12)

and as expected

ael(s,b) ' i(0.974)e
−b2

4Bel , (5.13)

is close to the black disc limit at b ' 0. The corresponding gap-survival probability |1−ael(s,b)|2
is shown in Fig. 5.1.a and in fact if the cross section is really at short distance, the gap survival
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Figure 5.1: Gap-survival probability |S(b)|2 = |1 − ael(s,b)|2 extracted from a fit to
the elastic cross section at the TeVatron [123].

would be around |S(b = 0)| ' 0.5%. Fortunately, the present result is obtained under the
assumption of a purely imaginary amplitude but the real part is non-zero and consequently this
estimate only gives a lower bound. Moreover, one can note that this real part would lead to a
similar estimate and assuming it constant with t would provides then a upper bound. To get
the real upper bound, one would have to consider also the E710 elastic data.

Going beyond the TeVatron energy to predict the gap-survival probability at the LHC is not
the aim of this thesis but a simple test can be done. In the spirit of pomeron exchange in Regge
theory, one can introduce a Regge factor to the elastic amplitude of Eq. (5.12) that thus yields
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ael(s, t) = 4s
√
Nπ e−Belt ×

(
s

sTeV

)−(α(0)+α′t)

= 4s
(

s

sTeV

)α(0)√
Nπ e

−
“
Bel−log

“
s

sTeV

”
α′
”
t

→ ael(s,b) =
(

s

sTeV

)α(0)
√
N

4π
e

−b2

4

„
Bel−log

„
s

sTeV

«
α′

«
1(

Bel − log
(

s
sTeV

)
α′
) ,

(5.14)

and provides the energy dependence of the amplitude and of the gap-survival probability. In the
present case, one can note that we used s/sTeV where sTeV is the energy in the center-of-mass
frame at the TeVatron, due to the fact that this factor is implicitly already included in the
normalisation N of the TeVatron fit. The corresponding result at LHC with

√
s = 14 TeV is

shown in Fig. 5.2 and one can note that in this very simple scheme, the elastic amplitude leads

Rough extrapolation
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Figure 5.2: Extrapolation of the elastic amplitude at the LHC (14 TeV). As ael can
be larger than 1 in the presented simple scheme, it leads to a non-physical
behavior of the gap survival.

to the negativity of 1 + iael(s,b). It is not our purpose to solve this issue, but we stress that it
is a pertinent way to point out the fact that gap survival is not yet under theoretical control. Of
course, several more complex models exist in the literature, following the recent review of [125],
one can note that most of them estimate the correction at the TeVatron to be from 5% to 15%
and about a factor 2 lower at LHC.

The gap-survival probability used in the present work has to stay within this range but in view of
the discrepancy between the different existing models, one can assume a factor 3 of uncertainty.
A precise measurement of the real and imaginary parts of the elastic amplitude at the LHC may
help to reduce this number. The present study of soft corrections coming from the rescatterings
treats the gap-survival probability as a number that multiplies the amplitude, as do most of
the existing calculations of quasi-elastic production. However, we would like to point out few
problems coming from this picture.

5.1.2 Beyond the Gap

Indeed, it is true that in impact parameter space, the gap-survival probability factorises from
the main calculation but it is not true in momentum space, where the quasi-elastic cross section
is actually computed. Besides the problem of the convolution, there is also the question of the
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scale in b at which this correction has to be evaluated. Those questions are still open.

The conjugate variable to b is k1 + k3 that stands for the relative momentum of the incoming
protons and is related to the transferred momenta. Most of the estimates in [125] assume that
the t-dependence factorises, this makes the calculation of the gap survival S2 quite simple and
allows to write the quasi-elastic cross section

M(p1p2 → p∗1 + gg + p∗2) =
√
S2Mqq ⊗ Φ(p1)

√
T (µ2, `21) Φ(p2)

√
T (µ2, `22). (5.15)

However, this assumption also suggests that the momenta of the incoming particles stay un-
changed after the hard interaction and furthermore, after any soft exchange. This is a very
rough approximation even in quasi-elastic processes where the transferred momentum is small.
In particular, some efforts have been made to keep an exact transverse kinematics in the present
work so that the integrand depends explicitly on k1, k3. The correct way to implement the gap
survival in the calculation should imply a convolution with the cross section in momentum space
giving an additional integral over the impact parameter.
The second question to address is the scale. One has to know at which value of b, the gap sur-
vival has to be taken and Eq. (5.1) suggests that the scale should be the same in the soft |S(b)|
and hard interaction |H(b)|. As k1 + k3 is a combination of soft momenta, one expects to have
a very large suppression due to gap-survival probability which is small at small b. However,
the convolution with the hard amplitude shifts the mean value of the impact parameter to the
long-distance region and this should lead to a smaller suppression of the cross section. It is then
very unlikely that the rescattering corrections are given by this simple formalism and actually,
one can guess that they probably have a smaller effect.

We stress that the implementation of the gap-survival probability should be improved in some
way. Nevertheless, given the large uncertainties from gap survival itself and from the other
pieces of the calculation, this may not be a crucial issue.

5.2 The Splash-Out

The problem is that data are presented as a function of the transverse energy of jets whereas
one only has so far partons in the final state. In order to make experiment and theory speak
to each other, one has to estimate the amount of energy lost when going from partons to jets
and this effect is called the splash-out. The present section is devoted to the development of
tools able to model this correction. The first part gives the definition followed by a description
of the numerical method used to link the parton-level calculation to the jet-level cross section
and finally, we present a short analysis leading to a new and more accurate parametrisation of
the splash-out.

5.2.1 From Partons to Jets

To go from a parton to a jet, one has to follow a procedure in three steps. The first is ob-
viously the generation of the partonic final state. In the present case, it corresponds to the
four-momenta of the two final partons as shown in Fig. 5.3.a in the η/φ plane. The second is
the hadronization of the final state that leads to the set of particles potentially seen in detectors
and pictured by the green crosses of Fig. 5.3.b. The third is the reconstruction of jets via a cone
algorithm that gathers all particles that are supposed to be from the same initial parton and
gives the jet four-momentum and transverse energy as shown in Fig. 5.3.c. It can be directly
noted from this simple example that some of the particles in the final state are not included in
the reconstructed jet so that the transverse energy is modified by radiation outside the cone.



98 Additional Soft Corrections

η

φ

3210-1-2-3

6

5

4

3

2

1

0

(a)

η

φ

3210-1-2-3

6

5

4

3

2

1

0

(b) (c)

Figure 5.3: The η/φ space (a) at the parton level, (b) after hadronization by Pythia
and (c) after the application of a cone algorithm. The jet is constituted by
all the particles included in the circle and its center is the reconstructed
parton.

This is what we called splash-out, a correction standing at the border between theoretical studies
and experimental measurements.

There exist in the literature prescriptions for the splash-out. According to [22, 126], its structure
is known and involves a constant shift in the transverse energy due to hadronization as well as a
correction due to radiation. At the TeVatron, the corresponding shift has been estimated [127]
from a Monte-Carlo study using the CDF cone algorithm with a radius R =0.7, to be

Prescription A : Ejet
⊥ = (0.75− 0.80)Eparton

⊥ . (5.16)

However, one can also consider a previous parametrisation [128] that gives

Prescription B : Ejet
⊥ = Eparton

⊥

[
1− 1

2
αs

(
(Eparton
⊥ )2

)]
− 1 GeV. (5.17)

The use of either of these prescriptions corresponds to the changes in the quasi-elastic dijet cross
section shown in Fig. 5.4. One can see that for the energy range of the CDF data, the effect
of splash-out is non-negligible and amounts to a correction of a factor 3 for Emin

⊥ > 10 GeV.
The various possibilities of Eq. (5.16) and Eq. (5.17) bring in an uncertainty of the order of 1.7
at 10 GeV to 4 at 35 GeV. In addition, these prescriptions have two drawbacks: first, splash-out
should not be a simple shift in energy but rather a distribution in the energy of the jet as a
function of the initial parton energy. Secondly, they are only usable at TeVatron energy and
there exists no straightforward extrapolation to other experiments.

Hence, the idea is to link our code to a Monte-Carlo for hadronization and a jet-cone algorithm
to perform the full simulation from partons to hadrons and not to be biased by the splash-out.
However, the full procedure is time and CPU consuming, so that it quickly appears that one
should instead use this tool to build a better parametrisation of the splash-out. Hence, we
give here the steps of the method and first give an overview of the different necessary tools, i.e
Pythia, Delphes and cone algorithms.
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Figure 5.4: Suppression of the cross section for various splash-out prescriptions. For
the reference curve, Ejet

⊥ = 0.75Eparton
⊥ is used.

Hadronization and Smearing : Pythia and Delphes

Pythia is a program for the generation of high-energy physics events, i.e. for the description of
collisions at high energy [129]. It models several physical processes from parton-level calculations
to hard and soft interactions and contains parton distributions, initial and final-state parton
showers, multiple interactions, fragmentation and decays. It is a large collection of formulae built
since 1997 and Pythia has demonstrated its validity besides it being in continuous development.
It is also used by most of the LHC collaborations to predict rates and cross sections of possible
processes as it actually helps to choose the analysis strategies that should be used on real data
providing studies of signal-to-background or detector regions of interest for a particular process.
Pythia is also a perfect bridge between a theoretical study and the real event as it produces the
missing steps between a parton-level calculation and the final state through all the complicated
processes that occur when the partons become hadrons. Moreover, it is designed to allow the
addition of user-defined processes, taking as an input the final state of user-defined events.
Most of the time, it is used as a black box promoting partons to hadrons and, indeed, we used
here version 6.4 with its default parameters, never touching the machinery cogwheel. The link
between new processes and Pythia can easily be made thanks to the Les Houches Accord [130]
that was made for passing information from a parton generator to a hadronizing Monte-Carlo.
The method consists in the creation of a Les Houches Event File (LHEF or LHE) that contains
all the information requested. The main part of this file is the event information that describes
entirely the parton-level final state. This event part contains the ID, status and parent-child
history of the event, i.e. all the particles that should be processed by Pythia:

• Particle ID according to the Particle Data Group convention.

• Particle status:
-1 Incoming particle
+1 Outgoing final-state particle
+2 Intermediate resonance

• A label referring to the mother particles.

• Colour flow, a label referring to where the colour of the particle comes from.

• Laboratory-frame momenta Px, Py, Pz, E and M in GeV.
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• Invariant lifetime cτ and helicity, the last one could be set to 9 if helicity is unknown or
non-necessary.

A more precise description of LHE files can be found in reference [131] and Appendix B.4.
After the hadronization by Pythia, one can perform an analysis of the result exactly as in
the experimental case. This part is carried out by Delphes [132] that is a new tool for high-
energy physics. It is a framework for the fast simulation of general-purpose experiments. It
includes the smearing of the final particles, as well as the remaining protons of quasi-elastic
interactions, a simulation of the detector responses and the possibility to picture the full final
event using FROG [133]. At the beginning, Delphes was designed to describe the LHC detec-
tors e.g. CMS including FP420. But now the program is driven by a card that allows a large
spectrum of basic detector parameters, such as resolution or thresholds. This is the first time
that such a tool is available to all, giving the possibility to perform the full chain of physics and
analysis, from the direct generation of partons to a picture of the event in the detector.

Cone Algorithms

The role of cone algorithms is to cluster particles of the final state into jets and to relate the
kinematical properties of these jets to the kinematical properties of initial partons [134]. It
is made of a jet-finding algorithm and of a recombination scheme that combines the different
momenta to obtain the jet four-momentum. The two parts are independent and can be dif-
ferent depending on the prescription but each cone algorithm has to satisfy a set of criteria
defined during the Snowmass meeting of 1990 [135]. They have to be defined at each order of
perturbation theory, infra-red and collinear safe, invariant under boost, order independent1 and
straightforwardly implemented. Based on these criteria, it is possible to develop several cone
algorithms and indeed, there exists several prescriptions.
The CDF collaboration at the TeVatron RunII works with the CDF Midpoint algorithm [136]
which they use for the analysis of quasi-elastic data. It chooses for seeds all particles in the final
state with a transverse energy larger than some threshold, here E⊥ = 100 MeV, and each seed is
enclosed into a cone of radius R = 0.7 in the η/φ plane, before it is used as a basis for the search
of stable cones. The second step is to define the midpoint between all pairs of stable cones found
in the first step and promote them to the status of seed. This part insures the infra-red safety
of the algorithm.

Now that we have described all the tools, one has the option to run Pythia with a cone algorithm
after the parton-level calculation to obtain the cross section, or one can use directly those
tools to study the difference in energy between the parton and the reconstructed jet to find a
parametrisation for the splash-out.

5.2.2 Simple Parametrisation of the Splash-Out

For a single parton in the final state, one has a bunch of particles in the detector and they have
to be gathered to form the final jets. During this stage, a certain amount of energy is lost due
to the fact that some particles created during the parton shower can escape from the cone and
then the jet energy is smaller than the energy of the parton that gave birth to it. In particular,
a given initial parton energy Egluon

⊥ corresponds to a certain distribution of the reconstructed
jet energy Ejet

⊥ . Its distribution can be obtained by a systematic comparison of both energies
and this may allow to derive the relation between Egluon

⊥ and Ejet
⊥ and leads to a formula for the

splash-out.

1The algorithm should behave equally at the parton, particle and detector level, i.e. be insensitive to hadroniza-
tion and underlying events.
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One can generate two partons in a colour-singlet state at φ = 0 and η = 2. After hadronization
by Pythia, the jets are reconstructed using the Midpoint jet cone algorithm for different initial
parton transverse minimum energy. One has then the plots shown in Fig. 5.5.

Figure 5.5: Distribution of the jet energy Ejet
⊥ for different initial gluon energies Egluon

⊥ .
The solid line is the result of the fit (5.19).
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The curves are Lorentzian so that, one can fit the distributions with the function

L
(
Ejet
⊥ , E

gluon
⊥

)
= c

1(
Ejet
⊥ − bEgluon

⊥
)2

+
(

1
2a
)2 , (5.18)

where a, b and c are parameters to be adjusted. Moreover, one can directly relate a to the scale
parameter which specifies the width at half-maximum of the distribution while bEgluon

⊥ is the
position of the maximum. Just looking at the graphs also shows that a is more or less identical
in all distributions and that all maxima are shifted from Egluon

⊥ by the same quantity. A fit
using MINUIT gives similar values for a and b in every region of transverse energy with average
values

ā = 2.08 GeV,
b̄ = 0.95.

(5.19)

One can directly note from the value obtained for b that the argument of the function becomes

Ejet
⊥ − 0.9Egluon

⊥ , (5.20)

and the energy shift is not far from the one of Eq. (5.16). In addition, the Lorentz function is
normalised to ∫ ∞

0
L
(
Ejet
⊥ , E

gluon
⊥

)
dEjet
⊥ = 1, (5.21)

if N is the number of events and that leads to c = a
2πN . From Fig. 5.6 one can see that the

(a) (b)

Figure 5.6: Distribution of transverse energy of the jet Ejet
⊥ for two different rapidities

of the initial gluon.

shape of the distributions does not depend on the rapidity of the initial partons.
Understanding the function L

(
Ejet
⊥ , E

gluon
⊥

)
as the probability to obtain a jet of energy Ejet

⊥
from a parton of energy Egluon

⊥ , one can now remove the heavy work done by Pythia and model
the effect of splash-out by an additional integral

P(Egluon
⊥ → Ejet

⊥ ) =
∫ ∞

0
L
(
Ejet
⊥ , E

gluon
⊥

)
dEjet
⊥ . (5.22)
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Note that due to the cuts on transverse energy, the lower bound of the integral is in fact Emin
⊥

while the upper is Egluon
⊥ because the energy of the jet cannot be larger than the energy of the

parton that gave birth to it.

This simple implementation of the splash-out is now ready to be used in quasi-elastic dijet
production. Obviously, it is only useful for the TeVatron but the same study can be done for
the LHC, i.e. for higher Egluon

⊥ and if the values of a and b remain constant, one would have a
function that gives the correction at all energies. Nevertheless, there is also the possibility to
use directly the full analysis, i.e Pythia, cone algorithms and so one. This aim was achieved
recently by the implementation of the calculation of dijet quasi-elastic production in a Monte
Carlo dedicated to forward physics (FPMC) [137] from which one can find some results in the
next chapter.





Chapter 6

Quasi-Elastic Dijet
Results and Conclusion

In the previous chapters, we have covered all the elements of a model for the cross section of
quasi-elastic two-gluon jet production. The general formula is now

M(p1p2 → p∗1 + gg + p∗2) =
√
S2Mqq ⊗ Φ(p1)

√
T (µ2, `21) Φ(p2)

√
T (µ2, `22), (6.1)

as announced in the introduction. We have seen that most of these elements are plagued by large
uncertainties coming from a lack of knowledge of the theory or from the precision of the data.
It is now time to summarise the different results and to use the CDF dijet data to narrow down
the uncertainty. We shall start with a simple estimation of the bare cross section to understand
the order of magnitude of the cross section. This will also be useful to control the numerical
calculation that is done afterward. The numerical code that allows to model completely a quasi-
elastic event, from the partonic interaction to the jet level, will be shortly described. We shall
then give the predictions for the dijet cross section at the LHC.

6.1 Back-of-the-Envelope Calculation

The simple order-of-magnitude estimate of the cross section starts with the bare cross section
at the hadronic level that includes only the parton level calculation and the impact factor.

Consider again the cross section of Eq. (2.91) and Eq. (3.2)

dσ = dσqq ⊗
∏
i=2±1

Φ (k,−(k + ki)) Φ
(
k′,−(k′ + ki)

)
, (6.2)

with

dσqq =
1

16(2π)8

N2 − 1
N2

g4
hg

8

4π4

dβ1

β1

dβ2

β2
d2k1d2k2d2k3 × |M|2. (6.3)

It can be simplified as follows. First, since the strongest dependence on k1 and k3 is in the impact
factor, it seems reasonable to set k + k1 ' k ' k + k3 in the other terms of the numerator.
Furthermore, as the helicity-2 amplitude is small in front of the helicity 0 amplitude, one can
neglect it and |M|2 simplifies to

|M|2 ' 1
2

(
1
tgg

+
1
ugg

)2 ∫
d2kd2k′

[|M0|2(k.k′)2 + |M0|2
(
k2k′2 − (k.k′)2

)]
k2(k + k1)2(k + k3)2 k2(k′ + k1)2(k′ + k3)2

=
1
2

1
(k2

2)2

∫
d2k

(k + k1)2(k + k3)2

d2k′

(k′ + k1)2(k′ + k3)2
,

(6.4)
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as |M0|2 = 1 and

1
tgg

+
1
ugg

=
1
k2

2

. (6.5)

Now, one can change notation and write the longitudinal phase space as a function of two new
variables

x ≡ β1

β2
, x ∈ [1, xmax],

β ≡
√
β1β2, β ∈ [βmin, βmax],

(6.6)

where the domain of integration in x comes from the ordering β1 > β2. The change of variable
gives

dxdβ =

∣∣∣∣∣∣∣
1
β2

− x
β2

β
2β1

β
2β2

∣∣∣∣∣∣∣ dβ1dβ2, (6.7)

where we used Eq. (6.6) and one has then

dx
x

dβ
β

=
dβ1

β1

dβ2

β2
. (6.8)

The partonic cross section of Eq. (6.3) becomes

dσqq =
1

8π6

N2 − 1
N2

α2
sα

4

(k2
2)2

dβ
β

dx
x

d2k1d2k2d2k3

×
∫

d2k
(k + k1)2(k + k3)2

d2k′

(k′ + k1)2(k′ + k3)2
,

(6.9)

using the definition of the coupling g2 = 4πα. The hadronic cross section is obtained after
multiplication with the impact factors, one for each proton in the process:

dσ =
1

8π6

(N2 − 1)
N2

α2
sα

4

(k2
2)2

dβ
β

dx
x

d2k1d2k2d2k3

×
∫

d2k
Φ (k,−(k + k1)) Φ (−k, (k + k3))

(k + k1)2(k + k3)2
d2k′

Φ (k′,−(k′ + k1)) Φ (−k′, (k′ + k3))
(k′ + k1)2(k′ + k3)2

.

(6.10)

To make an estimate of this, the dimensionless quantity

〈Φ4〉 =
1
π4

∫
d2k1d2k3

[∫
d2k

Φ (k,−(k + k1)) Φ (−k, (k + k3))
(k + k1)2(k + k3)2

]2

, (6.11)

is introduced and the expression simplifies to

dσ =
1

8π2

(N2 − 1)
N2

α2
sα

4

∫
dβ
β

dx
x

∫
d2k2

(k2
2)2
〈Φ4〉. (6.12)

In the case of a simple impact factor that doesn’t depend on the longitudinal fraction of momen-
tum, the longitudinal integral over x and β reduces to integration over the whole phase space
and one has
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dσ =
1

8π6

(N2 − 1)
N2

α2
sα

4

∫ βmax

βmin

dβ
β

∫ xmax

1

dx
x

∫
d2k2

(k2
2)2
〈Φ4〉

=
1

8π6

(N2 − 1)
N2

α2
sα

4

[
log
(
βmax

βmin

)
log(xmax)

] ∫
d2k2

(k2
2)2
〈Φ4〉,

(6.13)

while the last integral over k2
2, if k2

2 > k2
2,min, is

∫
d2k2

(k2
2)2

=
∫ 2π

0

∫ s

k2
2,min

dθdk2
2

2
1

(k2
2)2

= −π1
s

+ π
1

k2
2,min

' π 1
k2

2,min

,

(6.14)

in the large-s limit. Hence, the cross section becomes

dσ ' 1
9π
α2
sα

4 1
k2

2,min

[
log
(
βmax

βmin

)
log(xmax)

]
〈Φ4〉, (6.15)

and one needs to know the value of the different quantities. The limits on β and x are difficult
to estimate in our kinematics but they can actually be extracted from their distributions in the
numerical calculation and one obtains

log
(
βmax

βmin

)
log(xmax) ' O(30). (6.16)

Now, the next step is the evaluation of 〈Φ4〉, which is an intrinsically soft quantity but can be
related to the elastic cross section in the same approximation, that is

σel =
4α4

81π2

∫
d2k1

[∫
d2k

k2(k + k1)2
× Φ2(k,−(k + k1))

]2

. (6.17)

This expression is close to Eq. (6.11) and in particular, one can assume in both cases that the
strongest k1 dependence comes from the exponential factor

Φ ∝ e− 1
2
B |t| f(k). (6.18)

Consequently, because here |t| = k2
1 and k2

1 is small, one has to compute

σel ' 4α4

81π2

∫
d2k1

[∫
d2k
k4
× e−Bk2

1Φ2(k,−k)
]2

=
2α4

81π2

π

B

[∫
d2k
k4

Φ2(k,−k)
]2

=
2α4

81πB

[∫
d2k
k4

Φ2(k,−k)
]2

.

(6.19)

Similar approximations lead to
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〈Φ4〉 ' 1
π4

∫
d2k1d2k3

[∫
d2k

e−
1
2
Bk2

1Φ (k,−k) e−
1
2
Bk2

3Φ (−k,k)
k2k2

]2

=
1

π2B2

[∫
d2k
k4

Φ2(k,−k)
]2

.

(6.20)

Hence, one has

α4〈Φ4〉 =
81σel
2πB

. (6.21)

The elastic cross section at TeVatron energy is 19.7 mb [138] and the corresponding proton
slope B ∼ 4 GeV2 leads to

α4〈Φ4〉 ' O(60), (6.22)

that itself leads to an estimation for the quasi-elastic dijet cross section at the hadronic level
using Eq. (6.15) which is now

dσ ' 9σel
2π2B

α2
s

1
k2

2,min

[
log
(
βmax

βmin

)
log(xmax)

]
. (6.23)

For |k2,min| = 10 GeV and α2
s = 0.04, it gives roughly σ ' 10 µb.

By comparing this result with the CDF data for which the cross section is about 1 nb at
Emin
⊥ > 10 GeV, one can directly note that it is three order of magnitude beyond. This indicates

that the Sudakov suppression indeed plays a crucial role. In Sec. 4.2.3, we have estimated it to
be of the order of 8.10−3 in the double-log approximation. If one adds the shift in Emin

⊥ from
the splash-out of Sec. 5.2 and the gap survival, it brings back our estimate of the cross section
of about 10 nb in rough agreement with data.

6.2 Numerical Implementation

The calculation of the dijet quasi-elastic cross section cannot be done analytically if one wants
to include all the corrections and preserve the exact transverse kinematics. In particular, one
has to compute 11 different integrals. The choice was made to use a Monte-Carlo integration
that is more or less the only way to perform this number of integrals in a finite time.

Hence, the integration over each variable is done by Vegas [139], a dedicated program for multi-
dimensional integration. The idea behind the Monte-Carlo technique is to distribute randomly
the n integration variables between their limits and compute the integrand at each of these
random points. After that, a sum over the weighted averages is computed and from iteration to
iteration, the increments size for each variables is adjusted to concentrate in the region where
the integrand is the largest. Hence, Vegas changes the density of points, and the weight of the
integrand, until the desired precision is reached. The main point is that the set of n points
forms a distribution of the integration variables and if those variables are related to physical
quantities, i.e. components of the four-momenta, rapidity, etc, one is left with a fully-defined
high-energy event at each step.
The structure of the code is then simple, one starts with the parton-level calculation to which
one adds the corrections to compute the cross section. Each step of Vegas defines a complete
set of four-momenta for the final particles and then the numerical calculation behaves exactly as
an event generator with all its possible advantages. Firstly there is the possibility to apply the
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kinematical cuts of the CDF analysis to reproduce exactly the conditions of the measurement
and consequently, to obtain a correct comparison between theory and data. Secondly, one can
produce distributions over several quantities and this is useful to test the accuracy of the result
as well as to control the numerical calculation. In addition, one has the possibility to interface
the calculation with a hadronization code such as Pythia1, jet algorithms or a full detector-
response simulation.

In one picture, the structure of the code is represented in Fig. 6.1.

+

Numerical Integration

Splash−Out

Hadronization

Jet− Cone Algorithm

Application of Experimental Cuts

Possibility to run Analysis and Detector Simulations→ Delphes
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Figure 6.1: Structure of the code. The whole framework is implemented in FPMC, a
Monte-Carlo for forward physics under the name of the CHIDe model.

6.3 Presentation of the Numerical Results

Traveling across the previous chapters has already introduced some of the main results and
curves and, in particular, has demonstrated the sensitivity of the final answer to the different
parameters of the calculation. Here, we would like to summarise those results and show how
it is possible to use the CDF data to narrow down the uncertainties. Because the data are
an essential part of this study, we shall start with a short description that will be followed by
the presentation of our reference parametrisation and of the corresponding evaluation of the
uncertainties.

1Note that in FPMC the hadronization is performed by HERWIG.
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6.3.1 CDF Run II Data

Dijet quasi-elastic data were published in 2008 and are the result of 5 years of data tak-
ing during the Run II of the TeVatron p̄p collider. The energy in the center-of-mass frame
was
√
s = 1.96 TeV and events were collected by the upgraded CDF II detector [57].

Quasi-elastic events are selected by requesting the presence of at least two jets with transverse
energy Emin

⊥ > 10 GeV within the rapidity region |η| < 2.5. They are reconstructed with
the CDF Midpoint algorithm using a cone radius of 0.7 in the η/φ space and the transverse
energy E⊥ of the jet is defined as the sum of the Ei⊥ of the clustered calorimeter towers. One
of the main difficulties is to extract the quasi-elastic signal from the other kinds of dijet pro-
ductions, i.e. inclusive, single diffractive and non diffractive. The CDF detector only possesses
Roman pot stations downstream in the antiproton direction and can only trigger final antipro-
tons. So, the strategy developed for the analysis is to look at the dijet mass fraction distribution
of the full data sample with

Rjj =
Mjj

Mx
, (6.24)

where Mjj is the mass of the dijet system and Mx the invariant mass of the sum of the four-
momenta of all objects in the final state, proton and antiproton excluded. The idea is to
measure the distribution and search for an excess of events at high Rjj , which exceeds the ex-
pectation of the POMWIG Monte-Carlo simulation [140] of dijet production in double pomeron
exchange (DPE), which in fact doesn’t simulate quasi-elastic processes. Obviously, the kind of
event we are interested in is expected to have a mass fraction distribution peaked at large Rjj
as the only two jets produced in the final state should carry, up to the splash-out correction,
the total produced mass.
From the complete sample of dijet produced in double-pomeron exchange, the event has to pass
a series of cuts that are chosen to enhance the quasi-elastic signal. There are four cuts, respec-
tively on the transverse energy of the two jets, on their rapidity, on the size of the gap and on
the momentum lost by the antiproton tagged in Roman pots. The values of the different cuts
are given in Table 6.1 and one should note that they are not symmetric as only the antiproton
longitudinal loss of momentum is measured. In addition, a third jet veto is applied that allows

Parameter Range
Ejet1,2
⊥ > Emin

⊥
|ηjet1,2| < 2.5
|ηgap ' |ηp − ηjj| >3.6
(α1 + α2) 0.03 < (α1 + α2) < 0.08

Eji>3
⊥ < 5 GeV

Table 6.1: Experimental cuts for CDF Run II data [57].

the presence of extra jets only if their energies are smaller than 5 GeV. The outcome for the dijet
mass distribution of [57] shows an excess of events compared to the POMWIG prediction. This
excess is well reproduced within the statistical uncertainties by the ExHume Monte-Carlo for
quasi-elastic dijet production. POMWIG populates the low-Rjj region and ExHume events are
at large Rjj , but this second distribution exhibits a long tail extending toward small-Rjj values
due to gluon radiation. The issue is that one has to trust the Monte-Carlo simulation in order
to extract the quasi-elastic data in the region of small dijet mass fraction and it introduces some
uncertainties on the result. The CDF collaboration exploits the fact that the rapidity distribu-
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tion of inclusive dijet events is more symmetric around ηjet1,2 = 0 than the quasi-elastic one.
Moreover, the cut on α introduces an asymmetry in the collision and boosts the dijet system
toward negative rapidity values for quasi-elastic events only. These kinematical properties were
used to improve the analysis. One can show the origin of this effect starting with the definition
of the longitudinal momentum lost by the antiproton (α1+α2), that in the kinematics of Chap. 2
is calculated from

α1 =
(k1 − k2)2

β1s
, α2 =

(k2 − k3)2

β2s
, (6.25)

and gives

α1 + α2 =
β2(k1 − k2)2 + β1(k2 − k3)2

β2β1s

' (β2 + β1)k2
2

β2β1s

' sgg
(β1 + β2)s

,

(6.26)

using Eq. (2.76). One can evaluate the maximum and minimum of the longitudinal momentum
lost by the proton (β1 + β2) assuming that sgg ' 4E2

min,⊥ at the TeVatron energy of
√
s =

1960 GeV, to get

(β1 + β2)max ' sgg
s

1
(α1 + α2)max

' 0.0012. (6.27)

Given the bounds of Table 6.1 one has (β1 +β2) < (α1 +α2) and the rapidity of the dijet system

ηjj =
1
2

log
(
β1 + β2

α1 + α2

)
, (6.28)

is negative. The data were then divided in the data sample A, for which at least one of the two
leading jets has ηjet1,2 < −0.5 and contains most of the quasi-elastic events while data sample B
with ηjet1,2 > −0.5 includes predominantly background.

We have shown the result of the CDF analysis in Fig. 1.12. We shall now tune the different
parameters of our model to reproduce it. In order to compare the same quantities, we applied
the same cuts as those of Table 6.1 and the accuracy of the result can be tested by producing
some of the distributions shown in the CDF paper.

6.3.2 Choice of Parametrisation

Using those CDF measurements, one can choose among the different parametrisations of the
dijet quasi-elastic cross section, one that gives a curve going through the data points. We stress
that it is not a prediction but only an accurate parametrisation. From this particular curve, one
can now study the effect of a change in the parametrisation and evaluate the theoretical uncer-
tainties that affect the calculation. In addition, the reference parametrisation is the basis used
to extrapolate our result to LHC energies or to predict the Higgs boson quasi-elastic cross section.

The available parameters come in the impact factor, the Sudakov form factor, the gap survival
and the splash-out. Each ingredient was described in details and some prescriptions were ruled
out either for theoretical reasons or for total incompatibility with the data. Consequently, the
free parameters left are
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• Impact factor: Type of the ΦUgD, i.e. Fit: 1, 2, 3 or 4,

• Sudakov Form factor: Upper limit µ, Lower limit `,

• Gap survival: 〈S2〉 between 5% and 15%,

• Splash-out: Three different prescriptions.

The complete parametrisation of the reference curve shown in Fig. 1.12 is given in Table 6.2 and
is obtained after the application of the restrictions of Table 6.1. Without cuts, one has the curve

Parameter Value Reference
- General
ΛQCD 0.20 GeV
- Impact factor
ΦUgD Fit-4 Sec. 3.3
- Sudakov form factor
Exponentiation log2 + log+constant Sec. 4.2.2
∆ |q|/µ angular ordering in Sec. 4.1
Coupling constant Running with k2

2

Upper scale µ2 = 2k2
2 Sec. 4.2.1

Lower scale `2 = 2(k + ki)2 Sec. 4.2.1
- Gap-Survival Probability
〈S2〉 15% Sec. 5.1
- Splash-Out
Ejet
⊥ 0.75Eparton

⊥ Sec. 5.2

Table 6.2: Parameters of the reference curve of Fig. 1.12.

of Fig. 6.2.a that is about 3.5 times bigger. Using FPMC2, one can study more precisely the

Without Cuts
CDF data
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σ
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Figure 6.2: The effect of CDF kinematical cuts. (a) The plain curve is again the
reference and the higher curve is obtained by removing all cuts. (b) The
effect of allowing only two leading jets in the final state or any number of
additional jets if Ejeti>3

⊥ < 5 GeV. This last plot was obtained using FPMC
with exactly the same parameters as for the reference curve.
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effect of the experimental analysis and in particular of the third jet veto. In Fig. 6.2.b, one can
note the importance of this additional constraint as the two curves show the difference between
restricting the analysis to two jets or allowing for any number of extra jets with Ejeti>3

⊥ < 5 GeV.
This veto changes the cross section by a factor 0.8 and the application of the cone algorithm
smoothes the curvature.

The question of other distributions is interesting as we can check the coherence of the model with
the data. As an example, Fig. 6.3 shows two distributions similar to those of the CDF paper,

(a)

3.6 < |ηgap| < 5.9

E⊥ > 10 GeV

η∗ = (ηjet1 + ηjet2)/2

d
σ
/d

η
∗

[n
b
]

3210-1-2-3

1

0.8

0.6

0.4

0.2

0

(b)

Figure 6.3: (a) Dijet mass fraction. (b) Mean jets rapidity distribution.

namely the Rjj distribution and the mean jet-rapidity distribution. One can also have a look
at the assumption of negative rapidity for the dijet system due to cuts used, and beside one can
check the effect of the choice of the scale in the Sudakov form factor on this assumption. In the
analysis, the rapidity space was divided into four regions, shown in Fig. 6.4, depending on the
rapidity of the leading and second jet. According to ExHume, the region where both ηj1 and ηj2
are smaller than -0.5 is dominated by the quasi-elastic signal while the region with ηj1, ηj2 < −0.5
contains few quasi-elastic events. One can evaluate the cross section in each of the four regions
and compute the ratio between the two. For the reference parametrisation and Emin

⊥ >10 GeV,
one has

RB
RA

= 0.65. (6.29)

Here, let us remind the reader that the upper scale of the Sudakov form factor is 2k2
2 whereas

in ExHume it is µ = 0.62√sgg. In fact, using this very scale in our calculation together with
parameters that fit the data, we obtain

RB
RA

∣∣∣∣∣
µ=0.62

√
sgg

= 0.45, (6.30)

that is slighty different. Once again here, a more detail data analysis of this particularity and
new results from LHC should help to settle the issue of the Sudakov form factor upper limit.
The choice made for the parametrisation of the reference curve is not unique and one could have

2The parton-level calculation in FPMC is identical to the parton-level calculation in the code used for the
thesis so that the two results are in agreement to better than 1%. The small difference is from the method of
integration as one uses VEGAS while FPMC uses a traditional Monte-Carlo integration with a smaller precision.
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Figure 6.4: Division of the rapidity space in four different regions depending on the
rapidity of the leading and second jet. According to ExHume, the region
where both ηj1 and ηj2 are smaller than -0.5 is dominated by the quasi-
elastic signal while the region with ηj1, ηj2 > −0.5 contains few quasi-
elastic events.

found another set of parameters that gives a curve in agreement with the data. By changing
only the type of ΦUgD, µ, ` and 〈S2〉, it is possible to obtain the curves of Fig. 6.5 that are
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Figure 6.5: Two different sets of parameters that also give a curve in agreement
with the data. The corresponding parametrisations can be found in Ap-
pendix B.5.

similar to the reference curve. One will see what happens to these curves after the extrapolation
to LHC but we first summarise the uncertainties.
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6.3.3 Uncertainties

The full uncertainty, based on the reasonable theoretical choices described in this thesis, is shown
in Fig. 6.6.a. Restricting the model with the TeVatron data considerably reduces the uncertainty
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Figure 6.6: (a) Several reasonable parametrisations of ingredients for dijet quasi-
elastic calculation and the resulting estimations of the cross section.
(b) Restriction of the model using the TeVatron data. The different
parametrisations are given in Appendix B.5.

and one is left with the band of Fig. 6.6.b that is still affected by an uncertainty of 2 order of
magnitude at high transverse energy.

Due to the choice of the intrinsic parameters, each ingredient of the calculation can change the
final result, and those factors are summarised:

Ingredient Uncertainty
Impact Factor 3
Sudakov form factor 10
Gap survival 3
Splash-out 1.5

Three remarks are in order and underline the fact that the evaluation of the total error is
ambiguous. Firstly, a change in one parameter can be compensated by a change in another.
Secondly, the sensitivity depends on the considered parameter, for instance the calculation
is particularly sensitive to the parametrisation of the Sudakov form factor but only in the
low-energy region. Taking that into account, we don’t want to give a number that could be
misinterpreted and conclude this section by saying that the uncertainty on the dijet quasi-elastic
calculation is large.

6.4 Extrapolation to the LHC

The formulae derived for the dijet quasi-elastic cross section can be equally used to estimate the
dijet cross section at the LHC.

The obvious change from the TeVatron to the LHC comes from the kinematical cuts as LHC
detectors are different from those of the TeVatron. In particular, LHC detectors may have a bet-
ter forward instrumentation, with the addition of the very forward detectors RP220 and FP420
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in ATLAS and CMS, one might have the largest rapidity coverage ever. Specific cuts will be
used to search for diffractive events and they are given in Table 6.3, assuming the presence of

Parameter Range
|ηjet1,2| < 1
(α1 + α2) 0.002 < (α1 + α2) < 0.2
(β1 + β2) 0.002 < (β1 + β2) < 0.2

Table 6.3: Experimental cuts [72] for the LHC multi-purpose detectors ATLAS and
CMS including the very forward detectors RP220 and FP420.

both RP220 and FP420. Note that without them, quasi-elastic events cannot be measured by
proton tagging as final protons are outside the rapidity coverage of the central detector.
One also has to extrapolate the proton impact factor to LHC energies where the emitted gluons
would have a smaller longitudinal fraction of momentum, which is easy as the impact factor built
in Chap. 3 already includes a dependence in the center-of-mass frame energy. There is also the
question of the gap-survival probability for which the extrapolation to LHC is model-dependent.
For this estimate, we have decided to use the prescription

〈S2〉
∣∣∣
LHC

=
1
2
〈S2〉

∣∣∣
TeVatron

. (6.31)

Note that this is just an assumption, in agreement with [122].
Our prediction for the dijet quasi-elastic cross section at LHC is shown in Fig. 6.7 for an energy
in the center-of-mass frame of 10 TeV with and without cuts. We show the 10 TeV curves
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Figure 6.7: (a) Dijet quasi-elastic cross section at the 10 TeV. The inner band corre-
sponds to curves that reproduce the central values of the CDF data but
slightly diverge at LHC energies, the outer band corresponds to the 1σ er-
rors. (b) Same but without cuts.

because due to technical issues the LHC shouldn’t reach 14 TeV before 2012. We nevertheless
give the prediction for

√
s=14 TeV and

√
s=7 TeV with cuts in Fig. 6.8.
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Figure 6.8: (a) Dijet quasi-elastic cross section at the 7 TeV and (b) dijet quasi-elastic
cross section at the LHC (14 TeV). Both curves are obtained after the cuts
of Table 6.3.

The results for the LHC tuned to the CDF data are unavoidably plagued by the same large
uncertainties as those of the TeVatron and their range is indicated by the outer band. The
inner band shows how different sets of parameters, tuned on the TeVatron data to reproduce
the central values, diverge after extrapolation to the LHC. As for the TeVatron, one can check
the importance of the non-perturbative region and the conclusion is confirmed that the gluon
loop is still dominated by the soft region as shown in Table 6.4. One can also note an interesting

Experiment Emin
T σpert/σ

LHC 14 TeV 50 GeV 55%
LHC 7 TeV 50 GeV 30%
LHC 10 TeV 50 GeV 45%
LHC 10 TeV 100 GeV 30%

Table 6.4: Ratio σpert/σ where σpert is the value of the cross section if all gluon trans-
verse momenta are larger than 1 GeV. Different experiments and jet trans-
verse minimum energies are presented but in all cases the parametrization
is the one of the reference curve.

feature of the calculation that makes the uncertainty on the upper limit in the Sudakov form
factor vanish at large s and high Emin

⊥ . Fig. 6.9 illustrates the dominance of the Sudakov form
factor double logs at large Emin

⊥ .
So, the data constrain the uncertainty at the LHC and allow for a better prediction of the
quasi-elastic dijet cross section. However, the cross section presents the same characteristic as
at the TeVatron, namely, a calculation dominated by the non-perturbative region and large
uncertainties.
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Figure 6.9: Results at the LHC for three different values of the upper limit in the
Sudakov form factor: at large s and high Emin

⊥ the uncertainty vanishes.

6.5 Conclusion

Our work was dedicated to the calculation of the dijet quasi-elastic cross section and to the
evaluation of the theoretical uncertainties. We have described all the ingredients going into
the calculation. In particular, we have kept an exact transverse kinematics and paid special
attention to the higher-order corrections embodied by the introduction of the Sudakov form
factor. We have shown that the result is plagued by large uncertainties that can be reduced
using the recent CDF data.
The extrapolation to the LHC, for different possible energies, shows that the cross section is of
the order of 2 pb at

√
s=10 TeV for jets of minimum transverse energy 50 GeV. Under the present

assumptions, one then can be confident in the fact that quasi-elastic dijet should be seen. Note
however that in the worst-case scenario, the gap survival is zero and quasi-elastic cross sections
vanish, destroying in the same time the hope for all other high-mass quasi-elastic processes.
Early dijet measurements at LHC are then crucial and the first data will give information on
gap survival. If the cross section survives, then new measurements will help to narrow down the
uncertainty.



Part II

Higgs Boson Quasi-Elastic
Production





“How doth the little crocodile
Improve his shining tail,

And pour the waters of the Nile
On very golden scale!

How cheerfully he seems to grin,
How neatly spread his claws,
And welcome little fishes in
With gently smiling jaws!”

Alice’s Adventures in Wonderland,
Lewis Carrol





One of the interesting features of quasi-elastic production is that the structure of the calculation
remains the same in all kinds of production. Consequently, the main idea of the thesis is to keep
the parametrisations tuned to the CDF dijet data to predict the Higgs boson quasi-elastic cross
section at the LHC. This choice is not innocent as the Higgs boson is the last particle of the
Standard Model not yet detected experimentally, and without it, the theory is not complete.
One can then guess that the Higgs boson hunt is one of the most exciting questions today.
Up to now, the Higgs boson has escaped all its hunters although at LEP during the last runs,
physicists have thought they had observed a signal for it but they had to make space for the
building of LHC before any convincing evidence. A new machine is now ready to resume the
search but, with the tremendous energy available, the Higgs boson signature may remain com-
pletely hidden in the background of old and new processes for a long time, and this is where
quasi-elastic production may matter.

Quasi-elastic cross sections for the production of the Higgs boson or any other heavy particles
are small. Nevertheless, those events have two very clear signatures, the rapidity gap and the
remaining protons in the final state. Besides, with the appropriate detectors, it will be possible
to reconstruct the mass of the centrally-produced system from the measurement of the miss-
ing mass of the final protons. Consequently, the clean signature is the key point that makes
quasi-elastic production a competitive discovery channel at LHC energies. From the theoretical
point of view, the situation is complicated as large uncertainties affect the calculation and the
soft physics that enters the process is not fully under theoretical control. However, we have
determined a set of parametrisations that reproduces the CDF data. Using the fact that the
topology of the dijet diagram, shown schematically in Fig. 6.10.a, is the same as that of the

(a)

H

(b)

Figure 6.10: Topology of the quasi-elastic production for (a) dijet and (b) Higgs boson.
Apart from the hard subprocess, the topology is identical, so that the
soft pieces.

Higgs diagram shown in Fig. 6.10.b, these parametrisations can be used to predict the Higgs
boson production cross section.

In the first chapter, we shall briefly review the Higgs boson modes of production and present
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the Durham model which is the model closest to ours. In the second chapter, we discuss
the calculation in the quasi-elastic regime but we focus only on the differences from the dijet
calculation and on the effect of the parametrisation choices as the main ingredients were already
described. Finally, we shall give a prediction for the Higgs boson quasi-elastic cross section at
the LHC.



Chapter 7

Searching for the Higgs Boson

The search of the Higgs boson is an old quest but the idea of using the quasi-elastic channel
for its discovery appeared 20 years ago [141]. It is now ready to be tested at the LHC using
the current knowledge of the theoretical calculation and the possibility to use very forward
detectors. Moreover, this kind of production is usually viewed as a golden channel due to the
clear signature of the events. So, we show here why quasi-elastic Higgs boson production can
be attractive from the experimental point of view.

7.1 Overview

At the LHC, the two dominant channels should be gluon and vector-boson fusion. In both cases,
the final state is complicated and requests a careful analysis of the event in addition with powerful
methods to tag the Higgs boson decay products to reconstruct its mass. Following [142, 143],
we give here a brief summary of different inclusive cross sections and of their uncertainties.

7.1.1 Higgs-Boson Production in the Standard Model

The number of Higgs boson production mechanisms in the SM that lead to a sizable cross section
and detectable final states is quite small. One has the production by gluon-gluon fusion [144],
by WW and ZZ fusion [145], by associated production with W and Z bosons [146, 147], by
associated production with tt̄ [148–151] and representative Feynman diagrams are shown in
Fig. 7.1.

t

t

t̄

t

t̄

W (Z)

W (Z)

W (Z)

H H

H

H

H

(a) (b) (c)

(d)

Figure 7.1: Representative diagrams of the main Higgs boson production mechanisms.
(a) Gluon-gluon fusion, (b) vector boson fusion, (c) associated production
with W and Z and (d) associated production with top pair quarks.
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The corresponding cross sections as functions of the Higgs boson mass at
√
s=10 TeV are shown

in Fig. 7.2 and one can directly note that gluon fusion is largely dominant in the whole considered

qq̄ → ZH
qq̄′ → WH

qq → qqH

gg, qq̄ → tt̄H

gg → H

mH [GeV]
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b
]
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Figure 7.2: Total cross section for different production mechanisms at LHC 10 TeV.
Adapted from [143].

mass range. The estimates for inclusive Higgs-boson cross sections at the LHC are from 10 pb
up to 100 pb in the intermediate mass region for all modes of production combined and the
main uncertainty is the knowledge of the gluon distribution at small x. According to [143], it is
evaluated to be ±20% and the other source of error is the values of several input parameters as
for example the top mass. Fortunately, corrections are now known for most of the processes and
the parameters start to be more and more constrained due to precision measurements from LEP,
the TeVatron and other experiments1.
The question to address is the possibility to reconstruct the Higgs boson from the particles ob-
served in the detector. Actually, if one considers the LEP results [152] and the recent TeVatron
data [153] that constrain the mass, the SM Higgs boson should have a mass beyond 114 GeV ac-
cording to LEP and the TeVatron data excluded the mass region between 160 GeV and 170 GeV
at the 95% confidence level2. Moreover, the few Higgs boson candidates observed at the end
of the last run of the LEP collider [154] points to a light Higgs boson. In this case, as shown
in Fig. 7.3 that presents the branching ratio of the SM Higgs boson as a function of its mass,
the main decay channel is a pair of heavy quarks, bb̄ and the observation of the resonance re-
quests a good mass resolution in addition to a technique of flavour identification for the final
jets. The background, constituted by processes with two b-jets in the final state is not small and
according to reference [72], the signal-over-background ratio makes the dominant Higgs boson
decay products almost invisible. In this domain of mass, it is hence easier to deal with associ-
ated productions that allow to trigger on the leptonic decay mode of the W or to look for rare
decays, i.e purely leptonic or photonic final states, that have smaller branching fractions but
recognizable signatures allowing for excellent mass resolution. All these scenarios were studied
in great details by the LHC experiments and one should find in their technical reports [155, 156]
the expectations as well as the evaluation of background not discussed here.

1A complete review of these as well as other processes in the Standard Model and beyond, can be found
in [142].

2The region between 155 GeV and 180 GeV is also excluded but only at 65% confidence level.
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Figure 7.3: Branching ratio of the Higgs boson in the Standard Model as a function
of the mass. Adapted from [138, 152, 153].

7.1.2 The Quasi-Elastic Mode

The issue is to track down the Higgs boson among the many particles produced in each colli-
sion. In comparison, quasi-elastic production has an unique and clear signature in addition to
a high-quality mass reconstruction using the very forward detectors. The momenta of the two
final protons may be measured very accurately in forward detectors and this leads to a simple
estimate of the Higgs boson mass using the missing-mass technique described in Sec. 1.4.3 and
Eq. (1.4). In the central region, the background is flat in rapidity and experimentalists should be
able to separate the Higgs boson resonance peak with a ratio S/B of the order of 1 [72, 74]. The
gap is also a typical and easily recognizable signature of this kind of production and all these
properties point to a very clean channel of detection for the Higgs boson. Those advantages
could be important in the Higgs boson hunt.

This challenge is big as the Higgs boson discovery (or its absence) will decide on the fate of high-
energy physics. From the experimental point of view, quasi-elastic processes are competitive
and provide a simple method of reconstruction if the dedicated forward detectors are built.
From the theoretical point of view, the picture is complicated and this is mainly due to the
uncertainties that are an obstacle to a precise prediction for the LHC. A lot of studies about
quasi-elastic SM Higgs boson production have been made in the past and they have led to
estimates that differ by several orders of magnitude. Those are summarised in Table 7.1. The

Reference σHiggs (fb) Number of events
L=30 fb−1

Durham group [16, 17, 128] 1.4 - 3 90
Coughlin and Forshaw (KMR corrected) [20] 0.7 - 1.5 45
Bzdak [12, 13] 0.015 0.45
Soft Colour Interaction [8] 0.2 6
Saclay Hybrid Model [15] 1.1 33

Table 7.1: Several QCD calculations of the quasi-elastic cross section for a SM Higgs
boson with a mass of 120 GeV at 14 TeV. The number of events at the
LHC is calculated for an integrated luminosity equal to 30 fb−1.
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KMR model [16, 17, 128] from Durham is described in the next section while the Coughlin
and Forshaw model [20] differs only by the limits used in the Sudakov form factor. The model
used by Bzdak [12, 13] is based on the model for Higgs and dijet production by Bialas and
Landshoff [84]. It includes the exchange of a pair of non-perturbative gluons, a dependence on
the energy and the momentum transfer as well as a Sudakov form factor that gives the exclusive
character of the process. After normalisation to the central inclusive production of dijet at
the TeVatron, this model is consistent with the CDF data for double diffractive exclusive dijet
production3. The soft colour interaction [8, 157] model is a Monte-Carlo method implemented
in Pythia that allows additional soft interactions between the partons produced in the hard
process or between the partons and the proton colour field. These interactions only change
the colour configuration and lead to different hadronic final states. This is implemented by
the introduction of a new parameter that accounts for the unknown non-perturbative dynamics
phenomenologically determined from DIS data at the HERA collider. The particularity of this
model is that it describes in the same framework diffractive and non-diffractive events where
the formers are selected by the presence of a rapidity gap and a leading (anti)proton. The soft
colour model is known to reproduce correctly the ratio of diffractive to non-diffractive events at
the TeVatron, however, the value of the cross section is strongly sensitive to details in the model
and in Pythia. Finally, the Saclay hybrid model is an exclusive model based on the exchange of
an hybrid pomeron defined by a combination of one hard and one soft color exchange, the form
of the soft and hard parts are fixed by the corresponding data or suitable parametrisations.
Note that this model doesn’t include a proper description of the impact factor, so that the
normalisation is not fixed by the model. Nevertheless, it reproduces correctly the slope and
properties of the dijet data.

7.2 The Durham Model

After the publication of the CDF dijet cross section, one model stayed, the one of Khoze, Martin
and Ryskin or KMR model. We describe here its main lines, referring the reader to [16, 17, 158].

The cross section of the process represented schematically in Fig. 7.4, is assumed to factorize
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Figure 7.4: Schematic representation of the Higgs boson quasi-elastic amplitude.

between the effective luminosity L and the hard subprocess σ̂, with

σ = Lσ̂, (7.1)

and in particular
3One should note that in 2005 the CDF Run II data weren’t published.
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∂σ

∂s∂y∂P2∂Q2
= S2e−B(P2+Q2) ∂L

∂s∂y
dσ̂ (gg → H) . (7.2)

The different variables are the energy in the center-of-mass frame
√
s, the rapidity of the cen-

trally produced system y and the transverse momenta of the final protons P and Q. One can
also recognise in turn the gap-survival probability S2 and the logarithmic t-slope of the cross
section B = 4 GeV2, added by hand assuming that the dependence of the hard amplitude on
final protons transverse momenta is small. The partonic cross section σ̂ corresponds to the
amplitude

M(gg → H) =
1
2

1
N2 − 1

∑
a,b

∑
λ1,λ2

δabδλ1,λ2Mλ1,λ2

ab (gg → H). (7.3)

The cross section to single-log accuracy is multiplied by a K factor of the order of 1.5, assumed
to take into account next-to-leading-order corrections. The effective luminosity is given by

∂L
∂s∂y

=
(

π

(N2
c − 1)

∫
dk2

k4
fg
(
x, x1,k2, µ2

)
fg
(
x, x2,k2, µ2

))2

. (7.4)

The function fg stands for the unintegrated skewed gluon density related to the conventional
integrated gluon distribution function and taken here in the simplified form [117]

fg
(
x, x1,k2, µ2

)
= Rg

∂

∂ log k2

[√
T (k, µ)xg(x,k2)

]
. (7.5)

The factor Rg accounts for the skeweness4 and is found to be about 1.2 at the LHC energy
of 14 TeV. One can note that the Sudakov form factor T (k, µ)

T (k, µ) = exp

[
−
∫ µ2

k2

dq2

q2

αs
(
q2
)

2π

∫ 1−∆

0

(
zPgg +

∑
q

Pqg(z)

)
dz

]
, (7.6)

with q and z the transverse and longitudinal components of the additional emission, is here
included in the differentiation. According to their next-to-leading order calculation [16, 17], the
Durham group uses

∆ =
q

q + µ
,

µ = 0.62mH .
(7.7)

The definition of these two scales will be discussed below, following a recent re-evaluation by
Coughlin and Forshaw [20]. In this model, it is the presence of the Sudakov form factor that
makes the integration infra-red stable and it is claimed that consequently, perturbative QCD is
applicable.

The Durham model has been developed for years and was the first to gather all the ingredients
needed to reproduce the CDF data. It is one of the most complete models as it has been used
to predict different types of quasi-elastic productions, from Higgs boson, dijet, γγ, quark dijet,
χc, . . . to supersymmetric particles, and as it gives results in agreement with the available data.
It also investigates several aspects of the QCD calculation. One can note that our model is
similar to the Durham model but differs from it in several ways presented in the following.

4The fact that x 6= x1, g(x,k2) is the gluon density x = x1.





Chapter 8

Calculation

The basis of the calculation is the partonic subprocess qq → q+H+q and it corresponds exactly
to the detailed calculation described in Sec. 2.1.2 for one-particle production in a colour-singlet
exchange. Consequently, the reader will find here only the main lines of the Higgs calculation
together with a new amplitude that will be described in details. In the first section, the effective
vertex gg → H is evaluated, as well as the phase space available for the final Higgs boson. In
the second section, one will find a brief description of the changes that have to be made in the
higher-order corrections.

8.1 Higgs Boson Production at the Parton Level

As before, the parton-level calculation starts with the definition of the kinematics and variables
used. As previously, we keep the exact transverse kinematics and we only compute here the
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k1 − k3
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p p + k3

k

k + k1

k + k3

p + k

q − k

σ

σ

µ

ν

Figure 8.1: Kinematical conventions for the Higgs boson quasi-elastic production at
the parton level.

diagram shown in Fig. 8.1. Note that the diagram in which the Higgs boson is emitted from the
first gluon leg gives the same amplitude and one has to include a factor 2 to take it into account.

First, one can assume that the initial quarks are massless with zero transverse momentum, their
four-momenta are qµ and pµ with s = 2p.q. The momenta transferred from the quarks are k1

and −k3, respectively and the gluon momenta are written as functions of the incoming quarks
momenta using a Sudakov decomposition. One has then

kµ1 = α1p
µ + β1q

µ + kµ1 ,

kµ3 = α3p
µ + β3q

µ + kµ3 ,
(8.1)
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where all transverse vectors are denoted in bold. The produced Higgs boson momentum is

kµH = (α1 − α3)pµ + (β1 − β3)qµ + (k1 − k3)µ. (8.2)

In this description, the dominant kinematical region is where longitudinal components obey

1� αi, βi � |k
2
i |
s

i = 1± 3, (8.3)

that corresponds to the quasi-elastic regime, with small momenta transferred from the initial
particles. At lowest order, the amplitude reads

M = g4C

∫
d2k

Nµν

(k + k1)2(k + k3)2k2
×M(gg → H), (8.4)

where g is the coupling constant between quarks and gluons, C=2/9 is the colour factor for the
two-gluon exchange and M(gg → H) = Vµν is the gg → H effective vertex. One can use the
method developed in Sec. 2.1.2 to compute the longitudinal part of the integral and obtain

M = g4 C

2(2π)2s

∫
d2k

1
(k + k1)2(k + k3)2k2

×NµνVµν . (8.5)

Now, the next difficulty is to evaluate the contraction of the vertex with the numerator and one
first needs an expression for the effective vertex.

8.1.1 Higgs Boson Effective Vertex

In the Higgs case, the hard subprocess is the collision of two gluons that produce the Higgs
boson via a triangle of quarks and it can be obtained by calculating the sum of the diagrams
shown in Fig. 8.2. In the Standard Model, the coupling between the Higgs boson and quarks is

+

t

=

Figure 8.2: The gluon-gluon to Higgs boson hard subprocess. Because the coupling of
the Higgs boson to quarks is proportional to their masses, the top quark
contribution dominates.

proportional to the mass of the quarks so that the top contribution dominates and is the only
one taken into account. The exact calculation was made in [14] and shows that the effective
vertex can be written

Vµν = δab [(k + k1).(k + k3)gµν − (k + k1)ν(k + k3)µ]
W1

m2
H

+
[
(k + k1)2(k + k3)2gµν + (k + k1)µ(k + k3)ν(k + k1).(k + k3)

−(k + k1)µ(k + k1)ν(k + k3)2 − (k + k3)µ(k + k3)ν(k + k1)2
] W2

m4
H

,

(8.6)

where

W1 =
(
√

2Gf )1/2g2m2
H

12π2
N1, W2 =

(
√

2Gf )1/2g2m2
H

12π2
N2. (8.7)
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Expressions for N1 and N2 come from the integration over the top loop in the specific kinematics
of production within a rapidity gap, i.e. (k + k1)2, (k + k3)2 � m2

H . Denoting a ≡ m2
H/m

2
t , one

has

N1 =
6
a

[
1 +

(
1− 4

a

)
arctan2

(√
a

4− a
)]

. (8.8)

The calculation also demonstrates that the contribution of the W2 term can be neglected. This
comes from the fact that its tensor structure only gives contributions proportional to (k + ki)2

that are small in the considered kinematical regime. In addition, it was shown that |N2|2 is
always 30% smaller than the |N1|2 for a Higgs boson mass below 1 TeV and consequently, this
correction is negligible in front of the first term. This assumption will be discussed below and
in Appendix C.1.

Using the Eikonal approximation and the indices as in Fig. 8.1, one can replace the upper (resp. lower)
line of the diagram by 2pµpσ (resp. 2qσqν). The method [78] is valid whenever the gauge particle
is soft and corresponds to taking the trace at the cross section level. Indeed, it can be shown,
following the notation of Fig. 8.3, and computing the trace along the upper line, that is

q q + k′q − k1q + k q

p p − k p − k′p + k3 p

µ

ν

µ′

ν ′

σ

σ

σ′

σ′

Figure 8.3: Square of the diagram contributing to the Higgs boson production with
all momenta and indices.

Tr U = Tr
(
q/γσ

′
(q/+ k/′)γµ

′
(q/− k/1)γµ(q/+ k/)γσ

)
. (8.9)

In the present kinematics k, k1 � q and using the relation q/γµp/ = 2pµq/, it becomes

Tr U = Tr
(
q/γσ

′
q/γµ

′
q/γµq/γσ

)
= (4qσ

′
qµ
′
) 2qµ Tr (q/γσ)

= 2(4qµqσ)(4qµ
′
qσ
′
),

(8.10)

divided by two after the average over spin. The same can be done with the bottom line for
which one has

Tr B = (4pµpσ)(4pµ
′
pσ
′
). (8.11)

Using this trick at the amplitude level gives

NµνVµν = (4qµqσ) [(k + k1).(k + k3)gµν − (k + k1)ν(k + k3)µ] (4pνpσ)
W1

m2
H

=
[
4s2(k + k1).(k + k3)gµν − 8s(k + k1).p (k + k3).q

] W1

m2
H

,

(8.12)
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remembering that pµqµ = s/2. Both four-vectors in Eq. (8.12) have a longitudinal and a trans-
verse parts that can be written

(k + k1)µ =
α1

s
pµ + β1q

µ + (k + k1)µ,

(k + k3)µ = α3p
µ +

β3

s
qµ + (k + k3)µ.

(8.13)

These definitions take into account the fact that the gluon k + k1 (resp. k + k3) is emitted
from a quark moving in the q (resp. p) direction and hence, most of its longitudinal momentum
is concentrated in this direction as shown in Appendix C.1. One can now come back to the
evaluation of Eq. (8.12) that gives

NµνVµν =
[
4s2

(
α1β3

2s
+ β1α3

s

2
+ (k + k1).(k + k3)

)
− 8s

(
β1
s

2

)(
α3
s

2

)] W1

m2
H

=
[
2s α1β3 + 4s2(k + k1).(k + k3)

] W1

m2
H

' [4s2(k + k1).(k + k3)
] W1

m2
H

,

(8.14)

keeping only the term dominant in s. Practically, the same can be done for the second part of
the vertex proportional to W2, but we only give it in Appendix C.2 as it is negligible.

Finally, the amplitude (8.5) becomes

M = 4sg4 C

(2π)2

∫
d2k

[(k + k1).(k + k3)]
(k + k1)2(k + k3)2k2

W1

m2
H

, (8.15)

and to obtain the cross section, one has to take the square and multiply by the phase space
available for the final particle.

8.1.2 Phase Space

Calculating the phase space for the final state is not complicated by itself but as we want
to keep the kinematics as exact as possible, it implies a little bit of algebra. The point here is
to find the relation between the different components of the momenta and the Higgs boson mass.

The p1 + p2 → n particle phase space is given by

dΦn = (2π)4δ4

(
p1 + p2 −

n∑
i=1

pi

)
n∏
i=1

d3pi
(2π)3 2Ei

, (8.16)

and in the present case one has to evaluate

dΦ3 = (2π)4δ4 [p+ q − (q − k1)− kH − (p+ k3)]

× d4k1

(2π)3
δ
[
(q − k1)2

] d4kH
(2π)3

δ
[
k2
H

] d4k3

(2π)3
δ
[
(q + k3)2

]
.

(8.17)

First, each momentum is expressed in terms of its Sudakov variables using

d4ki
(2π)3

=
s

2(2π)3
dαidβid2ki, (8.18)
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thus

dΦ3 = (2π)4δ [1 + α1 − αH − (1 + α3)] δ [1− (1− β1)− βH − β3)] δ2 [−k1 + kH + k3]

× s

2(2π)3
dα1dβ1d2k1δ

[−α1(1− β1)s− k2
1

]
× s

2(2π)3
dαHdβHd2kHδ

[
αHβH − k2

H −m2
H

]
× s

2(2π)3
dα3dβ3d2k3δ

[
(1 + α3)β3 − k2

3

]
.

(8.19)

One can now solve successively the different δ-functions to find

dΦ3 =
s

8(2π)5

dβ1

(1− β1)
dα3

(1 + α3)
d2k1d2k3

× δ
[
−
(
α3 +

k2
1

s(1− β1)

)(
β1 − k2

3

s(1 + α3)

)
s+ (k1 − k3)2 −m2

H

]
.

(8.20)

The final delta function is used to put the Higgs boson on-shell and to perform the integral
over α3. In particular, the quadratic equation

−
(
α3 +

k2
1

s(1− β1)

)(
β1 − k2

3

s(1 + α3)

)
s+ (k1 − k3)2 −m2

H = 0, (8.21)

has to be solved to obtain α3 as a function of the Higgs boson mass. Rewriting it

α2
3 sβ1 +α3

(
sβ1 − k2

3 + β1
k2

1

s(1− β1)
− (k1 − k3)2 +m2

H

)
+β1

k2
1

s(1− β1)
− (k1−k3)2 +m2

H = 0,

(8.22)
one has two different solutions

α′3 =
−b+

√
∆

sβ1
and α′′3 = −b+

√
∆

sβ1
, (8.23)

with

b = sβ1 − k2
3 + β1

k2
1

s(1− β1)
− (k1 − k3)2 +m2

H ,

∆ = s2β2
1 − 4sβ1

(
β1

k2
1

s(1− β1)
− (k1 − k3)2 +m2

H

)
.

(8.24)

The correct solution corresponds to the choice of small1 α3. Then one can evaluate the order of
both solutions by taking the large-s limit, that gives

α′3 '
−β1s+

√
β2

1s
2

sβ1
= 0 and α′′3 ' −

β1s+
√
β2

1s
2

sβ1
= 1. (8.25)

Consequently, the first expression only is kept and one has α3 = α′3. Note that taking directly
the large s limit in Eq. (8.22) gives

−α3β1s+ (k1 − k3)2 −m2
H = 0,

→ m2
H ' α3β1s,

(8.26)

1Remember that the current kinematics requests α3 � 1.
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using Eq. (8.3). It corresponds to the expected relation between the mass and the longitudinal
momenta lost by the initial protons in quasi-elastic processes. Hence, the available phase space
is

dΦ3 =
s

8(2π)5

dβ1

β1(1− β1)(1 + α3)
d2k1d2k3. (8.27)

The Higgs boson quasi-elastic cross section at the parton level can then be written

dσHqq =
2C2g8

(2π)9

dβ1

β1(1− β1)(1 + α3)
d2k1d2k3

×
∫

d2kd2k′
(k + k1).(k + k3)

k2(k + k1)2(k + k3)2

(k′ + k1).(k′ + k3)
k′2(k′ + k1)2(k′ + k3)2

W 2
1

m4
H

.

(8.28)

The expression is singular when the exchanged gluons go on-shell and this will be regulated by
the introduction of the same impact factor as in the dijet case. The splash-out that models the
energy lost from parton to hadron is not present in the Higgs boson calculation if one works
with the Higgs boson in the final state and this reduces the uncertainty.

8.2 Higher-Order Corrections

With the lowest-order QCD amplitude, the end of the analytic calculation is reached and one
has now to include higher-orders and soft corrections, namely the Sudakov form factor and the
gap-survival probability. The main characteristic of quasi-elastic production is that those pieces
are similar whatever the produced central system is and one can directly use the parametrisation
of the dijet quasi-elastic calculation to predict the Higgs boson cross section. On the other hand,
as these ingredients are similar, so are the uncertainties. However, it is not exactly the case as
the Sudakov form factor is better defined here and in particular, there is no ambiguity on its
lower scale that is given by the gluon virtuality. In addition, the CDF data constrain the dijet
result and consequently constrain the Higgs boson cross section.
Given that the various ingredients were described in detail in the first part of the thesis, we
shall underline only the differences and give the expressions used in the Higgs boson calculation
when different from those in the dijet case.

In Sec. 4.1, we have shown that the upper scale in the Sudakov form factor should not be related
to the mass of the system but to the jet transverse momentum. However, it is not the case in
Higgs boson production where the vertex is effectively point-like due to the large mass of the top
quark. The situation is simplified and some part of the Sudakov form factor can be estimated
theoretically. The log structure of the suppression comes from an integration over the splitting
functions and schematically, one has

S(µ2, `2) = αs

[
a log2

(
µ2

`2

)
+ b log

(
µ2

`2

)
+ c

]
, (8.29)

where `2 is proportional to the virtuality from which the evolution starts while µ2 is related to
the hard scale, for instance the mass squared of the Higgs boson. Actually, the ambiguity on the
upper scale doesn’t exist here as the transverse momenta and virtualities of the top quarks inside
the loop are larger or similar to the Higgs boson mass. Hence, no additional soft gluons would
be able to resolve the effective vertex that can be consequently considered point like. There is
only one kinematical regime that builds the Sudakov logs and only one hard scale, i.e. the Higgs
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boson mass.
A first calculation was performed by the Durham group2 and to single-log accuracy [19]. They
claimed that the complete one-loop result could be taken into account by adjusting the upper
limit of the q-integration to µ = 0.62mH and that the lower cut-off should be of the order of k2.
A recent evaluation of the same correction was performed by Coughlin and Forshaw [20] who
demonstrated explicitly that the values of the different scales are

µ2 = m2
H ,

`2 = k2,

∆ =
|q|
µ
.

(8.30)

These results come from a careful and explicit next-to-leading order calculation of the vertex
corrections and in particular of the high- and low-q2 contributions. In particular, it appears that
there are no large logarithm in the kinematical region where q2 is smaller than the transverse
momentum in the loop k2, giving only single-logs and constant terms that are then claimed
to be negligible. The main problem is that nobody knows what to do with those terms as
they do not exponentiate and consequently, the Sudakov correction is only known to within a
constant. In our model, one has the exact transverse kinematics and the momenta of active
gluons are different from the loop momentum, hence we kept the choice of lower scale `2 to be
equal to (k+ki)2. This actually corresponds to the momentum of the gluon to which the virtual
emission is attached. To evaluate the uncertainty due to the constant term, we also keep the
possibility to vary the lower scale by a factor x′, i.e take `2/x′ instead of `2. As explained in
Sec. 4.2.2 this gives an idea of the effect of a change in the constant terms that are not proven
to exponentiate and are a source of uncertainty (compare Fig. 4.9 and Fig. 4.13.b). This factor
constitutes the main uncertainty coming from this part of the calculation as we shall see that a
change of x′ is not negligible in the final result.

2A very brief review of the model can be found in Sec. 7.2 or in the original references of the Durham group.





Chapter 9

Estimation of the Higgs-Boson
Quasi-elastic Cross Section

The CDF data have provided a good opportunity to reduce the uncertainties that affect this
family of process. The different parametrisations obtained in the first part of the thesis can now
be used to constrain our prediction of the Higgs quasi-elastic cross section at the LHC.

The comparison between different parametrisations of the model and data have led to a selection
of parameters that reproduced reasonably the measurements and theoretical uncertainties are
now constrained by the experimental uncertainties. The free parameters are

• Φ-type : the label of the impact factor,

• x′ : the factor on the lower scale in the Sudakov form factor,

• S2 : the value of the gap-survival probability.

In the dijet calculation, particular combinations of them lead to curves within the CDF error-bars
and the resulting band of theoretical possibilities constitutes the uncertainty on the calculation.
This was shown in Fig. 6.6.b for which the parametrisations are given in Appendix B.5. Note
that the upper scale of the Sudakov form factor µ is now fixed to mH and is not a free parameter
anymore.

9.1 Results

One can use these parametrisations to make a prediction of the Higgs boson quasi-elastic cross
section at the TeVatron (

√
s=1960 GeV), and at the LHC for different energies, i.e.

√
s=14 TeV,

10 TeV and 7 TeV. In each case, one has to consider specific cuts that are, or will be, used in
the search for such events and given in Table 9.1.

Cuts TeVatron [57] LHC [72]
|α3| [0.03,0.08] [0.002,0.2]
β1 - [0.002,0.2]
|yX | [-2.5,2.5] < 1

Gap size > 3.6 -

Table 9.1: Experimental cuts for the TeVatron and the LHC. The second column
includes the joint acceptances of both RP220 and FP420.
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At the TeVatron, one directly finds that the cross section is of the order of 30 attobarn for
the reference curve and mH=120 GeV. This makes the Higgs boson within a gap impossible to
observe during the current run. Nevertheless, at the LHC the cross section becomes of the order
of a few femtobarns and, in Fig. 9.1.b, we give this cross section for

√
s= 10 TeV as a function

of the Higgs-boson mass.
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Figure 9.1: (a) Three identical curves at TeVatron energy but that spread at the LHC.
They constitute the central uncertainty band of (b) the Higgs boson quasi-
elastic cross section at 10 TeV.

The larger band comes from the CDF error bars, the parameters Φ-type, x′ and S2 corresponding
to curves going through the 1 σ error bars of CDF are kept to produce the curves as explained
in the beginning of this chapter. The uncertainty is of one order of magnitude. In the plot
of Fig. 9.1.a, one can find the three parametrisations that give identical curves for the dijet
at the TeVatron. The effect at the LHC is a divergence of results, mainly due to the type of
impact factor and the dark blue band of predictions corresponds to the reference curves of (a),
the central values. Without any cuts, one has the plot shown in Fig. 9.2. If the energy in the
center-of-mass frame reaches 14 TeV, one has the predicted cross section with cuts in Fig. 9.3.a
and one can observe that at mH=120 GeV, the cross section goes from 0.5 fb to 2 fb. However,
up to now the LHC runs with two beams of 3.5 TeV each, so that

√
s= 7 TeV, that give the

smaller cross section shown in Fig. 9.3.b.
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Figure 9.2: Higgs boson quasi-elastic cross section at 10 TeV, no cuts.
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Figure 9.3: Higgs boson quasi-elastic cross section at the LHC. (a) 14 TeV
and (b) 7 TeV.
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This result can be compared with the KMR prediction for the central production of a Higgs
boson in pp collision. In Fig. 9.4, we show the result found in [16] as well as the band obtained

160150140130120110100
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1

0.1

KMR Model (2005)
KMR Model (2000)

Reference Curve

mH [GeV]

σ
[f
b
]

Figure 9.4: Higgs boson quasi-elastic cross section at 14 TeV without any cuts and
the KMR prediction with the K factor, see Sec. 7.2, set to 1 for the same
process [16]. The dot corresponds to a more recent prediction from KMR
found in [128].

in our model for
√
s =14 TeV without cuts. One can note that our model is consistent with the

Durham model even if our study of the dijet data allows for larger cross section, up to 3.2 fb
at mH=120 GeV. In particular, the curvature is different as expected with the use of the impact
factor described in Chap. 3 and this make the cross section for a light Higgs boson larger than
the Durham prediction.

In all plots, we have considered the possibility to use both FP420 and RP220 to tag final protons
but if only FP420 is built the kinematical cuts are more restrictive leading to a smaller acceptance
of events and consequently to a smaller cross section. In particular, one should observe a rapid
fall down at large masses. To illustrate this point, Fig. 9.5 shows two curves corresponding to
the set of cuts of Table. 9.2 found in the literature relative to FP420 [72, 159]. For masses larger

Cuts LHC [72] LHC [159]
|α3| [0.002,0.02] [0.005,0.018]
β1 [0.002,0.02] [0.004,0.014]
|yX | < 1 < 0.06

Table 9.2: Experimental cuts for LHC including only FP420.

than 150 GeV, the cross section vanishes quickly but the phenomenon is purely due to cuts.
Actually, the relation between the mass of the centrally produced system and the longitudinal
transferred momentum fractions, α3 and β1, gives roughly

α3 ' m2
H

sβ1
. (9.1)

Considering a Higgs boson with a mass of 200 GeV in a process where the energy in the center-
of-mass frame is 10 TeV, the only possible values for |α3| lay between 0.02 and 0.2 are outside
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Figure 9.5: (a) Higgs boson quasi-elastic cross section at 10 TeV using FP420 only
and (b) the same but for a more restrictive set of cuts [72].

the range of FP420. Consequently, the event is not selected and the cross section tends to zero,
except if one uses in addition RP220 to tag the final protons. Obviously, this effect disappears
for higher energy. One can also consider an even more restrictive set of cuts taken from typical
values used in Monte-Carlo studies and shown in the third column of Table 9.2 [159]. The result
is shown in Fig. 9.5.b. The effect of cuts is important and cannot be neglected. For the central
curve they amount to a factor 2 between Fig. 9.5.a and Fig. 9.5.b at mH = 120 GeV.
The cross section properties are similar to those in the dijet case as the non-perturbative region
is still important: for the reference curve at 10 TeV and mH = 120 GeV, only 44% of the cross
section1 comes from momenta in the loop greater than 1 GeV.

9.2 Strategy Analysis of Early Data

One of the remaining question is how early LHC measurements could constrain the different
parameters. Assuming that quasi-elastic dijet cross section is measured with a given precision,
one can define an analysis strategy to discard parametrisations that are not in the error bars at
both TeVatron and LHC. Several comments are in order.

If an estimation of the gap survival can be done independently of the dijet or the Higgs boson
cross section, one has then three free parameters, i.e the type of impact factor and the two scales
in the Sudakov form factor. The upper scale is not an issue, as for jets with high-transverse
energy, the uncertainty disappears so that one is left with the lower scale and the type of impact
factor. For each impact factor, two values of the lower scale give curves at the limit of the error
at the TeVatron and, after extrapolation to the LHC, one can check whether they correspond
to the data. Note that it is not possible to fix independently these two parameters that have to
be fixed together.
The precision on the new result depends completely on the precision of the LHC dijet data
and on the level of accuracy reached. In Chap. 4 and Sec. 4.2.4, we have seen that there exist
higher order diagrams that involve the screening gluon in the dijet case but are not present in
the Higgs calculation. One has found that they amount to at least 15% of the quasi-elastic

1This number is obtained using the same method as the one described in Sec. 2.7, all gluon-transverse momenta
are cut below 1 GeV.
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cross section and their contributions were neglected. However, this made the dijet quasi-elastic
process topologically identical to the Higgs boson one but if the LHC measurements achieved
precision of this order, the contribution of those diagrams would start to matter as well as the
many small details of the calculation that then might be settled.

9.3 Summary

First of all, the Higgs quasi-elastic production calculation is completely similar to that of dijet
quasi-elastic production apart from the hard subprocess. Moreover, the situation is less com-
plicated as the vertex is effectively point-like allowing at the same time an evaluation of the
Sudakov corrections. The upper scale in the suppression factor is fixed by the theory and the
uncertainty on the final result is reduced. From the parton level calculation, one can build
the full Higgs boson quasi-elastic cross section that contains both the impact factor and the
Sudakov form factor. The only additional soft correction is the gap survival, for which we keep
the prescription used in the dijet case. The parametrisations are also kept from our previous
study, in particular the four different curves that gives the band of Fig. 6.6.b.
We have found that if the Higgs boson has a mass of 120 GeV, the quasi-elastic cross section
at the LHC, assuming the presence of the RP220 and FP420 forward detector, is below 2 fb.
The uncertainties are large, of one order of magnitude, and the largest ones come from the ex-
trapolation of the proton impact factor and of the gap-survival probability to LHC energy. This
shows the importance to have a measurement of quasi-elastic dijet at the beginning of the LHC
runs.



Conclusion

We have proposed a new model of quasi-elastic production that is similar to the Durham model,
but differs from it in the implementation and the details of the different ingredients.
The calculation was divided in five ingredients, the analytic calculation at the parton level, the
impact factor, the Sudakov form factor, the gap-survival probability and the splash-out. Each
was studied separately and the sources of uncertainty were carefully evaluated. In particular,
the recent CDF measurement of the quasi-elastic dijet cross section at the TeVatron was used to
narrow down the total uncertainty evaluated to be a factor 10 up or down, with no theoretically
preferred curve. The actual computing power allowed us to perform a calculation beyond the
usual approximations found in the literature and to evaluate their effects on the final result.

Efforts were made to keep an exact transverse kinematics all along and in all ingredients of the
calculation. Considering that it changes the cross section by a factor two, this can be a crucial
point. The second is the importance of the non-perturbative region as about 60% of the dijet
cross section comes from a region where gluon momenta are smaller than 1 GeV2. This under-
lines the importance of an impact factor which takes the non-perturbative region into account.
The two models for the impact factor presented here were build for this purpose, the LCWF
impact factor relies on non-perturbative cross sections to fix its input and the unintegrated
gluon density models soft exchanges in addition to the usual differentiation of gluon distribution
function. Both behave in accordance with what is expected from the proton wave function. The
vertex corrections, i.e the Sudakov form factor, is one of the main sources of uncertainty even
if a recent NLO calculation sets its structure and upper scale in the Higgs boson case. We have
shown that the upper scale should be the hard transverse momentum in the vertex instead of
the mass of the centrally produced system in the dijet case. Finally, in the case of partons in
the final state, there is the question of the loss of energy when reconstructing the jets. We have
proposed a new parametrisation of the splash-out based on a Monte-Carlo study that matches
the transverse energy of the partons to the transverse energy of the jets in an accurate way.
The next step was to compare the model with the CDF data and this allowed us to select a set
of reasonable theoretical parametrisations. Those parametrisations were then used to extrapo-
late our result to the LHC and to make a prediction for the Higgs boson quasi-elastic production.

The extrapolation to the LHC showed that quasi-elastic dijet should be seen with a sufficient
rate to be measured by detectors such as RP220 and FP420. Nevertheless, this requests the
knowledge of the impact factor and of gap survival at larger energies. The energy dependence
was already included in the spirit of Regge theory but one knows that unitarisation effects will
be important when going from the TeV scale to the LHC energy. The inclusion of multi-pomeron
exchanges, materialised by the gap-survival probability, will be more complicated. In particular,
it is usually assumed that one can write the process as a product of the gap survival with the
hard amplitude. It is not the case here where the t-dependence is included directly in the cross
section.
The prediction for the Standard Model Higgs boson quasi-elastic cross section was straight-
forward. Using the parametrisations selected, the Higgs boson cross section was found to be
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between 0.2 and 2 femtobarns for a Higgs boson of mass 120 GeV and
√
s = 10 TeV considering

the kinematical cuts of RP220 and FP420. Our result is consistent with the Durham calcula-
tion but the previous study of the dijet cross section and the CDF data gave parametrisations
that allow a cross section two times bigger for the Higgs boson quasi-elastic cross section. The
uncertainty is estimated to be of one order of magnitude and the result raises the same issues as
the dijet calculation: the importance of the non-perturbative region and the uncertainty coming
from the corrections. Clearly, this emphasises the importance of new quasi-elastic data.

Let us now come to the prospects. The first urgent question is the gap-survival probability at
the LHC. In the worst-case scenario, it is almost zero and then the field of high-mass quasi-elastic
processes is dead at LHC. The uncertainty could be narrowed down with new data e.g. on dijet.
As all calculations of quasi-elastic cross sections follow the same scheme, the best approach
should be to compare systematically the model with data for different quasi-elastic productions.
Di-quark, di-photon, χc (that has no Sudakov form factor) should be implemented in the same
way and compared with data. Hence, one can believe that measurements at the LHC, includ-
ing the rapidity distribution, the mass distribution as well as transverse energy, will be a very
important task that will help to clarify many of the issues raised in the thesis.

One should note that this work is now beginning in FPMC, a Monte-Carlo dedicated to Forward
Physics which gathers different models and production mechanisms in the same framework. In
particular, the model presented in this thesis was recently implemented under the name of CHIDe
model. It should allow to have a general view of quasi-elastic production from the parton level
to the detector analysis and to compare directly the predictions to the data.



So she sat on, with closed eyes, and half believed herself in Wonderland,
though she knew she had but to open them again, and all would change
to dull reality − the grass would be only rustling in the wind, and the
pool rippling to the waving of the reeds − the rattling teacups would
change to tinkling sheep-bells, and the Queen’s shrill cries to the voice
of the shepherd boy − and the sneeze of the baby, the shriek of the
Gryphon, and all the other queer noises, would change (she knew) to
the confused clamour of the busy farm-yard − while the lowing of the
cattle in the distance would take the place of the Mock Turtle’s heavy
sobs.
Lastly, she pictured to herself how this same little sister of hers would,
in the after-time, be herself a grown woman; and how she would keep,
through all her riper years, the simple and loving heart of her childhood:
and how she would gather about her other little children, and make
their eyes bright and eager with many a strange tale, perhaps even with
the dream of Wonderland of long ago: and how she would feel with
all their simple sorrows, and find a pleasure in all their simple joys,
remembering her own child-life, and the happy summer days.

THE END

Alice’s Adventures in Wonderland,
Lewis Carrol





Appendix A

Master Formulae and FORTRAN
code

In this appendix, we write the complete expression for the cross section in the case of quasi-
elastic production of dijet and the different functions implemented in the FORTRAN codes that
were used to produce the results of the thesis. All programs has the same structure:

1. Inputs.

2. A common part with the definitions of variables and vectors.

3. The formula for the cross section including the amplitude, the impact factor, the Sudakov
form factor, the gap survival probability and the splash-out.

4. Output and histograms.

A.1 Dijet Production

Coefficients and phase space:

factps =
81
2

1
16(2π)8β1 β2

,

gq =
√

4π 0.88,

gg =
√

4π as(sgg),

fact = gg4 gq8 0.38946

4π4
,

Cf =
N2
c − 1
N2
c

,

(A.1)

σ=fact*factps*S2*
[
σqq(α1, α2, β1, β2, k1, k2, k3, k, k′)

]
The gap survival probability S2 is a number and the function σqq is integrated over α1, α2, β1,
β2, k1, k2, k3, k, k′. It is defined by

σqq =
Num
Deno

× Φ× SudaΦ. (A.2)

The numerator is
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Num =
1
2

(I2 + J2)(I1 + J1) +
1
2

(I2− J2)(I1− J1), (A.3)

with

I1 =
1
2

(
1 +

u4
gg

s4
gg

+
t4gg
s4
gg

)(
1
tgg

+
1
ugg

)2

,

J1 =
1
2

(
1− u4

gg

s4
gg

− t4gg
s4
gg

)(
1
tgg

+
1
ugg

)2

,

(A.4)

and

I2 =
[
(k + k1).(k′ + k1)

] [
(k + k3).(k′ + k3)

]
, (A.5)

J2 = [(k + k1).(k + k3)]
[
(k′ + k1).(k′ + k3)

]− [(k + k1).(k′ + k3)
] [

(k′ + k1).(k + k3)
]
.

(A.6)
The Mandelstam invariants are defined in Eq. (2.76). The denominator is

Deno = k2(k + k1)2(k + k3)2k′2(k′ + k1)2(k′ + k3)2. (A.7)

We have implemented two models for the impact factor Φ: the LCWF impact factor (see Sec. 3.2)
and the unintegrated gluon density UgD (see Sec. 3.3). Both include four pieces corresponding
to the two-colliding protons and their complex conjugates

Φ = Φp1 Φp2 × Φp′1 Φp′2 . (A.8)

In the former case, one has

Φp1 = 3
(
s

s1

)α(t1) [
F1

(−k2
1

)− F1

(−(k2 + (k + k1)2 − c (k + k1).k)
)]
,

Φp2 = 3
(
s

s3

)α(t3) [
F1

(−k2
3

)− F1

(−(k2 + (k + k3)2 − c (k + k1).k)
)]
,

Φp′1 = 3
(
s

s′1

)α(t′1) [
F1

(−k2
1

)− F1

(
−(k

′2 + (k′ + k1)2 − c (k′ + k1).k′)
)]
,

Φp′2 = 3
(
s

s′3

)α(t′3) [
F1

(−k2
3

)− F1

(
−(k

′2 + (k′ + k3)2 − c (k′ + k1).k′)
)]
.

(A.9)

One can calculate si and ti using the four-momentum of the centrally produced system as shown
in Eq. (3.10) and

F1(p) =
3.53 + 2.79 p

(3.53 + p)(1 + p
0.71)2

. (A.10)

In the case of the unintegrated gluon density, the impact factors are
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Φp1 =
4π2

g2

N2
c − 1
2Nc

F
(

0.41(β1 + β2),
(

k + (k + k1)
2

)2
)

× 2k2(k + k1)2

k4 + (k + k1)4
e
− 1

2
(B0+2α′ ln

x0
β1+β2

)|k2
1|,

Φp2 =
4π2

g2

N2
c − 1
2Nc

F
(

0.41(α1 + α2),
(

k + (k + k3)
2

)2
)

× 2k2(k + k3)2

k4 + (k + k3)4
e
− 1

2
(B0+2α′ ln

x0
α1+α2

)|k2
3|,

Φp′1 =
4π2

g2

N2
c − 1
2Nc

F
(

0.41(β1 + β2),
(

k′ + (k′ + k1)
2

)2
)

× 2k
′2(k′ + k1)2

k′4 + (k′ + k1)4
e
− 1

2
(B0+2α′ ln

x0
β1+β2

)|k2
1|,

Φp′2 =
4π2

g2

N2
c − 1
2Nc

F
(

0.41(α1 + α2),
(

k′ + (k′ + k3)
2

)2
)

× 2k
′2(k′ + k3)2

k′4 + (k′ + k3)4
e
− 1

2
(B0+2α′ ln

x0
α1+α2

)|k2
3|.

(A.11)

The Sudakov form factor described in Chap. 4 is introduced in the same way

SudaΦ = SudaΦp1 SudaΦp2 × SudaΦp′1 SudaΦp′2 , (A.12)

where SudaΦ is a function of two scales µ and `

SudaΦ[µ, `] =

√
e
− R µ2

`2
dq2

2π
αs(q2)

q2

R 1−∆
0 dz[zPgg+NfPqg]. (A.13)

One has for the different Sudakov corrections in our model

SudaΦp1
[
k2

2, (k + k1)2
]

SudaΦp2
[
k2

2, (k + k3)2
]

× SudaΦp′1
[
k2

2, (k
′ + k1)2

]
SudaΦp′2

[
k2

2, (k
′ + k3)2

]
.

(A.14)

All these ingredients formed the final quasi-elastic dijet cross section.





Appendix B

Dijet Quasi-Elastic Cross Section:
Details of the Calculation

In the present Appendix, we detail some of the calculations of the dijet quasi-elastic production
cross section.

B.1 Integration by Residue

Most of the integrals of the present work are performed using the residue theorem. The method
of integration comes from the Cauchy theorem on a closed curve.

Residue theorem 1. If f(z) is an analytic and uniform function inside and on a closed con-
tour C expect at a finite number of singularities z1,..., zn inside C, then∮

C
f(z)dz = 2iπ

n∑
i=1

Reszi [f(z)],

with Reszi [f(z)] the residue of f(z) at the pole zi.

The definition of the residue depends of the multiplicity of the pole and one has for a

1. simple pole: Reszi [f(z)] = limz→zi(z − zi)f(z).

2. pole of order α: Reszi [f(z)] = 1
(n−1)! limz→zi

dα−1

dzα−1 (z − zi)αf(z).

In practice, one integrates along a closed contour in a the half-complex plane that should be
similar to the one shown in Fig. B.1. The integral along the whole contour is divided in integrals

Figure B.1: Closed contour.

on its different parts,
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∮
C
f(z)dz =

∫
C∞

f(z)dz +
∫
Cε
f(z)dz +

∫
Cη1

f(z)dz +
∫
Cη2

f(z)dz +
∫
CR
f(z)dz = 0, (B.1)

where C∞ is the large half semicircle and Cε the little one around the pole. The contribution
of Cη1 and Cη2 are exactly the same but with opposite signs and their contributions cancel. The
integration on CR is equivalent to the principal part of an integration along the real axis,

p
∫ ∞
−∞

f(z)
z − zidx = lim

ε→0

[ ∫ zi−ε

−∞
+
∫ ∞
zi+ε

]
f(z)
z − zidz. (B.2)

Finally, one has to compute integrals along C∞ and Cε. Usually, the contribution of the former
is zero if f(z) tends to zero fast enough at infinity. One can use the Estimation lemma to prove
this:

Estimation lemma 1. If C is an arc of center zi and of radius R intercepted by an oriented
angle β, if f(z) is a continuous function in the closed sector |z − zi| ≥ R0 and such as

R0

C

zi

R

β

lim
z→∞(z − zi)f(z) = L,

with L ∈ IC. Then
lim
R→∞

∫
C∞

f(z) = iLβ.

The limit is zero if the function f(z) decreases faster than 1/z.

B.2 Lowest-Order Two-Gluon Production in Quasi-Multi-Regge
Kinematics

Here, we detail some of the calculations of Chap. 2, i.e. calculations of the parton-level cross
section for two-gluon production in the quasi-multi-Regge-kinematics limit.

B.2.1 s1u2 and u1s2 Diagrams

There are two types of single-crossed diagrams as shown in Fig. B.2, both of them differ from

q

p p + k3

k1 − k3

k + k1

k + k3

q − k − k1

p− k

q − k1

k

q

p p + k3

k1 − k3

k + k1

k + k3

q + k

p + k + k3

q − k1

k

Figure B.2: Single-crossed diagram: (a) s1u2 diagram and (b) u1s2 diagram.

the s1s2 diagram by only one propagator and their contributions are evaluated in the same way
as in Sec. 2.1.2.

We start with the position of the poles of diagram s1u2, the only difference from the s-diagram
is propagator P2 that becomes



B.2 Lowest-Order Two-Gluon Production in Quasi-Multi-Regge Kinematics 155

P2 = (p+ k + k3)2 + iε

= (1 + y + y3)(z + z3)s− (k + k3)2 + iε,
(B.3)

that changes sign at

yP2 =
(k + k3)2 − iε

(z + z3)s
− 1− y3. (B.4)

The relative position of the different y poles is hence modified as shown in Fig. B.3 and
accordingly, it is convenient to write the longitudinal integral as

−1 −z1 −z3 0

−1 −z1 −z3 0

P1

P2

P3

P5

P4

z

z

z

z

z

Figure B.3: Single-crossed diagram s1u2: Positions of the y poles of the different
propagators as functions of z. The shaded regions correspond to poles
above the real axis while the unshaded ones to poles below the real axis.

Is1u2 =
∫ −z3
−1

dz
∫

dy(−2πi)δ
[
y(1 + z)s− k2

] 1
P2P3P4P5

+
∫ −z3
−z1

dz
∫

dy(−2πi)δ
[
(y + y1)(z + z1)s− (k + k1)2

] 1
P1P2P4P5

+
∫ 0

−z3
dz
∫

dy(−2πi)δ
[
yzs− k2

] 1
P1P2P3P4

.

(B.5)

One can directly note that, once again, the variable z is negative in all the regions of interest
and we shall use −|z| instead of z. We come now to the calculation of the integrals.

Contribution s1u2

The first term is similar to the first term of the s1s2 integral and reads

Ic1su =
∫ −z3
−1

dz
∫

dy(−2πi)δ
[
y(1 + z)s− k2

] 1
P2P3P4P5

=
∫ −z3
−1

dz
(−2πi)

(1− |z|)s
1

P2P3P4P5

∣∣∣
y= k2

(1−|z|)s

.

(B.6)

Among the remaining propagators, we only have to check the contribution of P2 and P4 to
compute the z integral. The new propagator at the pole y = k2/(1− |z|)s is
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P2

∣∣∣
y= k2

(1−|z|)s

=
(

1 +
k2

(1− |z|)s − α
)(

k2
3

(1− α)s
− |z|

)
− (k + k3)2 < 0, (B.7)

and cannot be put on shell together with P1. One is left with the contribution of P4 as in the
previous subsection and we compute

Ic1su =
∫ −z3
−1

dz
(−2πi)
s

(−iπ)
αs

δ

[
|z| − (k + k3)2

αs

]
1

(p+ k + k3)2(k + k1)2k2

∣∣∣
y= k2

(1−|z|)s

' −2π2

(1− |z|)αs2

α

[−(k + k3)2]
1

[−(k + k1)2]
(1− |z|)

[−k2]

' 2π2

s2

1
(k + k3)2(k + k1)2k2

,

(B.8)

in the small |z| limit. Again, the result is equal, apart for the sign, to the usual cut contribution.
The second term of Eq. (B.5) is now evaluated and one has to compute

Ic2su =
∫ −z3
−z1

dz
∫

dy
(−2πi)

(β − |z|)sδ
[
y − k2

1

(1− β)s
− (k + k1)2

(β − |z|)s
]

1
P1P2P4P5

. (B.9)

We first check the different propagators at the pole, detailing only the new one:

P5 : k2 < 0

P4 : (k + k3)2 < 0

P1 : (q + k)2 > 0

(B.10)

P2 : (p+ k + k3)2 =
(

1 +
(k + k1)2

(β − |z|)s +
k2

1

(1− α)s
− α

)(
(k2

3

(1− α)s
− |z|

)
s− (k + k3)2 < 0.

As expected in the massless case, there is no contribution. However, in the massive case and
along the same lines as before, the contribution yields

Ic2su =
−2π2

s2

1
(k + k3)2(k + k1)2k2

×∆. (B.11)

The quantity is the same but opposite in sign to the one of the s1s2 integral due to the crossing
argument developed in Sec. 2.3.
Finally, we compute the third integral

Ic3su =
∫ 0

−z3
dz
∫

(−2πi)
|z|s δ

[
−y − k2

|z|s
]

1
P1P2P3P4

. (B.12)

After evaluation of the four propagators at the pole, one can show that they are all negative
definite. Any of them can be put on-shell together with P5, giving no contribution. Actually,
this is obvious taking into account the fact that if one cuts the diagram through the two-gluon
legs, these gluons correspond to real particles and consequently to positive energies not allowed
in the present kinematics.

B.2.2 Single-Crossed Diagram u1s2

The single-crossed diagram u1s2 is the second diagram of Fig. B.2. The above arguments can
be repeated with only one change from the s1s2 diagram: P1 now becomes
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P1 = (q − k − k1)2 + iε

= −(y + y1)(1− z − z1)s− (k + k1)2 + iε

→ yP1 =
−(k + k1)2 + iε

(1− z − z1)s
− y1.

(B.13)

The position of the poles is shown in Fig. B.4, and one has to compute

−1 −z1 −z3 0

−1 −z1 −z3 0

P1

P2

P3

P5

P4

1− z1

1− z1

z

z

z

z

z

Figure B.4: Single-crossed diagram u1s2: Positions of the y poles of the different
propagators as functions of z. The shaded regions correspond to poles
above the real axis while the unshaded ones to poles below the real axis.

Iu1s2 =
∫ 1−z1

−z3
dz
∫

dy(−2πi)δ
[−(y + y1)(1− z − z1)s− (k + k1)2

] 1
P2P3P4P5

+
∫ −z3
−z1

dz
∫

dy(−2πi)δ
[
(y + y1)(z + z1)s− (k + k1)2

] 1
P1P2P4P5

+
∫ 0

−z3
dz
∫

dy(−2πi)δ
[
yzs− k2

] 1
P1P2P3P4

.

(B.14)

The last term is exactly the same as in the s1u2 case so that one can directly check that the
result is zero due to kinematical arguments. The second term is similar to the second term of
Eq. (B.5) apart for the new propagator and one can then write the result

Ic2us =
−2π2

s2

1
(k + k3)2(k + k1)2k2

×∆. (B.15)

The first term is

Ic1us =
∫ 1−z1

−z3
dz

(−2πi)
(1− z − β)s

1
P2P3P4P5

∣∣∣
y=

(k+k1)2

(1−z−β)s
− k2

1
(1−β)s

. (B.16)

Looking at the other propagators, only P4 can give a contribution considering that it changes
sign at z = (k + k3)2/αs. This leads to

Ic1us =
2π2

s2

1
(k + k3)2(k + k1)2k2

. (B.17)
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Summary of Diagrams s1u2 and u1s2

The result for the two single-crossed diagrams is

Is1u2 + Iu2s1 = Ic1su + Ic2su + Ic1us + Ic2us
=

2π2

s2

1
k(k + k1)2(k + k3)2

[1−∆ + 1−∆] .
(B.18)

B.2.3 u1u2 Diagram

Now, we proceed to the evaluation of the double-crossed diagram, i.e the diagram where both
quark lines are crossed. As previously, we focus on the longitudinal integral only. The five
propagators of Fig. 2.3.c are

P1 = (q − k − k1)2 + iε

= −(y + y1)(1− z − z1)s− (k + k1)2 + iε

→ yP1 =
−(k + k1)2 + iε

(1− z − z1)s
− y1,

P2 = (p+ k + k3)2 + iε

= (1 + y + y3)(z + z3)s− (k + k3)2 + iε

→ yP2 =
(k + k3)2 − iε

(z + z3)s
− 1− y3,

P3 = (k + k1)2 + iε

= (y + y1)(z + z1)s− (k + k1)2 + iε

→ yP3 =
(k + k1)2 − iε

(z + z1)s
− y1,

P4 = (k + k3)2 + iε

= (y + y3)(z + z3)s− (k + k3)2 + iε

→ yP4 =
(k + k3)2 − iε

(z + z3)s
− y3,

P5 = k2 + iε

= yzs− k2 + iε

→ yP5 =
k2 − iε
zs

,

(B.19)

and the position of their y poles are shown in Fig. B.5. The integration can be divided into
three regions and one has

Iu1u2 =
∫ 1−z1

−z3
dz
∫

dy(−2πi)δ
[−(y + y1)(1− z − z1)s− (k + k1)2

] 1
P2P3P4P5

+
∫ −z3
−z1

dz
∫

dy(−2πi)δ
[
(y + y1)(z + z1)s− (k + k1)2

] 1
P1P2P4P5

+
∫ 0

−z3
dz
∫

dy(−2πi)δ
[
yzs− k2

] 1
P1P2P3P4

.

(B.20)

For the first term of Eq. (B.20), one has to compute
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−1 −z1 −z3 0

−1 −z1 −z3 0
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P3

P5
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1− z1

1− z1

z

z

z

z

z

Figure B.5: Double-crossed diagram u1s2: Positions of the y poles of the different
propagators as functions of z. The shaded regions correspond to poles
above the real axis while the unshaded ones to poles below the real axis.

Ic1 =
∫ 1−z1

−z3
dz
∫

dy
(−2πi)

(1− z − β)s
δ

[
−y +

k2
1

(1− β)s
− (k + k1)2

(1− z − β)

]
1

P2P3P4P5

=
∫ 1−z1

−z3
dz

(−2πi)
(1− z − β)s

1
(p+ k + k3)2(k + k1)2(k + k3)2k2

∣∣∣
y=
−(k+k1)2

(1−β−z)s +
k2

1
(1−β)s

.

(B.21)

One only has to check propagators P2 and P4 due to the fact that P5 and P3 are negative
at y = yP1 . Propagators P4 becomes

(k+ k3)2
∣∣∣
y=yP1

=
( −(k + k1)2

(1− β − z)s +
k2

1

(1− β)s
− α

)(
z +

k2
3

(1− α)s

)
s− (k + k3)2 < 0, (B.22)

but P2 is

(p+ k + k3)2
∣∣∣
y=yP1

' zs− (k + k3)2, (B.23)

that has a pole at z = (k + k3)/s and can be used to compute the z integral. Therefore,
substituting the value of z and y into the remaining propagators yields

Ic1 ' −2π2

s2

1
[−(k + k1)2] [−(k + k3)2] [−k2]

' 2π2

s2

1
(k + k1)2(k + k3)2k2

.

(B.24)

The second term of Eq. (B.20) takes propagator P3 on-shell. Due to kinematics, P1 and P5 are
negative definite and there is no contribution in the massless case. If the produced particle is
massive, one obtains

Ic2 ' 2π2

s2

1
(k + k1)2(k + k3)2k2

×∆, (B.25)

with the same sign as in the s1s2 diagram calculation according to the argument developed
in Sec. 2.3.
The third term gives no contribution since the on-shellness of propagator P5 is incompatible
with any other on-shell condition in the considered kinematics.
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Summary of Diagram u1u2

Putting together all the results of the u1u2 diagram gives

Iu1u2 = Ic1 + Ic2

=
2π2

s2

1
(k + k1)2(k + k3)2k2

[1 + ∆] .
(B.26)

B.2.4 Comparison of the Two Main Diagrams

Consider the production of a colour-singlet two-gluon state in a qq collision. The only require-
ment is that the two-gluon system be separated in rapidity from the quarks and that there be
no overall colour flow in the t-channel. Hence, the kinematics and all simplifications discussed in
Sec. 2.1 and Sec. 2.1.2 still hold, and one is left with the two generic diagrams shown in Fig. B.6.
From the BFKL point of view, one deals here with two-gluon production in quasi-multi-Regge

q − k1

k2 − k3

k1 − k2

q

p p + k3

k k + k1

k + k2k + k2 − k3

q − k1

k2 − k3

k1 − k2

q

p p + k3

k

k + k1

k + k3

q + k

p− k

k + k2

Figure B.6: Contribution to the imaginary part of the amplitude at leading order for
the two-gluons production.

kinematics and the imaginary part of the amplitude can be written

ImM = ImMa + ImMb = s
g2
sg

6

2π2

δc1c2

4N

∫
d2k e(1)∗

µ1
e(2)∗
µ2

×
[
Cµ1(k + k1, k + k2)Cµ2(k + k2, k + k3)

k2(k + k1)2(k + k2)2(k + k3)2
− Cµ1(k + k1, k + k2)Cµ2(−k,−k − k2 + k3)

k2(k + k1)2(k + k2)2(k− k2 + k3)2

]
.

(B.27)

Here Cµi(p1, p2) is the Lipatov effective vertex [160]

Cµ1(k+k1, k+k2) = pµ1

(
α1 − 2

(k + k2)2

β1s

)
−qµ1

(
β1 − 2

(k + k1)2

α1s

)
+(2k+k1+k2)µ1 . (B.28)

When |k2| � |k1|, |k3|, one recovers from Eq. (B.27) the amplitude (2.74) described in the
main text. The two terms describe the respective contributions of the two diagrams and let us
estimate how the contribution of the second diagram compares with that of the first one in the
case of large k2

2 and, for simplicity, for β1 � β2. The square of the first diagram is
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|ImMa|2 ∝
∫

d2k
k2(k + k2)2

d2k′

k′2(k′ + k2)2

× −2
(k + k1)2(k′ + k1)2

[
(k + k1)2(k′ + k2)2 + (k + k2)2(k′ + k1)2

(k1 − k2)2
− (k− k′)2

]
× −2

(k + k3)2(k′ + k3)2

[
(k + k3)2(k′ + k2)2 + (k + k2)2(k′ + k3)2

(k3 − k2)2
− (k− k′)2

]
' 16

(k2
2)2

∫
d2k
k2

d2k′

k′2
(k + k1).(k′ + k1)

(k + k1)2(k′ + k1)2

(k + k3).(k′ + k3)
(k + k3)2(k′ + k3)2

.

(B.29)

For nearly forward scattering, |k1|, |k3| � |k|, |k′|, the estimate simplifies to

|ImMa|2 ∝ 1
(k2

2)2

∫
d2k

(k2)2

d2k′

(k′2)2
→ |ImMa| ∝ 1

k2
2

∫
d2k

(k2)2
. (B.30)

A similar calculation for the second diagram gives

|ImMb|2 ∝
∫

d2k
k2(k + k2)2

d2k′

k′2(k′ + k2)2

× −2
(k + k1)2(k′ + k1)2

[
(k + k1)2(k′ + k2)2 + (k + k2)2(k′ + k1)2

(k1 − k2)2
− (k− k′)2

]
× −2

(k + k2 − k3)2(k′ + k2 − k3)2

[
(k + k2 − k3)2k′2 + k2(k′ + k2 − k3)2

(k3 − k2)2
− (k− k′)2

]
' 16

(k2
2)2

∫
d2k
k2

d2k′

k′2
(k + k1).(k′ + k1)

(k + k1)2(k′ + k1)2

k.k′

(k2
2)2

,

(B.31)

which in the same limit becomes

|ImMb|2 ∝ 1
(k2

2)4

∫
d2k

(k2)2

d2k′

(k′2)2
→ |ImMb| ∝ 1

(k2
2)2

∫
d2k

(k2)2
. (B.32)

Thus, the second diagram is not only suppressed with respect to Eq. (B.30) by an extra power
of k2

2, but also enhanced by an extra logarithm.

B.2.5 The Second Diagram

We give here some details on the calculation of the diagram where the final gluon system is
emitted from different t-channel gluon legs. As explained in Sec. 2.7.1, we use the Lipatov
vertices and we work in the center-of-mass frame of the colliding gluons. One has to calculate

ImMs = s
g2
sg

4

(2π)2

δc1c2

4N

∫
d2k

k2(k + k1)2(k + k2)2(k + k2 − k3)2

× Cµ1
1 (k + k1, k + k2)Cµ2

2 (−k1,−k − k2 + k3) .e∗µ1
(λ3)e∗µ2

(λ4).
(B.33)

B.2.6 Kinematics

The main part of the calculation is the evaluation of the contraction of the Lipatov vertices with
the polarisation vectors e∗µ1

(λ3)e∗µ2
(λ4). These vectors are written in the center-of-mass frame
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of the final gluons but the Lipatov vertices depend on two opposite light-cone vectors qµ and pµ.
Thus, one has to calculate the contraction in a specific frame. We perform a longitudinal boost
so that the energies of the two colliding gluons are identical. Then

qµ =
q+√

2
(1, 0, 0, 1),

pµ =
p−√

2
(1, 0, 0,−1),

s = 2 pµqµ = 2 p−q+.

(B.34)

The new frame is defined by the center-of-mass frame of the collision with energy

E = (β1 + β2)
q+√

2

= (α1 + α2)
p−√

2
,

(B.35)

from the usual definition of βi and αi and the kinematics shown of Fig. B.7. As usual, one can
consider k2

2 � k2
i and let us remind the reader of two relations coming from the on-shellness of

k1 − k2

k + k1

k + k2

k2 − k3

k

k + k2 − k3

Figure B.7: Kinematics.

the final gluons (k1 − k2)2 = 0 = (k2 − k3)2 that gives

β1α1 ' β2α2 ' (k1 − k2)2

s
,

α1

α1 + α2
=

β2

β1 + β2
. (B.36)

One can identify the xz plane with the scattering plane and the final gluons in this specific
frame have four-momenta

(k1 − k2)µ = β1q
µ + α1p

µ + (k1 − k2)µ

= E
β1

β1 + β2
(1, 0, 0, 1) + E

α1

α1 + α2
(1, 0, 0,−1)− (k1 − k2)

=
(
E,−(k1 − k2), E

β1 − β2

β1 + β2

)
,

(k2 − k3)µ = β2q
µ + α2p

µ + (k2 − k3)µ

= E
β2

β1 + β2
(1, 0, 0, 1) + E

α2

α1 + α2
(1, 0, 0,−1) + (k2 − k3)

=
(
E, (k2 − k3), E

β1 − β2

β1 + β2

)
.

(B.37)

In the center-of-mass frame of the produced gluons one can write
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(k1 − k2)µ = E (1, sin θ1, 0, cos θ1) ,
(k2 − k3)µ = E (1,− sin θ2, 0,− cos θ2) ,

(B.38)

as the two gluons are almost back-to-back with θ1 ' θ2 ' θ. One can identify the component of
Eq. (B.37) and Eq. (B.38) to obtain

E sin θ = (k1 − k2)2,

cos θ =
β1 − β2

β1 + β2
.

(B.39)

Using

q+

p−
=
α1 + α2

β1 + β2
, (B.40)

one finds

sin2 θ =
(k1 − k2)2

E2

=
α1β1s

q2(β1 + β2)

=
4β1β2

(β1 + β2)2

→ sin θ =
2
√
β1β2

β1 + β2
.

(B.41)

With these relations, one can now compute the contraction of the two Lipatov vertices with
their respective polarisation vectors.

B.2.7 Contraction with the First Lipatov Vertex

The first Lipatov vertex only depends on the longitudinal component of the final gluon and has
the form

Cµ1
1 (k + k1, k + k2) = qµ1

(
β1 − 2

(k + k1)2

α1s

)
− pµ1

(
α1 − 2

(k + k2)2

β1s

)
− (2k + k1 + k2)µ1 ,

(B.42)
that can be written in our specific frame in terms of its components

C1 = (C0,−(2k + k1 + k2)x,−(2k + k1 + k2)y, Cz) , (B.43)

where

C0 =
q+

√
2

(
β1 − 2

(k + k1)2

α1s

)
− p+

√
2

(
α1 − 2

(k + k2)2

β1s

)
=

E

β1 + β2

(
β1 − 2

(k + k1)2

α1s

)
− E

α1 + α2

(
α1 − 2

(k + k2)2

β1s

)
=

E

β1 + β2

(
β1 − 2(k + k1)2 β1

(k1 − k2)2

)
− E

α1 + α2

(
α1 − 2(k + k2)2 α1

(k1 − k2)2

)
,

(B.44)
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using the on-shell condition β1s = (k1 − k2)2/α1. After a little bit of algebra with the help of
the relations (B.39) and (B.41), one finds

C0 = E

[
cos θ + (1− cos θ)

(k + k2)2

(k1 − k2)2
− (1 + cos θ)

(k + k1)2

(k1 − k2)2

]
,

Cz = E

[
1− (1 + cos θ)

(k + k1)2

(k1 − k2)2
− (1− cos θ)

(k + k2)2

(k1 − k2)2

]
.

(B.45)

Now, one can define the polarisation vector of the produced gluon with helicity λ3 as

eµ(λ3) = − 1√
2

(0, λ3 cos θ, i,−λ3 sin θ) , (B.46)

and check that

eµ(λ3)(k1 − k2)µ =
E√

2
λ3 cos θ sin θ − E√

2
λ3 cos θ sin θ = 0. (B.47)

Therefore, the contraction of the above polarisation vector with the Lipatov vertex is

Cµ1
1 e∗µ1

(λ3) = (C0,−(2k + k1 + k2)x,−(2k + k1 + k2)y, Cz)
1√
2


0

λ3 cos(θ)
−i

−λ3 sin(θ)


=

1√
2

[0− λ3 cos θ(2k + k1 + k2)x + i(2k + k1 + k2)y

−Eλ3 sin θ
(

1− (1 + cos θ)
(k + k1)2

(k1 − k2)2
− (1− cos θ)

(k + k2)2

(k1 − k2)2

)]
=

1√
2

[−λ3 cos θ(2k + k1 + k2)x + i(2k + k1 + k2)y

−λ3|k1 − k2|θ
(

1− (1 + cos θ)
(k + k1)2

(k1 − k2)2
− (1− cos θ)

(k + k2)2

(k1 − k2)2

)]
.

(B.48)

One can choose to define the x axis as the direction of the first produced gluon, so that for any
four-vector a, its x component is defined as

ax = a
k1 − k2

|k1 − k2| . (B.49)

Hence, in Eq. (B.48), one has

(2k + k1 + k2)x = [(k + k1) + (k + k2)]
k1 − k2

|k1 − k2|
= [(k + k1) + (k + k2)]

(k + k1)− (k + k2)
|(k + k1)− (k + k2)|

=
(k + k1)2 − (k + k2)2

|(k + k1)− (k + k2)| .

(B.50)

The y component can also be calculated

[(k + k1) + (k + k2)]2y = |(k + k1) + (k + k2)|2 − [(k + k1) + (k + k2)]x ,

→ [(k + k1) + (k + k2)]y = 2

√
(k + k1)2(k + k2)2 − (k + k1).(k + k2)

|(k + k1)− (k + k2)| ,
(B.51)
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and if one decomposes the scalar product using

(k + k1).(k + k2) = |k + k1||k + k2| cosψ12, (B.52)

where ψ12 = ψ1−ψ2 is the angle between the two vectors in the transverse plane, the component
reads

[(k + k1) + (k + k2)]2y = |k + k1|2 − (k + k1)2
x

= 4
|k + k1|2|k + k2|2
|(k + k1)− (k + k2)|2 sin2 ψ12.

(B.53)

The different angles are shown in Fig. B.8 and now one can complete the contraction, back

yarbitrary

xarbitrary

k + k1

k + k2

ψ1
ψ2

ψ12

Figure B.8: Definition of the angles in the arbitrary system of axis.

to Eq. (B.48), using the definition of the x and y components

Cµ1
1 e∗µ1

(λ3) =
1√
2

[
i((k + k1) + (k + k2))y − λ3|(k + k1)− (k + k2)|+ λ3

(k + k1)2 + (k + k2)2

[(k + k1)− (k + k2)]

]
=

1√
2

[
i((k + k1) + (k + k2))y + λ3

(k + k1).(k + k2)
|(k + k1)− (k + k2)|

]
=
√

2
|k + k1||k + k2|

|(k + k1)− (k + k2)| (λ3 cosψ12 − i sinψ12) .

(B.54)

Taking into account that the helicity has only two possible values, λ3 = ±1, one can write the
final result as

Cµ1
1 e∗µ1

(λ3) =
√

2
|k + k1||k + k2|
|k1 − k2| λ3e

−iλ3ψ12 . (B.55)

Actually, the same calculation can be done for the second Lipatov vertex of Fig. B.7 and one
finds

Cµ2
2 e∗µ2

(λ4) = −
√

2
|k||k + k2 − k3|
|k1 − k2| λ4e

−iλ4ψ23 . (B.56)
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B.3 Sudakov Form Factor

We develop here some of the calculations of Chap. 4 that is devoted to the Sudakov form
factor. The first section describes the original Dokshitzer, Diakonov and Troian or DDT pre-
scription [111] and the second, the Durham parametrisation of the Sudakov form factor in the
Monte-Carlo picture [16]. One can note that they only differ by the way they regularise the
splitting function Pgg. For simplicity, the analytic calculation is done at fixed coupling constant,
nevertheless, the final results of the whole thesis are obtained numerically with a running cou-
pling. The present computation is just an approximation used in order to have a better view of
the different contributions to the Sudakov form factor.

B.3.1 The DDT Prescription

The DDT calculation of the Sudakov form factor makes use of a regularised splitting function
in the argument of the exponential. One has thus to compute

SDDT (µ2, `2) =
αs
2π

∫ µ2

`2

dq2

q2

∫ 1

0
dz [zPgg +NfPqg] ,

Pgg = 2Nc

[
z

1− z + ∆
+

1− z
z

+ z(1− z)
]
,

Pqg =
1
2
[
z2 + (1− z)2

]
,

(B.57)

where Nc = 3 is the number of colours and Nf the number of flavours. The integral over the
second splitting function Pqg is straightforward, and one gets

Nf

∫ 1

0
Pqg dz =

Nf

2

∫ 1

0
dz
[
z2 + (1− z)2

]
=

1
3
Nf , (B.58)

while the first term gives

6
∫ 1

0
zPgg dz = 6

∫ 1

0
dz
[
1− z + z2 − z3

]
+ 6

∫ 1

0
dz

z2

1− z + ∆

=
7
2

+
[
6(1 + ∆)2 log

(
1 + ∆

∆

)
− 9− 6∆

]
= −11

2
− 6∆ + 6(1 + ∆)2 [log(1 + ∆)− log(∆)] ,

(B.59)

with the help of ∫
x2

ax+ b
dx =

1
a3

[
1
2

(ax+ b)2 − 2b(ax+ b) + b2 log |ax+ b|
]
. (B.60)

To obtain the second integral, one can use ∆ = |q|/µ with the change of variable∫ µ2

`2

dq2

q2
→ 2

∫ 1

δ

d∆
∆
, (B.61)

where δ = `2/µ2. The terms that do not include logs can be calculated directly and give

I1 = 2
∫ 1

δ

d∆
∆

[−11
2

+
1
3
Nf − 6∆

]
=
(
−11 +

2
3
Nf

)
log

1
δ
− 12 + 12δ.

(B.62)
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The rest of the integral is

I2 = 12
[∫ 1

δ

d∆
∆

(1 + ∆)2 log(1 + ∆)−
∫ 1

δ

d∆
∆

(1 + ∆)2 log ∆
]
, (B.63)

and can be calculated using the first-order Taylor expansion of the logarithm log(1 + ∆) ' ∆ as
well as ∫

∆ log ∆d∆ =
1
2

(
∆2 log ∆− ∆2

2

)
, (B.64)

that is a good approximation as there is no large ∆ involved. The final result for I2 is

I2 = 6 log2 1
δ
− 6δ(4 + δ) log

1
δ
− 4δ3 − 15δ2 − 36δ + 55. (B.65)

Because δ is small, one can neglect all terms proportional to it and, finally, the double- and
single-log contributions to the Sudakov form factor are

SDDT (µ2, `2) ' αs
2π

[
6 log2 1

δ
+ (−11 +

2
3
Nf ) log

1
δ

]
. (B.66)

All other contributions constitute the constant term

cDDT = −6δ(4 + δ) log
1
δ
− 4δ3 − 15δ2 − 24δ + 43. (B.67)

One can note that the single-log term comes in part from Pgg and in part from Pqg and that the
two contributions are opposite in sign.

B.3.2 The Cut-Off Prescription

The definition of the Sudakov form factor makes use of the unregularised splitting function in
the argument of the exponential. The divergence is removed by the addition of a cut-off to the
upper limit of the longitudinal integral. One has to compute

SCO(µ2, `2) =
αs
2π

∫ µ2

`2

dq2

q2

∫ 1−∆

0
dz [zPgg +NfPqg] ,

Pgg = 6
[

z

1− z +
1− z
z

+ z(1− z)
]
,

Pqg =
1
2
[
z2 + (1− z)2

]
.

(B.68)

Following the same line as in the DDT case, the first integral gives

∫ 1−∆

0
zPgg dz = −11

2
+ 12∆− 9∆2 + 4∆3 − 3

2
∆4 − 6 log ∆,

Nf

∫ 1−∆

0
Pqg dz =

1
2
Nf

[
2
3
−∆ + ∆2 − 1

3
∆3

]
.

(B.69)

After the change of variable and the integration over ∆, the dominant log contributions are
identical to those of the DDT prescription

SCO(µ2, `2) ' αs
2π

[
6 log2 1

δ
+ (−11 +

2
3
Nf ) log

1
δ

]
, (B.70)

but the constant terms are slightly different
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cCO =
1
6

(
203
2
− 13

3
Nf

)
+ δ (Nf − 24) + δ2

(
9− Nf

2

)
+

2
3
δ3

(
Nf

3
− 4
)

+
3
4
δ4. (B.71)

The two different prescriptions are presented in Fig. B.9 and clearly show the importance of the
constant terms.
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Figure B.9: Comparison of the DDT and cut-off prescriptions for the Sudakov form
factor using the parametrisation of the reference curve in Table 6.2.

B.3.3 The Sudakov Form Factor with Two Scales

The leading double-log behaviour (DLA) of the Sudakov form factor can be computed analyti-
cally for a fixed coupling constant. In the same approximation, one can also estimate the leading
term after introduction of different scales to drive the transverse and longitudinal parts of the
integral.

We work in the second prescription that reads

SDLA ∝
∫ µ2

`2

dq2

q2
log

1
∆
. (B.72)

Instead of ∆ = |q|/µ, the second scale ν is introduced in the cut-off on the longitudinal integral
via ∆ = |q|/ν and then

SDLA ∝
∫ µ2

`2

dq2

q2
log

ν

|q|
= 2

∫ µ

`

dq
|q|
(

log
ν

µ
− log

µ

|q|
)

= 2
[
log

µ

`
log

ν

µ
+

1
2

log2 `

µ

]
,

(B.73)

using an integration by parts. Now, after a little bit of algebra one finds
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SDLA ∝ 2 log
µ

`
log

ν

µ
+ log2 `

µ

= 2 (log µ− log `) (log ν − logµ) + (log `− logµ)2

= log2 `

ν
− log2 µ

ν
.

(B.74)

It can be interesting to express the last result as only one log term

SDLA ∝ 2 log
µ

`
log

ν

µ
+ log2 `

µ

= log2 `

µ
+ 2 log

`

µ
log

µ

ν

= log
`

µ

(
log

`

µ
+ log

µ2

ν2

)
= log

`

µ
log

`µ

ν2
.

(B.75)

From this last result, one sees that if ν increases, then SDLA decreases and the Sudakov form
factor

T (µ2, `2) = e−S , (B.76)

increases. On the contrary, if the first scale µ starts increasing then one has two opposite
effects, log `µ

ν2 increases while log `
µ decreases so that the effect of a change in µ is suppressed.

B.3.4 Estimation of the Sudakov Suppression

We estimate here the Sudakov suppression in the case of a running coupling constant, using the
saddle point approximation.

One starts with Eq. (4.4)

SDLA(µ2, `2) =
3
π

∫ µ2

`2

d2q
q2

αs(q2) log
(

1
|∆|
)
. (B.77)

Remembering the definition ∆ = |q|/µ and using Eq. (4.21) for αs(q2), the integral becomes

SDLA =
3
π

∫ µ2

`2

d2q
q2

12π

(33− 2Nf ) log q2

Λ2
QCD

1
2

log
(
µ2

q2

)

=
3

2π

∫ µ2

`2

d2q
q2

12π

(33− 2Nf ) log q2

Λ2
QCD

(
log

µ2

Λ2
QCD

+ log
Λ2
QCD

q2

)
.

(B.78)

One can then switch to a more convenient notation that is

x = log
`2

Λ2
QCD

, x2 = log
µ2

Λ2
QCD

, (B.79)

and perform a change of variable from log(q2/Λ2
QCD) to y, to compute
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SDLA =
6
β0

∫ x2

x

dy
y

(x2 − y)

=
6
β0

(
x2 log

x2

x
− x2 + x

)
,

(B.80)

where again

β0 = 11− 2
3
Nf . (B.81)

Now, one can estimate the integral

I =
1

Λ4

∫
e−[x−S(x2,x)]dx, (B.82)

using the saddle-point approximation. If f(x) = x+ 6
β0

(
x2 log x2

x − x2 + x
)
, the saddle point x0

is given by

df(x)
dx

∣∣∣∣
x=x0

= 0,

→ x0 =
x2

1 + β0

6

,
(B.83)

and one can use ∫ ∞
0

e−f(x)dx '
√

2π
−|f ′′(x0)|e

−f(x0), (B.84)

to compute the order of magnitude of the suppression due to this Sudakov form factor. First,
one can compute f(x0):

f(x0) =
x2

1 + β0

6

+
6x2

β0

[
log
(

1 +
β0

6

)
− 1 +

1

1 + β0

6

]

= x2

[
β0 − 6(1 + β0

6 ) + 6

β0(1 + β0

6 )
+

6
β0

log
(

1 +
β0

6

)]

=
6x2

β0
log
(

1 +
β0

6

)
,

(B.85)

and the second derivative of the same function at x = x0 gives

d2f(x)
d2x

∣∣∣∣
x=x0

=
d

dx

[
1 +

6
β0

(
1− x2

x

)] ∣∣∣∣
x=x0

= − 6
β0

x2

x2

∣∣∣∣
x=x0

= − 6
β0

(
1 + β0

6

)2

x2
.
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Finally, one gets

I =
1

Λ4
QCD

√√√√ 2π β0x2

6
(

1 + β0

6

)2 e
−
h

6x2
β0

log
“
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β0
6

”i
. (B.87)



B.4 Model of the Splash-Out: LHE files 171

B.4 Model of the Splash-Out: LHE files

We already have a code for the dijet cross section at the parton level, so that one only needs
to modify it in such a way that the final state, i.e. gluons and protons four-momenta, can be
taken as a Pythia entry. This is easily done using the Les Houches Accord for user-defined
processes [130] that was made for passing information from a parton-level generator to any kind
of hadronization Monte-Carlo, in the present case Pythia. The Les Houches Event File (LHEF
or LHE) [131] that contains all the information requested and the basic list of ingredients that
have to appear in the file are

Beam information: An initial line that contains all generic information that only appears
once, such as the particle ID according to the Particle Data Group [138], the energy of
the beam, the cross section, a label defined by the user and some additional switches, if
necessary.

After this general information, one comes to the events generated at the parton level. An
LHE file contains one or several events and each event is embedded between headers <event>.
The requested event information is described in the following.

Parameters: The number of particles in the event and the possibility for the user to define his
own values for coupling constants and scales. These values will be used by Pythia.

Event: Contains the ID, status and parent-child history of the process, this means all the
particles that should be processed by Pythia. In sequence:

• Particle ID according to the Particle Data Group convention.

• Particle status:
-1 Incoming particle
+1 Outgoing final-state particle
+2 Intermediate resonance

• A label referring to the mothers of the present particles.
• A label referring to where the colour of the particle comes from. This can be viewed

as a numbering of the different colour lines in the NC → ∞ limit and, to avoid
confusion, the colour labels are usually larger than 500.
• Laboratory-frame momentum Px, Py, Pz, E and M in GeV.
• Lifetime τ and helicity, the last one could be set to 9 if helicity is unknown or non-

necessary.

As an example, for one of our diagrams shown in Fig. B.10, the event part of the correspond-
ing LHE is

<init>
2212 -2212 0.98000000E+03 0.98000000E+03

</init>
<event>

1 2212 -1
2 -2212 -1
3 2212 1
4 -2212 1
5 21 1 1 501 503
6 21 1 2 503 501

</event>

where between the headers <event>, one finds in turn: a label, the PID of the particle (pro-
ton: 2212, antiproton: -2212, gluon: 21), its status, the label of its mother particle, its colour
and anticolour label. In the example, the final gluon system is in a colour-singlet state.
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501 502

502

502

502501

503

503

Figure B.10: Colour flow pictured by the plain-coloured lines labeled using the LHE
convention. The final gluons are in a colour-singlet state.

B.5 Parametrisation of the Curves

In this section, we explicitly give the parametrisation of the different curves presented in Chap. 6
and in particular in Sec. 6.3.3 for Fig. 6.6.a and Fig. 6.5. The gap-survival probability is given
at the TeVatron and parameters not mentioned here are identical to those of the reference curve,
hence to those of Table 6.2.

Parameter Upper Lower
ΦUgD Type-4 Type-1
Upper scale µ2 = 2k2

2 µ2 = k2
2

Lower scale `2 = 4(k + ki)2 `2 = (k + ki)2

〈S2〉 9% 16%
Ejet
⊥ 0.75 Eparton

⊥ 0.8 Eparton
⊥

Table B.1: Parameters of the upper and lower curves in Fig. 6.6.

Parameter Ref. 2 Ref. 3
ΦUgD Type-2 Type-4
Upper scale µ2 = 2k2

2 µ2 = k2
2

Lower scale `2 = 4(k + ki)2 `2 = 2(k + ki)2

〈S2〉 11% 8%
Ejet
⊥ 0.8 Eparton

⊥ 0.75 Eparton
⊥

Table B.2: Parameters of the labeled Ref. 2 and Ref. 3 curves in Fig. 6.5.



Appendix C

Higgs Boson Quasi-Elastic Cross
Section:
Details of the Calculation

In this Appendix, we detail some of the calculations related to the introduction of an effective
vertex gg → H in two-gluon exchange. The first section presents the evaluation of the order of
magnitude of the different momentum components of the colliding gluons and the second, the
contribution of the term proportional to W2 to the cross section.

C.1 Some Kinematics

The different momenta k1, k3 and k can be projected on the four-momenta of the initial quarks
using a Sudakov decomposition

kµ1 = α1p
µ + β1q

µ + kµ1 ,

kµ3 = α3p
µ + β3q

µ + kµ3 ,

kµ = αkp
µ + βkq

µ + kµ.

(C.1)

The aim is to evaluate the order of magnitude of αi and βi. One can first use the on-shell
conditions for final quarks that yield

(q − k1)2 = 0

→ α1 =
−k2

1

(1− β1)s
,

(p+ k3)2 = 0

→ β3 =
k2

3

(1 + α3)s
.

(C.2)

In addition,

(k1 − k3)2 = (α1 − α3)(β1 − β3)s+ (k1 − k3)2

=
( −k2

1

(1− β1)s
− α3

)(
β1 − k2

3

(1 + α3)s

)
s+ (k1 − k3)2

' −α3β1s+ (k1 − k3)2,

(C.3)
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and finally the on-shellness of the Higgs boson (k1 − k3)2 = m2
H gives

m2
H = −α3β1s+ (k1 − k3)2,

→ α3 ' −m
2
H

β1s
.

(C.4)

The last equality is obtained in the multi-Regge kinematical limit where αiβis � |ki|2. Now,
one is left with the components of k that are evaluated using the cuts that put the intermediate
quarks on-shell

(q + k)2 = 0

→ yk =
k2

(1 + zk)s
,

(p− k)2 = 0

→ zk =
−k2

(1− αk)s,

(C.5)

that are both O (1
s

)
. Hence, one has as announced

(k + k1)µ = (yk + α1)pµ + (zk + β1)qµ + (k + k1)µ

=
(

k2

(1 + zk)s
− k2

1

(1− β1)s

)
pµ +

( −k2

(1− αk)s + β1

)
qµ + (k + k1)µ

' O
(

1
s

)
pµ + β1q

µ + (k + k1)µ,

(C.6)

C.2 Contribution of W2

According to [14], the gg → H effective vertex is

V µν = δab [(k + k1).(k + k3)gµν − (k + k1)ν(k + k3)µ]
W1

m2
H

+
[
(k + k1)2(k + k3)2gµν + (k + k1)µ(k + k3)ν(k + k1).(k + k3)

−(k + k1)µ(k + k1)ν(k + k3)2 − (k + k3)µ(k + k3)ν(k + k1)2
] W2

m4
H

,

(C.7)

where

W1 =
(
√

2Gf )1/2g2m2
H

12π2
N1, W2 =

(
√

2Gf )1/2g2m2
H

12π2
N2. (C.8)

The expressions for N1 and N2 come from the integration over the top loop in the specific
kinematics of production in a rapidity gap, i.e. (k+k1)2, (k+k3)2 � m2

H . Denoting a ≡ m2
H/m

2
t ,

one has

N1 =
6
a

[
1 +

(
1− 4

a

)
arctan2

(√
a

4− a
)]

, (C.9)

and
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N2 =
−12
a

5−
(

1 +
4
a

)(
arctanh

√
a

(4− a)

)2

− 4√
a

4−a

(
arctanh

√
a

4− a
) . (C.10)

The calculation also demonstrated that the contribution of the W2 term can be neglected and
this comes from the fact that the tensor structure will always give contributions proportional
to (k + ki)2 that are much smaller than s in the considered kinematical regime. Moreover, it
was shown that |N2|2 is always 30% smaller than the |N1|2 for Higgs boson mass below 1 TeV
and consequently, this correction is negligible in front of the first term. Nevertheless, in order
to control the theoretical uncertainty on the calculation, one can evaluate its contribution.
One has to compute

Nµ
ν V

ν
µ

∣∣∣∣
2

= (4qµqσ)
[
(k + k1)2(k + k3)2gµν + (k + k1)µ(k + k3)ν(k + k1).(k + k3)

−(k + k1)µ(k + k1)ν(k + k3)2 − (k + k3)µ(k + k3)ν(k + k1)2
]

(4pµpσ)
W2

m4
H

= 8s
[
(k + k1)2(k + k3)2 s

2
+ (k + k1).q(k + k3).q(k + k1).(k + k3)

−(k + k1).q (k + k1).p (k + k3)2 − (k + k3).q (k + k3).p (k + k1)2
] W2

m4
H

,

(C.11)

using pµqµ = s/2. As previously, one can define

(k + k1)µ =
α1

s
pµ + β1q

µ + (k + k1)µ,

(k + k3)µ = α3p
µ +

β3

s
qµ + (k + k3)µ,

(C.12)

and compute the different scalar products necessary to evaluate Eq. (C.11). One finds

(k + k1).(k + k3) = α1β3
1
2s

+ α3β1
s

2
+ (k + k1)(k + k3),

(k + k1)2 = α1β1 + k2
1,

(k + k3)2 = α3β3 + k2
3,

(k + k1).p = β1
s

2
,

(k + k1).q =
1
2
α1,

(k + k3).p =
1
2
β3,

(k + k3).p = α3
s

2
.

(C.13)

So that

Nµ
ν V

µ
ν

∣∣∣∣
2

= 8s
[
(k + k1)2(k + k3)2 s

2
+
α1

4
β3(k + k1)(k + k3)− α1β1

s

4
(k + k3)2 − β3α3

s

2
(k + k1)2

] W2

m4
H

=
[
s2
(
α1β1α3β3 + 2α1β1(k + k3)2 + 2α3β3(k + k1)2 + 4(k + k1)2(k + k3)2

)
+2α2

1β
2
3 + 4sα1β3(k + k1)(k + k3)

] W2

m4
H

' s2
[
α1β1α3β3 + 2α1β1(k + k3)2 + 2α3β3(k + k1)2 + 4(k + k1)2(k + k3)2

] W2

m4
H

+O(s).

(C.14)
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