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Outline ) DS sPiT >4

# Perturbative evolution in high-energy QCD:
s Leading log approx.: BFKL equation
s Unitarity/Saturation effects: Balitsky/JIMWLK and BK equation
s Fluctuation effects: towards a new evolution

o Asymptotic solutions:
s Saturation = geometric scaling
s fluctuation = Stochastic evolution = Diffusive scaling

# Phenomenological consequences
s Geometric scaling for /5 and in vector meson production
s Diffusive scaling in DIS, diffractive DIS and forward gluon production
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Motivation: why saturation ? () OSSP o
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log(1/x)

Size ~ 1/Q
2
TBFKL Energy ~ Q“/z

DGLAP HOW t_o describe
] this in QCD ?

>

log(Q?)
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Bremsstrahlung:
p p
> > >
k,=xp
r <1 rLr <1
Probability of emission
dk? d
dP ~ 048—2J_ —x
kT x
In the small-x limit
1
d
it Y agslog(1/x)
r L1
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Motivation: why resummation ? (G50 <SS0sTsPir=e,

Bremsstrahlung:

D D
> > >
k,=xp
r <1 rr <1
Probability of emission
dk? d
dP ~ 048—2J_ —x
]ﬂ €T
In the small-z limit
1
dz,, dxq 1
— ~ "log™ (1
< / T allog"(1/2)

Same order when a;log(1/x) ~ 1
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Perturbative evolution in high-energy QCD
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Dipole picture B oot i =

Consider a fast-moving ¢g dipole (Rapidity: Y = log(s)) [Mueller,93]

Rl i

Yo €« V1 € Y, < Yy

o Probability @K of emission

# Independent emissions in coordinate space (transverse plane)
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Dipole picture B oot i =

Consider a fast-moving ¢g dipole (Rapidity: Y = log(s)) [Mueller,93]

n(r,Y") dipoles

of size r

E . '

Yo €« V1 € Y, < Yy

o Probability @K of emission

# Independent emissions in coordinate space (transverse plane)

o Large-N. approximation M M m W =
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BFKL evolution (1/4) T e RIS

How to observe this system ?

)’_6\
) QL

T(r,Y)~a?n(r,Y)

Count the number of dipoles of a given size
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BFKL evolution (2/4) T e RIS

Consider a small increase in rapidity = splitting

yY+5Y y

~
J

00
Q ()
% N <

A

oyT(x,y;Y

= 2 (X_y) X, Z; Z,V; —1(X,Vy;

Emission proba from pQCD

-~
all possible interactions

[Balitsky,Fadin,Kuraev,Lipatov, 78]
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BFKL evolution (4/4) S e BT L

The solution goes like

T(Y) ~e*Y

with  w = 4alog(2) ~ 0.5

Fast growth of the amplitude ° A
5 Y =0.5 —
Y=1——
Intercept value too large L Vo1 i
i : : i : =2
Violation of the Froissart unitarity: 3 -
T(Y) < Clog*(s) T(r,b) <1 , L i
problem of diffusion in the infrared L -
0 ' .
-10 0 5) 10
log(k*/kg)
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Saturation effects G —

Yy
4 N\
N B o - Multiple scattering

x Proportional to 72

* important when 1" =~ 1

() = average over target field
Oy (T'(x,y;Y))

= o 22 (X_Y)Z X, Z; Z,Y; — X,Y;
= o [ s (T V) + (T yiY) — (T(xy:Y))

o <T(X7 Z, Y)T(Z7 Y; Y)>]

But
dy (T'(x,y;Y)) contains a new object: (T'(x,z;Y )T (z,y;Y))
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Balitsky, Kovchegov and JIMWLK

In general: complete hierarchy [Balitsky, 96]

8Y<Tk> - <Tk>7 <Tk+1>
N N——
BFKL saturation
# Beyond large-N.: the hierarchy involves quadrupoles, sextupoles, ...

# Balitsky hierarchy = JIMWKL eq. (Colour Glass Condensate formalism)

Mean field approx.: (TxzTsy) = (Txz)(Tzy)

_ Y2, (x—y) _ _
O (Ty) = = [ 2 =2 T [(Toa) + (Tiy) = (Tiy) = (Trxa) (Tay)]

[Balitsky 96,Kovchegov 99]

Simplest perturbative evolution equation satisfying unitarity constraint
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Fluctuations

Consider evolution of <T(2)> [E. lancu, D. Triantafyllopoulos, 05]
Also A. Mueller, S. Munier, A. Shoshi, S. Wong

# Usual BFKL ladder Oy <T(2)> x <T(2)>
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Fluctuations

Consider evolution of <T(2)> [E. lancu, D. Triantafyllopoulos, 05]
Also A. Mueller, S. Munier, A. Shoshi, S. Wong

# Usual BFKL ladder Oy <T(2)> x <T(2)>

» fan diagram — saturation effects Oy (TP oc (T3))
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Fluctuations G —

Consider evolution of <T(2)> [E. lancu, D. Triantafyllopoulos, 05]
Also A. Mueller, S. Munier, A. Shoshi, S. Wong

® Usual BFKL ladder

# fan diagram — saturation effects

» splitting — gluon-number fluctuations
—— pomeron loops
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Evolution hierarchy S5 e WL

=- complicated hierarchy

8y<T(2)(X17Y13X27YQ)>
— @ d*z (x2 — ¥2)°

2 (x0 — z)%(z — y2)?
—<T(2)(X17Y1;X27}’2)> - <T(3)(X17Y1;X272;27Y2)> T (1 — 2)

(TP (x1,y15%2,2)) + (T? (x1,y1;2, y2))

Q

27

2
T (;_;) / Muvz Ao (x1y1]uz) Ao (X2y2|2V) Vivi <T(1)(u, v))

# Saturation: important when 72 ~ 7 ~ 1 i.e. near unitarity
» Fluctuations: important when T(2) ~ o2T() or T ~ o2 i.e. dilute regime

# Langevin formulation: fluctuation = noise
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Solutions

The BK equation
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b-independent case B et s =

Case 1: no impact parameter dependence

Xty

Txy—>T(r:X—y,b: )—>T(r)

Note:
# all arguments work for T'(r) or its Fourier transform 7'(k)

# for T, the non-linear term is simply —72 (k)
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Evolution mechanism ST e DU R YL

BK equation: dy T = x(—0.)T —T* 0 I R E—

BFKL

When T' <« 1 BFKL works: 0y T = x(—0.)T
Solution known:

x(7)/v
(@) [ [\ w2 =~ at [@)) ~J

T(k) = /%To(v) exp [x(y)aY — L] e
_ /% Ty () exp [ (L - ¥aY)] X o when = .

= Wave of slope ~ travels at speed v = x(v)/~v

Y =Y)
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Evolution mechanism @) —-—-—OSITSPRT >of

BK equation: dy T = x(—0.)T —T* 0 I R E—

BFKL

= Wave of slope ~ travels at speed v = x(v) /v

T
4 Y =Y,

x(7)/v
(@) [ [\ w2 =~ at [@)) ~J

@ min. when v = ~,
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Evolution mechanism @) —-—-—OSITSPRT >of

BK equation: dy T = x(—0.)T —T* 0 I R E—

BFKL

= Wave of slope ~ travels at speed v = x(v) /v

T
4 Y =Y,

x(7)/v
(@) [ [\ w2 =~ at [@)) ~J

@ min. when v = ~,
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Evolution mechanism @) —-—-—OSITSPRT >of

BK equation: dy T = x(—0.)T —T* 0 I R E—

BFKL

= Wave of slope ~ travels at speed v = x(v) /v

T

x(7)/v
(@) [ [\ w2 =~ at [@)) ~J

@ min. when v = ~,

The minimal speed is
selected during evoution

————p
L =log(rg/r)
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Geometric scaling (O -SSP o

Consequence: geometric scaling (s = saturation scale = front position)

T(rY) = TrQ.(Y)] with  Q2(Y) = veaY
TQ3_<<1 22 Ye 10g2<T2Q§)
= lr Q:(Y)] ) iexp lzx,,(%)ayl
slope ~. g

scaling window
[log(r?Q3)] < VX' (ve)aY
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Geometric scaling ST e RS

Consequence: geometric scaling (s = saturation scale = front position)

T(rY) = T[Q.Y)] with  Q(Y) = veay
TQ3_<<1 22 Ye logQ(T2Q§)
= lr Q:(Y)] ) i%XP lzx,,(%)ayl
slope ~. g

scaling window
[log(r?Q3)] < VX' (ve)aY

# Generic arguments: exponential rise + saturation = select .
» Parameters fixed by linear kernel only

# Saturation effects even though 7' <« 1
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Geometric scaling (O -SSP o

Consequence: geometric scaling (s = saturation scale = front position)

T(rY) = TrQ.(Y)] with  Q2(Y) = veaY
TQ3_<<1 22 Ye 10g2<T2Q§)
= lr Q:(Y)] ) iexp lzx,,(%)ayl
slope ~. g

scaling window
[log(r?Q3)] < VX' (ve)aY

Interpretation: invariance along the saturation line

Yy Qs(Y) T
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Geometric scaling SO - HERE L

Numerical simulations:

<

Al T

() Nerlid) Ran i) Nan)
III 1 1

DN — =

0.1

0.01

0.001

le-04

le-05

log(k?)
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Geometric scaling B oot =

Numerical simulations:

<

Al T

() Nerlid) Ran i) Nan)
III 1 1

DN — =

0.1

0.0l =-----3---%--X--d--x--N---=-----

0.001

le-04

le-05

log(k?) Y

Tk, Y)=T (%) R (%) o 2(Y) o exp(v.Y)

CERN, Geneva, Switzerland, October 2006 High-Energy QCD — p. 18/43




The full BK equation S e BT L

Case 2: including impact parameter

Go to momentum space: use momentum transfer q

8 o T
T(k,q) Z/dzx 42y e *eia=k)y (x,¥)

(x —y)?
new form of the BK equation
S Q d?k’ N 1 [ k? (g — k)1 =
T(k = — Tk ,q)— = T(k
aY ( 7q) 7_‘_/(]{_]{/)2{ ( 7q) 4ll€/2+(q—k/)2] ( 7q)}
~ 23 2K Tk, K)T(k — kK, q— K
T

[C.Marquet, R.Peschanski, G.S., 05]
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Numerical simulations G OSSP of
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0.]_ :I 1 I 1 I 1 I 1 I 1 I :

0.01 E N\ =

0.001

le-04 |

T(p;q)
log(RQS)

le-05 k-
le-06 |

1e-07 |

1e—08-|'|'|"|'|
0.01 1 100 10000 1le4+06 1le+08

Rp

One can prove analytically that:
# traveling wave at large k£: BFKL = same ~.., v.

» ¢dependence: Q%(q,Y) = min(k3, ¢°) exp(v.Y)

Predicts geometric scaling for t-dependent processes
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Solutions

Fluctuation effects
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Event evolution AR, OSSPt )

no b-dependence + coarse-graining (local fluctutions) — Langevin equation

OvT(k,Y)=aKgmk @T(k,Y)—aT?*(k,Y) + av/ka2T(k,Y)v(kY)

with a Gaussian white noise (v(k,Y)) =0
Wk, Y )k, Y"))y=26(Y —-Y')kd(k — k')

Remarks:

# noise = fluct. target field = Different events = different target fields
# stochasticity as seen in detectors

# observables obtained by averaging over events
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Numerical simulations
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[G.S., 05]
1 T T Ll LENRLEAN /ML rrramre v LA\ LI Ll Ll
i i SR Y B 14 ! ! ! !
N LRI T W (A [N S —
g REl N N ~
o RN (R (Y (R T K=5 +
0.8 F i [T vl R [ _ 12
. nfu Vi LN (A WINT (R F=1 X
nln A g n TRIN! (N
nm [ IR A [NIR (I -
uli AT TR g ngoy 10 £ =0.1 X
ufu AR (Y nehon [IETR (N DU
| [l vk ufn o _ :
0.6 [ Phfin won o I (I 8 linear fit
Wi i mo o miln = ]
Wl ARTE AV i o &
5
A 5
04 = 6
=
S~—
0 ] 1 1 - 0
1 100000 le+10 le+15 le+20 0

# Traveling wave/Geometric scaling for each event
# Dispersion of the events

Y

o2k—0 | log*(a2k)|

S

_ 1
Alog[QE(Y)] ~ \/ DgigaY With Dy

CERN, Geneva, Switzerland, October 2006
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Averaged amplitude T e R L

[G.S., 05]

10 ]_00 T I T T T T I T T T T I T T T T I T T T T I T T T T I ]
1| T B
I 0.01 |
0.1F le-04 m
S ool < 1e06 ] .
| 1e-08 numeric .
0.001 &= le10 k- sFKPP ----- | ]

i - BK e
10—4 — \ \ le-12 - \\:‘ - _
10—5 [ L L L I L L L L L L L L \‘\ L L \:‘ I L L :\ L ) L I\\ L L\ i 1e_14 _I I L L L L I L L L L I L L L L I L L L L I L L L L i\_
1 10° 1010 1015 1020 1025 1 100000 le+10 le+15 le+20 le+25

k k

» Clear effect of fluctuations: dispersion = spreading
# Violations of geometric scaling

® Agrees with predictions from statistical mechanics (sFKPP)
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High-energy behaviour B2 sl et

Evolution with saturation & fluctuations =

# superposition of unitary front (with geometric scaling)

» + dispersion of their position i.e. stochastic (), (geom. scaling violations)

(T(r,Y)) = / Aps Tovem(p — ps) Plps)

with p = log(1/r?), ps = log(Q?)
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High-energy behaviour T e AT S

Evolution with saturation & fluctuations =

# superposition of unitary front (with geometric scaling)

» + dispersion of their position i.e. stochastic (), (geom. scaling violations)

(T(r,Y)) = /dps Tovent(p — ps) 1 exp (_ (ps — /33)2)

Vo o2
with p = log(1/r?), ps = log(Q?) [C.Marquet, G.S., B.Xiao, 06]
P(ps) can be taken as Gaussian: mean p, ~ \Y, dispersion o2 ~ DY
0.06 T T T T T T T 10'1:***1***w*w”w”w*:
0.05 | Y 4
0.04 |- = 102 ¢
E 0.03 - - g,
Q o
0.02 | - 10° ¢
0.01 | !
0 _I 1 1 1 |__>| 10
20 -15  -10 -5 0 ) 10 15 20 25
_’700-2 Z = pPs = Ps 700-2 z
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High-energy behaviour B2 sl et

Evolution with saturation & fluctuations =

# superposition of unitary front (with geometric scaling)

» + dispersion of their position i.e. stochastic (), (geom. scaling violations)

20 Y) = [ dp. Tewrlp = p2) <= exp <_ (p: ;2@2)

with p = log(1/72), ps = log(Q?)
1 r> Qg saturation

Tevent(ﬂ - ps) — _ _
(r2Q2%)Y r < Q, geometric scaling
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High-energy behviour B et et

Case 1: Y not too large = small dispersion = Mean field picture (T") ~ Teyent
=- geometric scaling:

1) = 1 [log(k*/Q2)
W) = (1)} an

Black Spot

) /-

r~ 1/Q
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High-energy behviour

[E. lancu, Y. Hatta, C. Marquet, G.S., D. Triantafyllopoulos, 06]

| | | | |
| N ' .
08| . dispersion ~ DY
- 0.6 -
04 _
0.2 .
. . LA I
-5 0 5 10 15 20 25
log(r3/r?)

Case 2: Y higher energy = dominated by disperion =T =0or1T =1
= diffusive scaling:

(T) = f|log(k?/Q?)/v/DY
<T(k>> — <T> M Black Spot

) /-

r~1/Q
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Phenomenology

Geometric scaling in F;
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Observation

15 o o o o I
F [A.Stasto, K.Golec-Biernat, 01]

07 P(Q? ) = o(7)
T =log(Q?) — \Y
A~ 0.32

107

[F.Gelis, R.Peschanski, L.Shoeffel, G.S., to appear]
7 =1og(Q?) — \Y or 7 = log(Q?) — WY
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Description B et et

Eactorisation formula: [E.lancu, K.ltakura, S.Munier, 03]

e

1
JZ} — /dzr/O dz ’\IJL,T(Z,?“;QQ)‘Q 27TR]29T(I‘;Y)

o U, r = photon wavefunction from QED

» dipole amplitude: scaling variable 7 = log(r?Q?/4)

2

To ex ( T — _T—) if rQ), < 2 travelling wave
T(ry)y={ 0 D\ T 2y @ ( 9 )

1 — exp|—a(T + b)?] if rQs > 2 (McLerran-Venugopalan)

Q3(Y) = kZexp(\Y) = X~ 0.25, in agreement with NLO BFKL predictions.
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Phenomenology

Geometric scaling in vector-meson production
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Dipole description (5 e SR

Factorisation formula:
1 .
AL T VP —i/dQ'r'/ dz \PL,T(z,r;QQ)\I!z,T(z,r,q . M¢) €4 ogip(r,q; Y)
0

— E’ oel for p, ¢, J/1,DVCS
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QCD predictions ST e RIS

# photon wavefunction: from QED
Vector-mesons wavefunction: Boosted-Gaussian model

o dipole amplitude:
O-dip(ra q; Y) — ZWRIZQe_b‘ﬂ CZ—1|||\/| (Ta Q? (Q7 Y))

s Normalisation: only one slope b (no Q? dependence)

s T-matrix: t-dependent saturation scale from theoretical predictions:

R=R —  @=RO )

S

b, c — —, Ol (216 data)
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Example: differential cross-section:

Y p — pp Y p — ¢p pred. for DVCS
101£'x'x'x'x'x'£ 103,'x'x'x'x'x': 102""'x""x""x""
: : . ] :
1: [ L
' g
»
10? | ' ]
101 Z ' QZ
= '
B 102 ] : =
510 5 5
o © ©
©
10'5 P RS RS S S S R PR N R T RS S 10'1““1““1““1““
0O 01 02 03 04 05 0.6 0O 01 02 03 04 05 0.6 0 0.25 0.5 0.75 1
It] It] |t]
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Future phenomenology

Diffusive scaling at HERA and LHC
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Motivations ST e SRR

[Y.Hatta,E.lancu,C.Marquet,G.S.,D.Triantafyllopoulos,06]
We have seen that, at high-energy,

1Og\(/7“?@s)> _ Lt <log2 E:;Q?))

(T(r,Y)) =T ( :

with
Q*Y)=kie? and  o*=DY

Note: A and D (or (O, and o?) taken as parameters

Consequences on
# DIS and diffractive DIS (DDIS)

# (gluon/forward jet production
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DIS and DDIS

o Total cross-section

opls = /dT |‘I’(7“7Y;Q2)‘2 (I'(r,Y))
— CSt. 0 94 <log(r2Q§)>

o Diffractive cross-section

ODDIS = /d"“ “1’(7“73/;@2)‘2 (T(r,Y))* + (qq9) + - .-

log(r*Q3) )

o

— CSt. 0 ®y (

: : : 1 1
= diffusive scaling for —op;g and —

o)
\/? \/? DDIS
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DIS and DDIS T e SRR L

» Typical dipole scales in |¥|?2 @ (T)(1:2):

Q? = 100Q?
10 I ! | .
" : fluct (o = 5), éﬁ%l """""
8 — mean field, gi%l _______ =
:. o . DIS DDIS
c - -
S | saturation | r~1/Q | r ~1/Q,
Eoap 1 fluctuations | r ~1/Q | »~1/Q
2 L I N : —]
0 ./ | | e e
o 05 1 15 2 25 3
rQs

# Diffraction dominated by elastic amplitudes
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Gluon production at LHC RS et

dense-dilute scattering:

» dA or pp at forward rapidities

# dilute projectile — dipoles

# (gluon at rapidity n

do _a
dn d?k d?b k2

/ (57252 o(p;y1) (k — p,y2)

o . . d*r
Projectile unintegrated gluon density ¢(p,y1) = o€ P n(r,y;)
s

Target contribution & (k, y,) = /dzr e T V22T (1, y2) — T?(r, y2))
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[E.lancu,C.Marquet,G.S.,06]

L E | | | | l E

: mean field —— 3

F o= — 7

L 0-:4—_

i =6 — -
0.1

®(k,y)

0.01

0.001
log(k*/(Q53))

2/1.2 /M2
Bk, V) — = exp [bg (+~/ Qs)] — diffusive scaling for VY ®(k,Y)

o o2
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Part 1. Evolution equations towards high-energy

Infinite hierarchy:

contribution | 9y (T*) importance diagrams

BFKL (T*) | resums a” log"(s) ladders

saturation (Tk+1) | near unitarity: T < 1 fan

fluctuations | (T*~1) | dilute tail: T > o? splittings & loops
Perspectives:

#» beyond 2 gluon-exchange approximation
([J.T.Amaral, E.lancu, G.S., D.Triantfyllopoulos,to appear])

» beyong large-N. approximation
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Part 2: Solutions for scattering amplitudes

Geometric scaling

Y=In1/x A 4
- Saturation diffusive Q\.*O\q T — T(TQS)
A scaling —
% Qs — eXp(AY)
R S Diffusive scaling
geometric T — T[log(rQS)/O]
‘g scaling Qs — exp()\Y), 0.2 — DY
2 Low density General predictions of saturation
evenwhen T <« 1
. Note: Knowledge of preasympit.
In A2, p=Ina?
Perspectives:

» Better analytic control of the fluctuation effects

# Iinclude impact-parameter dependence
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Part 3: Phenomenological consequences

o HERA:

s geometric scaling for F5, DVCS and VM-production
= indications for saturation

» diffusive scaling for I, and P at higher energy

o LHC:
» diffusive scaling predicted for dense-dilute collisions (d A or forward pp)

Perspectives:
# Control of the interplay between geometric and diffusive scaling (HERA ?)
#» More predictions for LHC

# Applications to dense-dense collisions
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s generic scaling laws
from high-energy QCD

s Interesting links with
statistical physics

» hints from HERA
and TEVATRON

LHC
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